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Abstract—We study the problem of detecting a struc-
tured, low-rank signal matrix corrupted with additive
Gaussian noise. This includes clustering in a Gaussian
mixture model, sparse PCA, and submatrix localization.
Each of these problems is conjectured to exhibit a sharp
information-theoretic threshold, below which the signal is
too weak for any algorithm to detect. We derive upper
and lower bounds on these thresholds by applying the
first and second moment methods to the likelihood ratio
between these “planted models” and null models where
the signal matrix is zero. For sparse PCA and submatrix
localization, we determine this threshold exactly in the limit
where the number of blocks is large or the signal matrix
is very sparse; for the clustering problem, our bounds
differ by a factor of

√
2 when the number of clusters is

large. Moreover, our upper bounds show that for each of
these problems there is a significant regime where reliable
detection is information-theoretically possible but where
known algorithms such as PCA fail completely, since the
spectrum of the observed matrix is uninformative. This
regime is analogous to the conjectured ‘hard but detectable’
regime for community detection in sparse graphs.

I. INTRODUCTION

Many problems in machine learning, signal process-
ing, and statistical inference have a common, unifying
goal: reconstruct a low-rank signal matrix observed
through a noisy channel. This framework can encompass
a wide range of tasks as we vary the channel and low-
rank signal, but we focus here on the case where the
noise is additive and Gaussian, and the signal is relatively
weak in comparison to the noise. To be precise, suppose
we are given an m× n data matrix

X = M +W with M =
snr√
n
UV † , (1)
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where snr is a fixed parameter characterizing the signal-
to-noise ratio, U ∈ Rm×k and V ∈ Rn×k are generated
from some known prior distribution independent of n,
and W ∈ Rm×n is a noise matrix whose entries are
independent Gaussians with unit variance. We will refer
to this as the planted model: it consists of a noisy
observation X of a signal matrix M of rank k, and may
possess additional structure through the priors on U and
V .

Given the observed matrix X , the problem of interest
is to reconstruct M , or at least detect that it exists. For
simplicity, we will work in the Bayes-optimal case where
model parameters such as the true rank and signal-to-
noise ratio are known to the estimators. In the low signal-
to-noise ratio regime we consider, exact reconstruction
of M is fundamentally impossible (see §2 for more
details). Instead, we focus on the following two tasks:
first, detecting that the signal M exists, i.e., telling with
high probability whether X was indeed generated by the
planted model as opposed to a null model where M = 0
and X consists only of noise; and second, reconstructing
M to some accuracy better than chance. We define these
tasks formally as follows.

Definition 1 (Detection). Let P(X) be the distribution
of X in the planted model (1), and denote by Q(X) the
distribution of X in the null model where X = W . A
test statistic T (X) with a threshold ε achieves detection
if limn→∞ [P(T (X) < ε) + Q(T (X) ≥ ε)] = 0, so that
the criterion T (X) ≥ ε determines with high probability
whether X is drawn from P or Q.

Definition 2 (Reconstruction). An estimator M̂ =
M̂(X) achieves reconstruction if EX‖M̂‖2F = O(n)
and there exists a constant ε > 0 such that
limn→∞(1/n)EM,X〈M,M̂〉 ≥ ε, where 〈A,B〉 =
TrA†B denotes the matrix inner product and ‖A‖2F =
〈A,A〉.

For many natural problems in this class, it is believed
that there is a phase transition, i.e., a threshold value of



snr below which both tasks are information-theoretically
impossible: no test statistic can distinguish the null and
planted models, and no estimator can beat the trivial one
M̂ = 0. This threshold is known as the information-
theoretic threshold and it also depends on the structure
of the problem, i.e., on the priors of U and V ; if this
prior is more strongly structured, we expect the threshold
to be lower.

We focus on three cases of (1) which arise in many
applications. In Sparse PCA, k = 1 and U = V = v for
some vector v. We further assume that v is sparse, with
a constant fraction of nonzero entries. This corresponds
to the sparse, spiked Wigner model of [16], [29]. In Sub-
matrix Localization (also known as submatrix detection
and noisy clustering), U = V and M contains k ≥ 2
distinct blocks of elevated mean. This model arises in the
analysis of social networks and gene expression, see e.g.
[22], [11], [19]; it can also be thought of as a Gaussian
version of the stochastic block model [15], [14]. Finally,
in Gaussian Mixture Clustering, there are k ≥ 2 clusters,
and each row of M is the center of the cluster to which
the corresponding data point belongs. This model has
been widely studied, see, e.g., [36], [35], [21], [2].

For each of these three problems, our goal is to
compute the information-theoretic threshold, and under-
stand how it scales with the parameters of the problem:
for instance, the sparsity of the underlying signal or
the number of clusters. In particular, a simple upper
bound on the information-theoretic threshold for each of
these problems is the point at which spectral algorithms
succeed, i.e., the point at which the likely spectrum
of X becomes distinguishable from the spectrum of
the random matrix W . The spectral thresholds for our
problems are well known from the theory of Gaussian
matrices with low-rank perturbations. However, based on
compelling but non-rigorous arguments from statistical
physics (e.g. [28], [27]), it has been conjectured that
when the signal is sufficiently sparse, or its rank (the
number of clusters or blocks) is sufficiently large, the
information-theoretic threshold falls strictly below the
spectral one.

In this paper, we prove upper and lower bounds
on information-theoretic thresholds of all three prob-
lems, determining the threshold within a multiplicative
constant in interesting regimes. For sparse PCA, we
determine the precise threshold in the limit where the
signal matrix is very sparse; similarly, for the submatrix
localization problem, we determine the threshold when
the number of blocks is large. For the clustering problem,
our bounds differ by a factor of

√
2 in the limit where the

number of clusters is large. Moreover, our results verify
the conjecture that the information-theoretic threshold
dips below the spectral one when the signal is sufficiently
sparse, or when the number of clusters or blocks is suffi-
ciently large. This corresponds to recent results [1], [5],
[13], [18] showing that, in the stochastic block model,
the information-theoretic detectability threshold falls be-
low the Kesten-Stigum bound above which efficient
spectral and message-passing algorithms succeed [15],
[14], [30], [24], [10]. We consider this evidence for
the conjecture that these problems posses a ‘hard but
detectable’ regime where detection and reconstruction
are information-theoretically possible but take at least
exponential time.

Although our computations are specific to these
models, our proof techniques are quite general and
may be applied with mild adjustment to a broad
range of similar problems. In particular, our upper
bounds are derived by analyzing the generalized like-
lihood ratio maxM P(X|M)/Q(X) based on simple
first moment arguments. The lower bounds are proved
by showing the second moment of likelihood ratio
EX∼Q[(P(X)/Q(X))2] ≤ C for a universal constant
C, which further implies non-detectability in general and
non-reconstruction in additive, Gaussian noise settings.

Since the initial posting of this paper as an arXiv
preprint, a number of interesting papers [34], [33], [7],
[26] have appeared, some extending or improving our
results. Sharp lower bounds for sparse PCA were also
obtained recently in [33] using a conditional second mo-
ment method similar to ours. Complete, but not explicit,
characterizations of information-theoretic reconstruction
thresholds were obtained in [25], [26] for sparse PCA
and submatrix localization through the Guerra inter-
polation technique and cavity method. However, their
characterization of reconstruction thresholds does not
directly apply to detection.

Next we present our main results without proofs; the
excluded details can be found in the full paper [6].

II. SPARSE PCA
Consider the following spiked Wigner model, where

the underlying signal is a rank-one matrix:

X =
λ√
n
vv† +W , (2)

Here, v ∈ Rn, λ > 0 and W ∈ Rn×n is a
Wigner random matrix with Wii

i.i.d.∼ N (0, 2) and Wij =

Wij
i.i.d.∼ N (0, 1) for i < j. We assume v is drawn from

the sparse Rademacher prior, although many alternatives
may be imposed. Specifically, for some γ ∈ [0, 1] the
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support of v is drawn uniformly from all
(
n
γn

)
subsets

S ⊂ [n] with |S| = γn (when n is finite, we assume
that γn is an integer). Once the support is chosen,
each nonzero component vi is drawn independently and
uniformly from {±γ−1/2}, so that ‖v‖22 = n. When γ
is small, the data matrix X is a sparse, rank-one matrix
observed through Gaussian noise.

One natural approach for this problem is PCA: that
is, diagonalize X and use its leading eigenvector v̂ as
an estimate of v. The threshold at which this algorithm
succeeds can be computed using the theory of random
matrices with rank-one perturbations [4], [32], [8]:

(1) When λ > 1, the leading eigenvalue of X/
√
n

converges almost surely to λ + λ−1, and 〈v, v̂〉2
converges almost surely to 1 − λ−2; thus PCA
succeeds in reconstructing better than chance;

(2) When λ ≤ 1, the leading eigenvalue of X/
√
n

converges almost surely to 2, and 〈v, v̂〉2 converges
almost surely to 0; thus PCA fails to reconstruct
better than chance.

Because the leading eigenvalue of W is 2 w.h.p.,
detection is only possible when λ > 1. Intuitively, PCA
only exploits the low-rank structure of the underlying
signal, and not the sparsity of v; it is natural to ask
whether one can succeed in detection or reconstruction
for some λ < 1 by taking advantage of this additional
structure. Through analysis of an approximate message-
passing algorithm and the free energy, the following
conjecture was made in statistical physics [29], [25]:

Conjecture 1. Let the computational threshold be the
minimum of λ so that reconstruction or detection can be
attained in polynomial-time in n for a given γ. There
exists γ∗ ∈ (0, 1) such that

(1) If γ ≥ γ∗, then both the information-theoretic and
computational thresholds are given by λ = 1.

(2) If γ < γ∗, then the computational threshold is given
by λ = 1, but the information-theoretic threshold
for λ is strictly smaller.

We derive the following upper and lower bounds on the
information-theoretic threshold in terms of λ and γ, and
confirm that the threshold is λ = 1 when γ is relatively
large and falls strictly below λ = 1 when γ is sufficiently
small. Throughout, we use

h(γ) = −γ log γ − (1− γ) log(1− γ)

to denote the entropy function, and W(y) for the root x
of xex = y. All our logarithms are natural.

Theorem 1. Let

λupper = 2
√
h(γ) + γ log 2 (3)

λlower =


1 γ ≥ 0.6√

2γW
(

1
2γ
√
e

)
e−41/81 ≤ γ < 0.6√

g(γ) γ < e−41/81 ,

(4)

where

g(γ) = 4γ

(
− log γ − 2.1

√
−2 log γ − 3

2
log

3e

1− γ

)
.

Then detection and reconstruction are information-
theoretically possible when λ > λupper and are impossi-
ble when λ < λlower.

In our proof, we give tighter lower bounds, but these are
analytically convenient.

Note that λupper falls below the spectral threshold
λ = 1 whenever γ ≤ 0.054, and λlower matches the
spectral threshold whenever γ ≥ 0.6. Hence, Theorem 1
proves Conjecture 1 on information-theoretic threshold,
albeit without pinning down γ∗ exactly. In addition,
in the limit γ → 0, both λupper and λlower give an
information-theoretic threshold of

λc = 2 (1 + oγ(1))
√
−γ log γ , (5)

determining the threshold fully in the limit where the
low-rank matrix is very sparse. Independent of the
present work, and building on our preprint [6], Perry
et al. [33] obtained the same tight threshold in this
limit with a smaller error term. Previous work [12] had
determined that threshold scales as λ = Θ(

√
−γ log γ)

up to a constant factor.
In passing, we note that there is a very interesting line

of work on exact or approximate support reconstruction
for sparse PCA, i.e., estimating correctly or consistently
the positions of non-zeros in v, in a regime where the
size of the support is sublinear in n (see e.g., [20], [3],
[9], [23], [17] and references therein). In contrast, we
focus on the regime where the size of the support is
linear in n, i.e., γ = Θ(1), and λ = Θ(1). In this regime
it is impossible to correctly or consistently estimate the
support of v, and hence we instead focus on detection
and reconstruction better than chance.

III. SUBMATRIX LOCALIZATION

In the submatrix localization problem, our task is to
detect within a large Gaussian matrix a small block or
blocks with atypical mean. Let σ : [n] → [k] be a bal-
anced partition, i.e. one for which |σ−1(t)| = n/k for all
t ∈ [k], chosen uniformly from all such partitions. This

3



terminology will recur throughout the paper. Construct
a n × n matrix Y such that Yi,j = 1σ(i)=σ(j). In the
planted model,

X =
µ√
n

(
Y − 1

k
J

)
+W , (6)

where W is again a Wigner matrix and J is the all-ones
matrix. In the null model, X = W . The subtraction
of J/k centers the signal matrix so that EX = 0
in both the null and planted models. In the planted
model, (µ/

√
n) (Y − J/k) is a rank-(k−1) matrix with

the largest (k − 1) eigenvalues all equal to µ
√
n/k,

making X a Wigner matrix with a rank-(k− 1) additive
perturbation. Matrices of this type exhibit the following
spectral phase transition:

(1) When µ > k, the k leading eigenvalues of X/
√
n

converge to µ/k + k/µ almost surely;
(2) When µ ≤ k, the k leading eigenvalues of X/

√
n

converge to 2 almost surely.

Hence, it is possible to detect the presence of the additive
perturbation from the spectrum of X alone when µ > k.
We prove the following upper and lower bounds on the
information-theoretic threshold:

Theorem 2. Let

µupper = 2k

√
log k

k − 1
(7)

µlower =


2 k = 2

k
√

2 log(k−1)
k−1 3 ≤ k ≤ e224

2

√
k log k − 11k log3/4(k) k > e22

4

.

(8)

Then detection and reconstruction are information-
theoretically possible when µ > µupper and impossible
when µ < µlower.

Note that µupper dips below the spectral threshold
µ = k when k ≥ 11, indicating a regime where stan-
dard spectral methods fail but detection is information-
theoretically possible. Also, Theorem 2 proves the con-
jecture in [28] that as k →∞, the information-theoretic
threshold is given by µ = 2

√
k log k.

Previous work in submatrix detection and localization,
also known as noisy biclustering, mostly focuses on
finding a single submatrix, see, e.g., [22], [11], [13],
[19] and the references therein. In our setting, µ = Θ(1)
and k = Θ(1), so it is impossible to consistently
estimate the support and we instead resort to detection
and reconstruction better than the chance.

IV. GAUSSIAN MIXTURE CLUSTERING

Finally, we study a model of clustering with limited
data in high dimension. Let v1, ..., vk be independently
and identically distributed as N (0, k/(k − 1) In,n) , and
define v = (1/k)

∑
s vs to be their mean. The scaling

of the expected norm of each vs with k ensures that
E‖vs−v‖22 = n for all 1 ≤ s ≤ k. For a fixed parameter
α > 0, we then generate m = αn points xi ∈ Rn
which are partitioned into k clusters of equal size by a
balanced partition σ : [n]→ [k], again chosen uniformly
at random from all such partitions. For each data point
i, let σi ∈ [k] denote its cluster index, and generate xi
independently according to Gaussian distribution with
mean

√
ρ/n (vσi − v) and identity covariance matrix,

where ρ > 0 is a fixed parameter characterizing the
cluster separation. We can put this in the form of model
(1) by constructing an n× k matrix V = [v1, ..., vk], an
m× k matrix S with Si,t = 1σi=t, and setting

X =

√
ρ

n

(
S − 1

k
Jm,k

)
V † +W, (9)

where Wi,j
i.i.d.∼ N (0, 1). In the null model, there is no

cluster structure and X = W . The subtraction of Jm,k/k
once again centers the signal matrix so that EX = 0
in both models. The following spectral phase transition
follows from the celebrated BBP phase transition [4],
[31]:
(1) When ρ

√
α > k − 1, then the largest eigenvalue

of (1/m)X†X converges to (1 + ρ
k−1 )(1 + k−1

ρα )
almost surely;

(2) When ρ
√
α ≤ k − 1, then the largest eigenvalue

of (1/m)X†X converges to (1 + 1/
√
α)2 almost

surely.
Thus spectral detection is possible if ρ

√
α > (k − 1).

We prove the following upper and lower bounds on the
information-theoretic threshold, which differ by a factor
of
√

2 when k is large.

Theorem 3. Let

ρupper = 2

√
k log k

α
+ 2 log k (10)

ρlower =

{√
1/α k = 2√
2(k−1) log(k−1)

α k ≥ 3 .
(11)

Then detection and reconstruction are possible when ρ >
ρupper and impossible when ρ < ρlower.

We conjecture that in the limit k → ∞, the
information-theoretic threshold is ρ = 2

√
k log k/α, but

we do not find a proof. Most previous work in Gaussian
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mixture clustering focuses exact or near-exact recon-
struction based on PCA, see e.g., [35], [36], [2], [21]. In
our setting, since ρ is a fixed constant, the cluster sep-
aration is not sufficient for exact reconstruction and we
turn to detection and reconstruction better than chance.
Somewhat surprisingly, we find that if the number of
clusters is large, clustering is informationally possible
even below the spectral phase transition threshold, and
we conjecture that in this regime it is computationally
hard to identify the clusters. We note that a similar “hard-
but-detectable” regime has been determined empirically
in [35].
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