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Abstract

We provide a simpler proof of a sharp concentration inequality for
subgaussian simple tensors obtained recently by Ghattas, Chen, and
Alonso. Our approach uses a matrix deviation inequality for ℓp norms
and a basic chaining argument.

1 Introduction

Let X be a mean-zero random vector in Rd with covariance Σ = EXXT,
and let p ≥ 2 be an integer. Can we estimate the expected value of the
simple random tensor X⊗p from a sample X1, . . . , XN of i.i.d. copies of X?
The simplest estimator is the empirical mean. The error of this estimator is∥∥∥∥∥ 1

N

N∑
i=1

X⊗p
i − EX⊗p

∥∥∥∥∥ := sup
v∈Sd−1

∣∣∣∣∣ 1
N

N∑
i=1

⟨Xi, v⟩p − E⟨X, v⟩p
∣∣∣∣∣. (1.1)

How large is it? We are interested in dimension-free bounds – those that do
not depend on the full dimension d, but instead on the “effective dimension”
of the distribution, captured by the effective rank of the covariance matrix:

r(Σ) := Tr(Σ)
∥Σ∥

.

This question is nontrivial already for p = 2, where it becomes the co-
variance estimation problem. The standard ε-net argument gives optimal
dimension-dependent bounds (see [12, Chapter 4]). But getting dimension-
free bounds even for p = 2 is harder. They were first obtained by Lounici
and Koltchinskii [5] for subgaussian distributions using generic chaining. A
simpler argument for Gaussian distribution was found by Van Handel [10],
while Liaw, Mehrabian, Plan and the second author [6] show how to deduce
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the result for all subgaussian distributions from their matrix deviation in-
equality (see [12, Chapter 9] for an introduction). That last approach also
lets one take the supremum in (1.1) over any bounded set T ⊂ Rd – the
setting we consider in the present paper, too.

Much less has been known when p > 2. Optimal bounds that depend
on dimension1 were proved in [1, 4, 11]. Very recently, Ghattas, Chen and
Alonso [2] proved optimal bounds for p ≥ 2. Their proof relies on a local
chaining argument due to Mendelson [7] combined with an intricate analysis
of coordinate projections due to Bednorz [3].

The goal of our work is to provide a simpler proof of this fact by ex-
ploiting tools from non-asymptotic random matrix theory. Specifically, we
can leverage the matrix deviation inequality (see Theorem 2.1) to bypass
Bendorz’s analysis of coordinate projections, and we can run the chaining
argument for the simpler L2 structure of the process and bypass the delicate
chaining argument of Mendelson.

To state the result, let g ∼ N(0, Id) be the standard multivariate Gaus-
sian random vector. For a set T ⊂ Rd, the radius and the Gaussian com-
plexity are defined by

rad(T ) := sup
v∈T

∥v∥2, γ(T ) := E sup
v∈T

|⟨g, v⟩|.

We say that a random vector X is subgaussian if there is an K > 0 such
that2

∥⟨X, u⟩∥ψ2 ≤ K∥⟨X, u⟩∥L2 for any u ∈ Sd−1.

The following theorem and corollary were proved by Ghattas, Chen and
Alonso [2]. We provide a simpler proof of these facts.

Theorem 1.1. Let Z1, . . . , ZN be i.i.d. copies of a mean-zero subgaussian
isotropic random vector Z, and let T ⊂ Rd be a bounded set. Then, for any
integer p ≥ 2, we have

E sup
v∈T

∣∣∣∣∣
N∑
i=1

⟨Zi, v⟩p − NE⟨Z, v⟩p
∣∣∣∣∣ ≲K,p γ(T )p +

√
Nγ(T ) rad(T )p−1,

where the sign ≲K,p hides factors that depend only on K and p.

Corollary 1.2. Let X be a mean-zero subgaussian random vector with co-
variance matrix Σ and X1, . . . , XN be i.i.d. copies of X. Then, for any
integer p ≥ 2, we have

E
∥∥∥∥∥ 1

N

N∑
i=1

X⊗p
i − EX⊗p

∥∥∥∥∥ ≲K,p ∥Σ∥p/2

r(Σ)p/2

N
+

√
r(Σ)
N

 .

1Technically, the results are for Lp moments with has the absolute value |⟨X, v⟩|p, but
they directly apply when p is even.

2For basics on subgaussian distributions, see [12].

2



To derive Corollary 1.2, write X = Σ1/2Z for some isotropic random
vector Z and apply Theorem 1.1 for the ellipsoid T = Σ1/2Sd−1, noting that

rad(Σ1/2Sd−1) = ∥Σ∥1/2, γ(Σ1/2Sd−1) ≤ Tr(Σ)1/2 = ∥Σ∥1/2r(Σ)1/2.

2 Matrix Deviation Approach

Our approach will also exploit the matrix deviation inequality, as was first
done for the case p = 2 in [6], see [12, Chapter 9]. We will use the following
version for p ≥ 2 proved by Sheu and Wang [8]:

Theorem 2.1 (ℓp matrix deviation inequality). Let p ≥ 2. Let A ∈ RN×d

be a random matrix whose rows are i.i.d. copies of a mean-zero isotropic
subgaussian random vector Z ∈ Rd. Consider the stochastic process

Zv :=
∣∣∣∥Av∥p − N1/p∥⟨Z, v⟩∥Lp

∣∣∣, v ∈ Rd.

Then Zv has Lipschitz subgaussian increments:

∥Zv − Zu∥ψ2 ≲K,p ∥u − v∥2 for every u, v ∈ Rd.

Remark 2.2 (A bound on the process). It immediately follows from Theorem
2.1 combined with Talagrand’s majorizing measure theorem (see [12, Exer-
cise 8.6.5]) that for any bounded set T ⊂ Rn and any u > 0, we have

sup
v∈T

|Zv| ≲K,p γ(T ) + u rad(T )

with probability at least 1 − 2e−u2 .
Remark 2.3 (Subgaussianity). Theorem 2.1 is stated in [8] under a stronger
assumption that the entries A are i.i.d. subgaussian, but the proof actually
only relies on the rows being subgaussian.

As we mentioned, for p = 2 one can derive Theorem 1.1 directly from
matrix deviation inequality. However, for p > 2, in addition to matrix
deviation, we will need an extra chaining step.

To run the chaining, we need a couple of standard bounds on the or-
der statistic. Given real numbers X1, . . . , Xn, we denote by X∗

1 , . . . , X∗
n a

nonincreasing rearrangement of the numbers |X1|, . . . , |Xn|, so that |X∗
1 | ≥

|X∗
2 | ≥ · · · ≥ |X∗

n|.

Lemma 2.4 (Order statistics). Let X1, . . . , Xn be independent random vari-
ables satisfying ∥Xi∥ψ2 ≤ 1 for all i. Let t > 0, q ≥ 2 and k := t/ ln+(en/t).
Then,3 with probability at least 1 − 2e−t, we have∑

i≤3k
(X∗

i )2 ≲ t and
∑
i>k

(X∗
i )q ≲q n. (2.1)

3By convention, we set 1/0 = ∞ in defining k, and the sum over an empty set is zero.
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We postpone the proof to Appendix A and prove the main result.

Proof of Theorem 1.1. Step 1: Symmetrization. Denote by F be the class
of functions f : Rd → R of the form f(Z) = ⟨Z, v⟩, where v ∈ T . Then, by
the classical Gine-Zinn symmetrization (see for example [12, Chapter 6]),
we have

E sup
v∈T

∣∣∣∣ N∑
i=1

⟨Zi, v⟩p − NE⟨Z, v⟩p
∣∣∣∣ = E sup

f∈F

∣∣∣∣ N∑
i=1

(
fp(Zi) − Efp(Zi)

)∣∣∣∣
≲ E sup

f∈F

∣∣∣∣ N∑
i=1

εif
p(Zi)

∣∣∣∣, (2.2)

where ε1, . . . , εN are i.i.d. Rademacher random variables, independent of
(Zi).

Step 2: Generic chaining. Given an admissible sequence4 (Ts)s≥0 in T ,
we consider the collection of maps πs : T → Ts that map v ∈ T to a nearest
point πsv ∈ Ts. Denote by Fs the class of functions (πsf)(Z) := ⟨Z, πsv⟩,
where v ∈ T .

By Talagrand’s majorizing measure theorem (see [12, Chapter 8] or [9,
Chapter 2]), there exists an admissible sequence such that

sup
f∈F

∑
s≥0

2s/2∥∆sf∥L2(Z) = sup
v∈T

∑
s≥0

2s/2∥∆sv∥2 ≲ γ(T ), (2.3)

where ∆sf := πs+1f − πsf and ∆sv := πs+1v − πsv. Fix this admissible
sequence. We can decompose any f ∈ F along this chain:

fp(Z) =
∑
s≥0

(
(πs+1f)p − (πsf)p

)
(Z) + (π0f)p(Z),

where the series converges in L2(Z). Decomposing fp(Zi) this way gives

N∑
i=1

εif
p(Zi) =

∑
s≥0

N∑
i=1

εi
(
(πs+1f)p − (πsf)p

)
(Zi) +

N∑
i=1

εi(π0f)p(Zi). (2.4)

Now, π0f ∈ F0 and F0 is a singleton (as is T0), so π0f does not depend
on the choice of f . Thus, if we take supremum over f ∈ F and then take
expectation, we can bound (2.2) as follows:

E sup
f∈F

∣∣∣∣ N∑
i=1

εif
p(Zi)

∣∣∣∣
≲ E sup

f∈F

∣∣∣∣∑
s≥0

N∑
i=1

εi
(
(πs+1f)p − (πsf)p

)
(Zi)

∣∣∣∣+ E
∣∣∣∣ N∑
i=1

εi(π0f)p(Zi)
∣∣∣∣. (2.5)

4An admissible sequence in T is a collection of sets (Ts)s≥0 ⊂ T satisfying |Ts| ≤ 22s

and |T0| = 1.
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Step 3: Hoeffding’s inequality. The main work goes into bounding the
first term on the right hand side of (2.5). To do so, let’s first fix s ≥ 0 and
f ∈ F . Split the sum

∑N
i=1 into

∑
i∈Is

and
∑
i/∈Is

, where the set Is ⊂ [N ]
will be chosen later independently of the signs εi. To bound

∑
i∈Is

, use the
triangle inequality. To bound

∑
i/∈Is

, use Hoeffding’s inequality conditionally
on (Zi).

We get that, with probability at least 1 − 2e−2u22s ,∣∣∣∣ N∑
i=1

εi
(
(πs+1f)p − (πsf)p

)
(Zi)

∣∣∣∣
≲
∑
i∈Is

|(πs+1f)p − (πsf)p|(Zi)︸ ︷︷ ︸
:=As(f)

+ u2s/2
(∑
i/∈Is

(
(πs+1f)p − (πsf)p

)2(Zi)
)1/2

︸ ︷︷ ︸
:=Bs(f)

.

(2.6)

By the numeric inequality |ap − bp| ≤ |a − b|
(
|a|p−1 + |b|p−1), we have

As(f) ≲p

∑
i∈Is

|(∆sf)(Zi)|
(
|(πs+1f)(Zi)|p−1 + |(πsf)(Zi)|p−1

)
,

Bs(f) ≲p u2s/2
(∑
i/∈Is

(∆sf)(Zi)2
(
|(πs+1f)(Zi)|2p−2 + |(πsf)(Zi)|2p−2

))1/2
.

Step 4: Order statistics. Toward applying Lemma 2.4, let t := 2u22s and
ks := t/ ln+(en/t), and choose Is ⊂ [N ] as a set with cardinality ⌊3ks⌋ which
contains ⌊ks⌋ largest coordinates of |(∆sf)(Zi)|, ⌊ks⌋ largest coordinates
of |(πs+1f)(Zi)| and ⌊ks⌋ largest coordinates of |(πsf)(Zi)| (and any other
indices in [N ] to make the total cardinality ⌊3ks⌋). Thus, applying Cauchy-
Schwarz inequality and recalling that πs+1f, πsf ∈ F , we get

As(f) ≤ 2
( ∑
i≤3ks

(
(∆sf)(Zi)∗)2)1/2

︸ ︷︷ ︸
:=A′

s(f)

sup
ϕ∈F

( N∑
i=1

|ϕ(Zi)|2(p−1)
)1/2

︸ ︷︷ ︸
:=A′′

, (2.7)

where the star indicates a nonincreasing rearrangement of N numbers (in-
troduced just above Lemma 2.4).

To bound A′
s(f), we apply Lemma 2.4 for k = ks and for the random

variables Xi = (∆sf)(Zi) = ⟨∆sv, Zi⟩, which satisfy ∥Xi∥ψ2 ≲K ∥∆sv∥2 by
assumption. After rescaling, we get with probability at least 1 − 2e−2u22s

that
A′
s(f) ≲K u2s/2∥∆sv∥2. (2.8)
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Step 5: Matrix deviation inequality. To bound A′′, recall from the defi-
nition of F that

A′′ = sup
v∈T

( N∑
i=1

|⟨Zi, v⟩|2(p−1)
)1/2

= sup
v∈T

∥Av∥p−1
2(p−1). (2.9)

By Theorem 2.1 (see Remark 2.2), with probability at least 1 − 2e−u2 , the
following event holds:

sup
v∈T

∣∣∣∥Av∥2(p−1) − N1/2(p−1)∥⟨Z, v⟩∥L2(p−1)

∣∣∣ ≲K,p γ(T ) + u rad(T ). (2.10)

Suppose this event occurs. By the triangle inequality together with the
bound ∥⟨Z, v⟩∥Lp ≲K,p ∥⟨Z, v⟩∥L2 = ∥v∥2 ≤ rad(T ), we have

sup
v∈T

∥Av∥2(p−1) ≲K,p γ(T ) + u rad(T ) + N1/2(p−1) rad(T ).

Then, using the numeric inequality (a + b + c)p−1 ≲p ap−1 + bp−1 + cp−1 and
recalling (2.9), we conclude that the event

E :=
{

A′′ ≲K,p γ(T )p−1 + (
√

N + up−1) rad(T )p−1
}

is likely:
P(E) ≥ 1 − 2e−u2

. (2.11)
Substituting this and (2.8) into (2.7), we conclude that, for any s ≥ 0 and
f ∈ F , the following bound holds with probability at least 1 − 2e−2u22s :

1EAs(f) ≲K,p u2s/2∥∆sv∥2
(
γ(T )p−1 + (

√
N + up−1) rad(T )p−1

)
︸ ︷︷ ︸

:=λ(T )

. (2.12)

For the term Bs(f), it is enough to bound

B̃s(f) := u2s/2
(∑
i/∈Is

(∆sf)(Zi)2|(πsf)(Zi)|2p−2
)1/2

,

as the bound with πs+1f would follows similarly. Applying first the Cauchy-
Schwarz inequality and then Lemma 2.4, we obtain with probability at least
1 − 2e−2u22s that

B̃s(f) ≤ u2s/2
( ∑
i>ks

(
(∆sf)(Zi)∗)4)1/4( ∑

i>ks

|(πsf)(Zi)∗|4p−4
)1/4

u2s/2
( ∑
i>ks

(∆∗
sf)4(Zi)

)1/4( ∑
i>ks

|πsf(Zi)∗|4p−4
)1/4

≲K,p u2s/2
(
N∥∆sv∥4

2

)1/4(
N∥πsv∥4p−4

2

)1/4

≲K,p u2s/2√
N∥∆sv∥2 rad(T )p−1.
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The same bound holds replacing πs+1 by πs. Therefore, with probability at
least 1 − 4e−2u22s , we get

Bs(f) ≲K,p u2s/2√
N∥∆sv∥2 rad(T )p−1. (2.13)

Combining this with (2.12), we conclude that the following bound holds
with probability at least 1 − 6e−2u22s :

1E
(
As(f) + Bs(f)

)
≲K,p u2s/2∥∆sv∥2λ(T ).

Substituting into (2.6), we obtain that, with probability at least 1−7e−2u22s ,

1E

∣∣∣∣ N∑
i=1

εi
(
(πs+1f)p − (πsf)p

)
(Zi)

∣∣∣∣ ≲K,p u2s/2∥∆sv∥2λ(T ). (2.14)

Step 6: Union bound. Now take a union bound over all f ∈ F , or
equivalently over all v ∈ T . By definition of an admisible sequence, the
number of different pairs (πs(f), πs+1(f)) is at most 22s · 22s+1 ≤ 23·2s . So,
taking the union bound over all these, we conclude that, with probability at
least 1 − 23·2s · 7e−u22s ≥ 1 − 7e−u22s , the bound (2.14) holds for all f ∈ F
simultaneously.

Next, take a union bound over all s ≥ 0. We obtain that, with probability
at least

1 −
∑
s≥0

7e−u22s ≥ 1 − 10e−u2
,

the bound (2.14) holds for all f ∈ F and s ≥ 0 simultaneously. Further-
more, recalling from (2.11) that the event E is likely, we conclude that, with
probability at least 1 − 12e−u2 , the bound∣∣∣∣ N∑

i=1
εi
(
(πs+1f)p − (πsf)p

)
(Zi)

∣∣∣∣ ≲K,p u2s/2∥∆sv∥2λ(T )

holds for all f ∈ F and s ≥ 0 simultaneously.
Sum up these inequalities over all s ≥ 0 and take supremum over f ∈ F

(or equivalently, over v ∈ T ) on both sides. We get with probability at least
1 − 12e−u2 :

sup
f∈F

∣∣∣∣∑
s≥0

N∑
i=1

εi
(
(πs+1f)p − (πsf)p

)
(Zi)

∣∣∣∣
≲K,p uλ(T ) sup

v∈T

∑
s≥0

2s/2∥∆sv∥2

≲ uλ(T )γ(T ) (by the choice of admissible sequence in (2.3))
≲ up

(
γ(T )p +

√
Nγ(T ) rad(T )p−1) (by definition of λ(T ) in (2.12)).
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Integrating the tail, we conclude that

E sup
f∈F

∣∣∣∣∑
s≥0

N∑
i=1

εi
(
(πs+1f)p − (πsf)p

)
(Zi)

∣∣∣∣ ≲K,p γ(T )p +
√

Nγ(T ) rad(T )p−1.

(2.15)
Step 7: The first term of chaining. We successfully bounded the first

term in (2.5). The second term is much easier, since there is no supremum:

E
∣∣∣∣ N∑
i=1

εi(π0f)p(Zi)
∣∣∣∣ = E

∣∣∣∣ N∑
i=1

εi⟨Zi, π0v⟩p
∣∣∣∣ ≤ E

( N∑
i=1

⟨Zi, π0v⟩2p
)1/2

≲K,p

√
N rad(T )p ≲

√
Nγ(T ) rad(T )p−1. (2.16)

The first inequality follows by first taking expectation with respect to the
random signs (εi) and then with respect to (Zi). To get the second inequality,
follow the steps we made to bound A′′ in (2.11), using matrix deviation
inequality (2.10) with 2p instead of 2(p − 1). The third inequality follows
since we always have rad(T ) ≲ γ(T ).

Substitute (2.15) and (2.16) into (2.5) and then into (2.2), and Theorem
1.1 is proved.

3 Remarks

The proof does not rely on p being an integer. The same bound (up to an
absolute constant) holds for the process

sup
v∈T

∣∣∣∣∣ 1
N

N∑
i=1

|⟨Zi, v⟩|p − E|⟨Z, v⟩|p
∣∣∣∣∣ ,

where p ≥ 2 may not be an integer. We assumed that p is an integer in the
case of simple tensors just because the function xp might not be well-defined
for non-integer p.

Similarly as in the proof of Ghattas, Chen and Alonso, our proof extends
to any star-shaped class of functions F such that for any f ∈ F , it holds
that ∥f(Z) − g(Z)∥ψ2 ≲ ∥f(Z) − g(Z)∥L2 .

A Proof of Lemma 2.4

Case 1: t ≤ n. In this regime, we have

k ≤ n and t ≍ k ln(en/k). (A.1)

The first bound follows if we replace t with n the definition of k. The second
bound follows from k = t/ ln(en/t).

8



To prove the first bound in (2.1), note that if
∑
i≤k(X∗

i )2 > a, then there
exists a subset I ⊂ [n] with |I| ≤ 3k for which

∑
i∈I X2

i > a. There are at
most (en/k)3k subsets of cardinality bounded by 3k, so the union bound
gives

P
{∑
i≤k

(X∗
i )2 > C(k + t)

}
≤
(en

k

)3k
max
|I|=k

P
{∑
i∈I

X2
i > C(k + t)

}
. (A.2)

Each Xi satisfies EX2
i ≤ C∥Xi∥2

ψ2
≤ C, so

P
{∑
i∈I

X2
i > C(k + t)

}
= P

{∑
i∈I

(X2
i − EX2

i ) > Ct

}
.

The random variables X2
i − EX2

i are independent, mean zero, and subex-
ponential: ∥X2

i − EX2
i ∥ψ1 ≲ ∥X2

i ∥ψ1 = ∥Xi∥2
ψ2

≤ 1, so Bernstein’s inequal-
ity [12, Theorem 2.9.1] gives the following bound on the probability above:

≤ 2 exp
(

− c min((Ct)2/k, Ct)
)

≤ 2 exp(−cCt),

where we used that t ≳ k from (A.1) and chose C sufficiently large. Hence
the probability in (A.2) is bounded by

2(en/k)3k exp(−cCt) ≤ 2 exp(−t),

where we again used (A.1) and chose C sufficiently large. Thus, with prob-
ability at least 1 − 2e−t, we have∑

i≤k
(X∗

i )2 ≲ k + t ≲ t,

where the last bound follows from (A.1). The first bound in (2.1) is proved.
To prove the second bound in (2.1), choose a sufficiently large absolute

constant C, fix any i ∈ [n] and argue like above to get

P
{

X∗
i > C

√
ln en

i

}
≤
(

n

i

)
max
i∈[n]

(
P
{

Xi > C

√
ln en

i

})i
≤
(en

i

)i(
exp

(
− 2 ln en

i

))i
=
(en

i

)−i
.

Thus

P
{

∃i > k : X∗
i > C

√
ln en

i

}
≤
∑
i>k

(en

i

)−i
≲
(en

k

)−k
≤ e−t.

Therefore, with probability at least 1 − e−t, we have

∑
i>k

(X∗
i )q ≲

n∑
i=1

(
ln en

i

)q/2
≲ n,

9



proving the second bound in (2.1).

Case 2: t > n. In this regime, we have k > n, which can be seen by
replacing t with n in the definition of k. So, only the first bound in (2.1)
needs to be shown. We have

P
{∑
i≤3k

(X∗
i )2 > C(n + t)

}
= P

{
n∑
i=1

X2
i > C(n + t)

}
≤ 2 exp(−t),

where the last bound follows in a way similar to Case 1 (but with n instead
of k). Thus, with probability at least 1 − 2e−t, we have∑

i≤3k
(X∗

i )2 ≲ n + t ≲ t.

The first bound in (2.1) is proved, finishing the proof of Lemma 2.4.
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