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ABSTRACT. We show that every (n,d, A)-graph contains a Hamilton cycle for sufficiently large n,

assuming that d > log®n and X < cd, where ¢ = ﬁ This significantly improves a recent result

of Glock, Correia and Sudakov, who obtained a similar result for d that grows polynomially with n.
The proof is based on a new result regarding the second largest eigenvalue of the adjacency matrix
of a subgraph induced by a random subset of vertices, combined with a recent result on connecting
designated pairs of vertices by vertex-disjoint paths in (n,d, A)-graphs. We believe that the former
result is of independent interest and will have further applications.

1. INTRODUCTION

A Hamilton cycle in a graph is a cycle that passes through all the vertices of the graph exactly
once, and a graph containing a Hamilton cycle is called Hamiltonian. Even though a Hamilton
cycle is a relatively simple structure, determining whether a certain graph is Hamiltonian was
included in the list of 21 NP-hard problems by Karp [2I]. Thus, there is significant interest in
deriving conditions that ensure Hamiltonicity in a given graph. For instance, the celebrated Dirac’s
theorem [9] states that every graph on n > 3 vertices with a minimum degree of n/2 is Hamiltonian.
For more results on Hamiltonicity, readers can refer to the surveys [12}, 27] 28].

Most classical sufficient conditions for a graph to be Hamiltonian are only applicable to relatively
dense graphs, such as those considered in Dirac’s Theorem. Establishing sufficient conditions for
Hamiltonicity in sparse graphs is known to be much more challenging. Sparse random graphs
are natural objects to consider as starting points, and they have attracted a lot of attention in
the past few decades. In 1976, Pésa [34] proved that for some large constant C, the binomial
random graph model G(n,p) with p > C'logn/n is typically Hamiltonian. In the following few
years, Korshunov [24] refined Pésa’s result, and in 1983, Bollobds [5], and independently Komlés
and Szemerédi [23] showed a more precise threshold for Hamiltonicity. Their results demonstrate
that if p = (logn + loglogn + w(1))/n, then the probability of the random graph G(n,p) being
Hamiltonian tends to 1 (we say such an event happens with high probability, or whp for brevity).

Following the fruitful study of random graphs, it is natural to explore families of deterministic
graphs that behave in some ways like random graphs; these are sometimes called pseudorandom
graphs. A natural candidate to begin with is the following: suppose that we sample a random
graph G ~ G(n,p), and then allow an adversary to delete a constant fraction of the edges incident
to each vertex. The resulting subgraph H C G loses all its randomness. Thus, we cannot use, for
example, a multiple exposure trick and concentration inequalities, which were heavily used in the
proof of Hamiltonicity of a typical G ~ G(n,p). Under such a model, one of the central problems to
consider is quantifying the local resilience of the random graph G with respect to Hamiltonicity. In
[36], Sudakov and Vu initiated the study of local resilience of random graphs, and they showed that
for any € > 0, if p is somewhat greater than log* n/n, then G(n,p) typically has the property that
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every spanning subgraph with a minimum degree of at least (1+¢)np/2 contains a Hamilton cycle.
They also conjectured that this remains true as long as p = (logn + w(1))/n, which was solved by
Lee and Sudakov [29]. Later, an even stronger result, the so-called “hitting-time” statement, was
shown by Nenadov, Steger and Truji¢ [32], and Montgomery [30], independently.

Exploring the properties of pseudorandom graphs, which has attracted many researchers in the
area, is much more challenging than studying random graphs. The first quantitative notion of pseu-
dorandom graphs was introduced by Thomason [37, [38]. He initiated the study of pseudorandom
graphs by introducing the so-called (p, \)-jumbled graphs, which satisfy |e(U) — p(|g|)| < MU for
every vertex subset U C V. Since then, there has been a great deal of investigation into different
types and various properties of pseudorandom graphs, for example, [I, 8, 15, [16], 22, B1]. This
remains a very active area of research in graph theory.

One special class of pseudorandom graphs which has been studied extensively is the class of
spectral expander graphs, also known as (n,d, \)-graphs. Given a graph G on vertex set V =
{v1,...,0n}, its adjacency matriz A := A(G) is an n x n, 0/1 matrix, defined by A;; = 1 if and
only if v;v; € E(G). Let s1(A) > s2(A) > -+ > s,(A) be the singular values of A (see Definition
[3.3). Observe that for a d-regular graph G, we always have s1(G) := s1(A(G)) = d, so the largest
singular value is not a very interesting quantity. We say that G is an (n,d, \)-graph if it is a
d-regular graph on n vertices with s3(G) < A.

The celebrated Expander Mixing Lemma (see, e.g. Chapter 9 in [3]) provides a powerful formula
to estimate the edge distribution of an (n,d, \)-graph, which suggests that (n,d, \)-graphs are
indeed special cases of jumbled graphs, and that GG has stronger expansion properties for smaller
values of A\. Thus, it is natural to seek for the best possible condition on the spectral gap (defined as
the ratio A/d) which guarantees certain properties. Examples of such results can be found e.g. in
[2, 14l 17, B3]. For more on (n,d, A\)-graphs and their many applications, we refer the reader to the
surveys of Hoory, Linial and Wigderson [19], Krivelevich and Sudakov [26], the book of Brouwer
and Haemers [6], and the references therein.

Hamiltonicity of (n,d, \)-graphs was first studied by Krivelevich and Sudakov [25], who proved
a sufficient condition on the spectral gap forcing Hamiltonicity. More precisely, they showed that
for sufficiently large n, any (n,d, A)-graph with

(loglogn)?

Nd <
/d< 1000 log n(logloglogn)

has a Hamilton cycle. In the same paper, Krivelevich and Sudakov made the following conjecture.

Conjecture 1.1. There exists an absolute constant ¢ > 0 such that for any sufficiently large integer
n, any (n,d, \)-graph with \/d < ¢ contains a Hamilton cycle.

Although there are numerous related results in this direction, there had been no improvement on
the original bound until the recent result given by Glock, Correia and Sudakov [I4]. In their paper,
they improved the above result in two different ways: (i) they demonstrated that the spectral gap
Md < ¢/(logn)'/? already guarantees Hamiltonicity; (i) they confirmed Conjecture|l.1|in the case
where d > n® for every fixed constant o > 0.

In this paper, we improve the second result in [14].

Theorem 1.2. There exists an absolute constant ¢ > 0 such that for any sufficiently large integer
n, any (n,d, \)-graph with \/d < ¢ and d > log®n contains a Hamilton cycle.

Our proof works for ¢ = m, although we made no attempt to optimize this constant.

It is worth mentioning that Dragani¢, Montgomery, Correia, Pokrovskiy and Sudakov indepen-
dently verified Conjecture in [I0], and in particular, they proved a stronger statement than
our main result. Their approach relies on extensions of the Pésa rotation-extension technique and
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sorting networks. In contrast, while our work utilizes a previous result on closing vertex-disjoint
paths into a cycle, it is primarily based on new machinery introduced in this paper, as summarized
in Theorem Specifically, we show that the spectral gap of a random induced subgraph of an
(n,d, \)-graph is typically bounded above by the spectral gap of the original graph, up to a constant
factor.

To achieve this, we utilize results on norms of principal submatrices, such as the Rudelson-
Vershynin Theorem [35] (see Section @), and demonstrate that, with probability 1 — n=®M) the
spectral gap of the induced subgraph remains O(\/d) for a sufficiently large random vertex subset.
We believe that this result will have further applications.

The paper is organized as follows. In Section [2], we provide an outline of the proof. Section
contains the proof of the expander mixing lemma for matrices, followed by an analysis of the
special case for almost (n,d, \)-graphs in Section In Section |5, we introduce the extendability
property and reference a useful result from [20], which ensures that vertex-disjoint paths can be
used to connect designated pairs of vertices in (n, d, A)-graphs. Our key lemma, which concerns the
second singular value of a random induced subgraph of an (n,d, \)-graph, is presented in Section
[l Finally, in Section [7}, we prove our main result, Theorem along with a generalized version,
Theorem for “almost” (n,d, \)-graphs. For the reader’s convenience, we also include some
standard tools from linear algebra and several technical proofs in the Appendix.

1.1. Notation. For a graph G = (V, E), let e(G) := |E(G)|. We mostly assume that V = [n]
for simplicity. For a subset A C V of size m, we simply call it an m-set, and we denote the
family of all m-sets of V' by (7‘;) For two vertex sets A, B C V(G), we define Eg(A, B) to be
the set of all edges zy € E(G) with x € A and y € B, and set eg(A, B) := |Eg(A, B)|. For
two disjoint subsets X,Y C V| we write G[X,Y] to denote the induced bipartite subgraph of G
with parts X and Y. Moreover, we define Ng(v) to be the neighborhood of a vertex v, and define
Ng(A) := Uyea Na(v) \ A for a subset A C V. We write Ng(A, B) = Ng(A) N B and for a vertex
v, let Ng(v, B) = Ng(v) N B. We also write degg(v) := |Ng(v)| and degq (v, B) := |Ng(v, B)|.
Finally, let 6(G) be the minimum degree of G and let A(G) be the maximum degree of G.

The adjacency matriz of G, denoted by A := A(G), is a 0/1, n x n matrix such that 4;; =1
if and only if ij € E(G). Moreover, given any subset X C V, its characteristic vector 1x € R" is

defined by
1 ifieX
1x(7) = .
x () {O otherwise

We will often omit the subscript to ease the notation, unless otherwise stated. Since all of our
calculations are asymptotic, we will often omit floor and ceiling functions whenever they are not
crucial.

2. PROOF OUTLINE

Our strategy for finding a Hamilton cycle in an (n,d, A)-graph G consists of two main phases.
First, taking two disjoint vertex subsets X,Y C V(G) of the same size ©(n/log?n), we find a
subgraph Spes € G with |V(Syes)] = ©(n/logn) covering X and Y, using a recent result (see
Lemma later) of Hyde, Morrison, Miiyesser and Pavez-Signé [20]. This subgraph includes
various path factors for later use, where each path has one endpoint in X and the other in Y.
Then, we cover V(G) \ (V(Sres) \ (X UY)) by vertex-disjoint paths, with one endpoint in X and
the other in Y. Now, we are allowed to close the paths into a cycle by using one path factor in the
prepared subgraph S,.s. Since all the vertices are used and passed through exactly once, the cycle
is indeed a Hamilton cycle.
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We now explain our method thoroughly. First, we take two random disjoint subsets X, Y C V(G)
of equal size ©(n/log*n). Using Proposition we can deduce that whp, the empty graph
I(X UY) is “extendable” (see Definition [5.1)), which further produces a crucial subgraph S,cs C G
on ©(n/logn) vertices such that X UY C V(S,¢s) (see Lemmal5.3). The powerful property of Syes
that we will use is the following: for any ordering of the pairs in (X, Y’), there exists a path factor
in Sres connecting such pairs. This property will be used to connect the paths with endpoints in
X and Y obtained in the second phase.

Next, since |V (Syes)| = ©(n/logn), we can utilize its randomness in a way so that after removing
it, the graph is still pseudorandom. Thus, by randomly partitioning V(G) \ V (Sres) into | X |-sets,
if we can find a perfect matching between each two consecutive parts, we will obtain the desired
vertex-disjoint paths P; connecting z; € X and y; € Y. Now, using the path factor in Spes
connecting (x;,y;)s, we can concatenate all the paths P; into a cycle.

It remains to ensure, whp, perfect matchings between two random disjoint subsets in an expander
graph. To prove this, we demonstrate that the bipartite subgraph induced by each two consecutive
parts is a good expander. Equivalently, it suffices to study the spectral properties of random
induced subgraphs of GG, and this is the main contribution of this paper. It is crucial to remark that
although there are some previous results on randomly selecting edges, e.g. [7], we randomly pick
vertex subsets instead of picking edges. Using results on norms of principal matrices, e.g. Rudelson-
Vershynin theorem in [35], we show that with probability at least 1 —n~©(), the spectral gap of a
random induced subgraph of (n,d, \)-graph is still O(A/d) (see Theorem [6.2]).

3. EXPANDER MIXING LEMMA FOR MATRICES

One of the most useful tools in spectral graph theory is the expander mixing lemma, which
asserts that an (n,d, \)-graph is an expander (see, e.g., [19]).

Theorem 3.1 (Expander mixing lemma). Let G = (V, E) be an (n,d, \)-graph. Then, for any two
subsets S, T CV, we have

5= <a s (1-51) iy (12,

We will need a more general version of the expander mixing lemma which can be applied to
non-regular graphs, digraphs, and even to general m x n matrices A. To state such a general result,
it is convenient to normalize A in the following way:

Definition 3.2 (Normalized matrix). Let A be an m x n matriz. Let L = L(A) be the m x m
diagonal matriz with L;; = Zj A;; for all i (that is, the sum of entries in the ith row), and
R = R(A) be the n x n diagonal matriz with R;; = . A; j (that is, the sum of entries in the jth
column). The normalized matrix of the matriz A is defined as

A= L Y2ARY/2,

In particular, if A is a symmetric n X n matriz, then the diagonal matriz L(A) = R(A) = D(A) s
called the degree matrix of A.

Since the notion of eigenvalues is undefined for non-square matrices, it would be convenient for
us to work with singular values which are defined as follows for all matrices.

Definition 3.3 (Singular values). Let A be a real m x n matriz. The singular values of A are the
nonnegative square roots of the eigenvalues of the symmetric positive semidefinite matriz ATA. We
will always assume that si(A) is the kth singular value of A in nonincreasing order. In particular,
the singular values and the eigenvalues of a symmetric positive semidefinite matriz A coincide.
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We are now ready to state a more general version of the expander mixing lemma.

Theorem 3.4 (Expander mixing lemma for matrices). Let A be an m x n matriz with nonnegative
entries, and let A be the normalized matrixz of A. Then, for any two subsets S C [m] and T C [n],
we have

A(S,T) - A(S;@ff;’ﬂ’ < SQ(A)\/A(S, n) (1 - m> A(m,T) <1 - M)

where we adopt the notation A(S,T) = 3 ;g icr Aij, and we abbreviate A(S,n) = A(S,[n]),
A(m, T) = A(m], T), and A(m,n) = A(fm], [n]).

Observe that Theorem [3.4] trivially implies Theorem 3.1} since the adjacency matrix of a d-regular

graph satisfies
1

The proof of Theorem [3.4] is almost identical to the standard proof of Theorem that can be
found e.g. as Proposition 4.3.2 in [6]. Since we could not find a reference for this specific statement
and its proof, we include the proof of Theorem [3.4 for the convenience of the reader, without
claiming any originality. It is based on the following crucial observation.

Observation 3.5. Let A be an m x n matriz with nonnegative entries. Let a = A(m,n) and let 1,,
denote the vector in R"™ whose all coordinates are equal to 1. Consider the vectors wy == a~Y2L'Y/?1,,
and vy = a_1/2R1/2]ln. Then:

(1) both uy and vy are unit vectors;

(2) AVl = ujpy

(3) s1(A —HAH =uf Av; = 1.

Proof. The first two parts readily follow from the definitions of a, L, R, and A. As for the third
part, the equation s1(A) = ||A| holds for any matrix. Let us show that ||A|] < 1. For every
Ixll2 = llylla = 1, we have

2
/ Yj Aijriy;
0< Aj, =2-2 R
G[ZJ:E[”] N <V Lis \/ﬁ) ie[n%;E[n] V8B,

This implies that x" Ay < 1 for all unit vectors x and y, which yields 4] < 1.
Moreover, by definition of A, we have u-ervl = 1. Therefore, by definition of the operator norm,
it follows that HAH > 1. The observation is proved. O

=2 2foly.

Now we are ready to prove Theorem

Proof of Theorem[3.4. Let r = rank(A), and let 1 = 51 > s9 > ... > s, > 0 be all the positive
singular values of A in nonincreasing order. Applying the singular value decomposition theorem
(Theorem combined with Observation we can find orthonormal bases {uy, ..., u,,} of R™
and {vy,...,v,} of R" with vectors vi and u; defined in Observation and such that

T
A _ e
A= E 5,0,V
j=1

In particular, Av; = s;ju; for j =1,...,7 and Av; =0 for j > r. Now, let S C [m] and T C [n] be
two arbitrary subsets. Then

A(S,T) = 15A1r = x§Axr, where xg:=L'?1g, x7:= RY*17.
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Expanding both vectors as

m n

Xs = Zajuj, and x7 = ijvj,

Jj=1 Jj=1

we obtain
T T
A(S, T) = ZSjCijj =a1by + Zsjajbj.
j=1 J=2

Recall from Observation that all singular values of A are bounded by 1, and r = rank(A) <
min{m,n}. Thus, by Cauchy-Schwarz inequality, we have

1/2 1/2

A(S,T) = aabi| < 3 _Jashs| < | 3 o] D0 (1)
=2 j=2 =2

Now observe that a1 = (xs,u;) = a=/2A(S,n) and by = (x7,v1) = a~/2A(m,T), so
A(S,n)A(m, T)

a1b1 = .
a
Moreover,
m A(S,n)? A
> a2 =lvslf - at = Asim) - HEE —agson) (1- 22,
=2

and similarly

& A(m, T
> b= A(m,T) <1 - (m)> .
a
j=2
Substitute the last three identities into to complete the proof. O

4. ALMOST REGULAR EXPANDERS

Our argument relies on some spectral properties of random subgraphs of (n,d, A)-graphs. Since
random subgraphs are not expected to be ezactly regular, we extend the definition of (n, d, \)-graphs
as follows:

Definition 4.1 (Almost (n,d, A)-graphs). Let d,A > 0 and v € [0,1). We say that a graph G is an
(n, (1 £ v)d, X)-graph iﬂ G is a graph on n vertices whose all degrees are (1 +y)d and the second
singular value of the adjacency matriz A of G satisfies sa(A) < A.

Almost (n, d, A)-graphs behave similar to exact (n,d, \)-graphs in many ways. If G is an (ezactly)
d-regular graph with adjacency matrix A, its normalized adjacency matrix is obviously

-1
A==-A
d
according to Deﬁnition If G is an almost d-regular graph, its degree matrix D = diag(dy, ..., d,)
is close to dI, and we can expect that

A=D12AD"1/2 » %A

in some sense. Below we show that such an approximation indeed holds in the sense of the closeness
of all singular values.

n this definition and elsewhere in the paper, we write a = b & ¢ as a shorthand for the double-sided inequality
b—c<a<b+ c. We use other similar abbreviations, whose exact meaning should be clear from context.
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Corollary 4.2 (Singular values of almost regular graphs). Let v € [0,1) and d > 0. Let G be a
graph whose all vertices have degrees (1 = )d. Then the adjacency matriz A and the normalized

adjacency matriz A of the graph G satisfy
(1+7)d (1—=v)d

Proof. Using the chain rule for singular values (Lemma [A.5]), we obtain
sk(4) = sy (DV2ADY2) <||DV2||” 5y ().

for all k € [n].

Since HD]L/ZH2 =||D|| = max; d; < (1 + v)d, the lower bound in Corollary follows. The upper
bound can be proved similarly. O

4.1. Expander mixing lemma for almost regular expanders. Let us specialize Theorem [3.4]
for almost (n,d, \)-graphs.

Corollary 4.3 (Expander mixing lemma for almost (n,d, \)-graphs). Let G be an (n,(1£~)d, \)-
graph. Then, for any two subsets S,T C V(G), we have

(1 —~)d|S||T] (L+9)%dIS|IT] |

(1+7)n (1=7)n ’

1+7 | o

Proof. Let A and A be the adjacency and the normalized adjacency matrices of G, respectively.
Theorem yields

—e<e(S,T) < (2)

where

A(S,n) A(n,T) _

A(S,T) — < s9(A)vV A A(n,T).
(57~ AEAD <) A AL T) @
By Corollary .2 and assumption, we have
82(1‘_1) < SQ(A) < A

(1=7)d =~ (1=v)d

Moreover, since A is an adjacency matrix, we have A(S,T) = e(S,T), A(S,n) = Y cgdeg(v) =
(£ 7)dIS], A, T) = ¥y deg(v) = (1 £ NAT], A1) = ey (@ deg(v) = (1 £ 1)d|V(G)] =
(1 £ «y)dn. Substitute all this into and use triangle inequality to complete the proof. O

Sometimes all we need is at least one edge between disjoint sets of vertices S and T'. Corollary [£.3]
provides a convenient sufficient condition for this:

Corollary 4.4 (At least one edge). Let G be an (n, (1 £ v)d, \)-graph. Let S,T C V(G) be two

disjoint subsets with
(1+7)?% An
VISIIT| > ——— - —.
Then e(S,T) > 0.

Proof. Under our assumptions, the lower bound in is strictly positive. O

The following statement, which is another simple corollary of the expander mixing lemma, allows
us to translate minimum degree conditions into an expansion property for small sets.

Lemma 4.5. Let v € [0,1/20] be a constant, and let A < d/700. Let G be an (n, (1 £~v)d, \)-graph
which contains subsets S, T C V(G) such that for every v € S, d(v,T) > d/6. Then, every subset
X C S of size |X| < 222 satisfies |N(X,T)| > %\XL
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Proof. Let D = % > 1. Suppose that there exists a subset X C S of size 1 < |X| < 4)‘7" such
that |[N(X,T)| < D|X|. Let Y = N(X,T). Corollary |4.3| implies that

d| X 1 20Xy 1
|6|§6(X7y)§< HAPAXIV] L L4 e
-

(I =7)n
< 5AD|X| + 2\VD|X|
< 7AD|X|
d|X]|
=00
which is a contradiction. Therefore, every subset X C S of size | X| < “‘T” satisfies |[N(X,T)| >
%LX |. The proof is completed. -

4.2. Matchings in almost regular expanders. In this section, we use the expander mixing
lemma to get some corollaries for matchings in almost (n,d, A\)-graphs. For our convenience, we
define the bipartite spectral expanders as below.

Definition 4.6. We say that a bipartite graph H = (V1 U Vo, E) is an (n, (1 £ )d, \)-bipartite
expander if H is an induced bipartite subgraph of an (n,(1£~v)d, A)-graph G with V(G) = V1 U Va,
and for each i = 1,2 and every v € V;, the degree of v in H satisfies degy(v) = (1 £ 7)%.

First, we prove the existence of perfect matchings in a bipartite spectral expander with a balanced
bipartition.

Lemma 4.7. Let v € [0,1/6] be a constant, let d > 0 and let A < d/200. Let G = (V, E) be an
(n, (1 £v)d, \)-bipartite expander with parts V.= V1 U Va such that |Vi| = |Va|. Then G contains a
perfect matching.

Proof. 1t is enough to verify the following condition which is equivalent to Hall’s condition (see
Theorem 3.1.11 in [42]): for all ¢ € [2] and S C V; of size |S| < |V;|/2, we have [N(S)| > |S].
Suppose to the contrary that there exists ¢ € [2] and an S C V;, such that the set T := N(5) is
of size less than |S|. Since G is an (n, (1 £ 7)d, A)-bipartite expander and since |V;| = |Va| = n/2,
we have that
e(s.1) > L0

On the other hand, using the assumption that v < 1/6 and the expander mixing lemma for
almost regular expanders (Corollary , we obtain that

(14+7)2%d|S||T| 1+~ 49d|S| = 7d|S| (1 —7)d
Z < _|_ . A/ Z < _|_ .
e(5,T) < (1—7v)n 1—~ AVISIITI < 120 1000 = 2 11,

where we also used |T'| < [S| < n/4 and A < d/200.
Combining these two estimates we obtain a contradiction. This completes the proof. O

If finding a perfect matching is not necessary, then following from Corollary we can use a
greedy algorithm to find a matching that avoids a not-too-large subset in each part of a bipartite
expander.

Lemma 4.8. Let G be an (n, (1 £ ~)d, \)-graph, and let V(G) = V1 U Vs be a partition. For each
2
i=1,2, let S; CV; be a subset of size 0 < k; < |V;| — (49 An - Then there exists a matching of

(1-7)3 d
size
) (14+7)2 An (14+7)% In
mm{'vl' Ny R N

in G between Vi \ S1 and Va '\ Sa.



Proof. We find the matching between V; \ S and V3 \ Sy greedily. Initially, let M = ), and let

Up =V \ 51 and Uy := Vo \ Sa. If |Up] < SJ—?; . %" or |Us| < gjx; -%”, then we stop. Otherwise,

by Corollary there is an edge e € E(G) between U; and Us. Let M := M U {e}, and let
Uy =U;\V(e) and Uy := Us \ V(e). Continuing in this fashion, we obtain a matching M of size
min {]Vﬂ —k — 81“7732 : %", |Va| — ko — gtz;z . %”} in G between V7 \ S7 and V5 \ Sy. The proof
is completed. ]

5. EXTENDABILITY

In [20], the classical tree embedding technique, introduced by Friedman and Pippenger in [11],
was used to prove a useful result on connecting designated pairs of vertices in expander graphs.
The result shows that given two “nice” disjoint small subsets of an (n,d, A\)-graph, one can find a
small subgraph, disjoint from these subsets, such that for any designated ordering of vertex pairs
from the subsets, there exists a path factor in the subgraph that connects the pairs.

Definition 5.1. Let D,m € N with D > 3. Let G be a graph and let S C G be a subgraph with
A(S) < D. We say that S is (D, m)-extendable if for allU C V(G) with 1 < |U| < 2m we have

(Na(U)UD)\V(S)| = (D=DU - > (ds(u) - 1).
ueUnNv(s)

The following result says that it is enough to control the external neighbourhood of small sets
in order to verify extendability.

Proposition 5.2. [20] Let D,m € N with D > 3. Let G be a graph and let S C G be a subgraph
with A(S) < D. If for allU C V(G) with 1 < |U| < 2m we have

[Na(U)\ V(S)| = DIUI,
then S is (D, m)-extendable in G.

Before stating the lemma, we introduce some necessary definitions. We denote by I(S) the
edgeless subgraph with vertex set S. A graph G is said to be m-joined if for any disjoint sets
A, B C V(G) with |A|, |B| > m, there is at least one edge between A and B, i.e., e(4,B) > 1.

Now we are ready to state the result from [20].

Lemma 5.3. There is an absolute constant C' > 0 with the following property. Letn be a sufficiently
large integer, and let 20C < K < n/log®n. Let D,m € N satisfy m < n/100D and D > 100.
Let G be an m-joined graph on n wvertices which contains disjoint subsets Vi,Vo C V(G) with
[Vi| = |Va| < n/Klog®n, and set £ := |Clog®n|. Suppose that I(Vy U Vz) is (D, m)-extendable in
G.

Then, there exists a (D, m)-extendable subgraph Syes C G such that for any bijection ¢: Vi — Vs,
there exists a Py-factor of Syes where each copy of Py has as its endpoints some v € Vi and ¢(v) € Vs.

6. RANDOM SUBGRAPHS OF ALMOST REGULAR EXPANDERS

In this section, we show that a random induced subgraph of an almost (n,d, A)-graph or a
bipartite spectral expander is typically a spectral expander by itself. This serves as our main tool
in the proof of our main result.
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6.1. Chernoff’s bounds. We extensively use the following well-known Chernoff’s bounds for the
upper and lower tails of the hypergeometric distribution throughout the paper. The following
lemma was proved by Hoeffding [I8] (also see Section 23.5 in [13]).

Lemma 6.1 (Chernoff’s inequality for hypergeometric distribution). Let X ~ Hypergeometric(N, K, n)
and let E[X] = p. Then

o P [X <(1- a)u] < e=an/2 for every a > 0;
e P[X>(1+a)y] < e~ 13 for every a € (0, 3.

6.2. Random induced subgraphs. The following theorem is the main result of this section. It
asserts that with probability at least 1 —n~9®) random (induced) subgraphs of spectral expanders
are also spectral expanders.

Theorem 6.2 (Random subgraphs of spectral expanders). Let vy € (0,1/200] be a constant. There
exists an absolute constant C such that the following holds for sufficiently large n. Let d,A > 0,
let o € [1/n,1), and let G be an (n,(1 £ v)d, A)-graph. Let X C V(G) with |X| = on be a subset
chosen uniformly at random, and let H := G[X] be the subgraph of G induced by X. Assume that

od>Cy %logn and o\ > Cy/odlogn.
Then with probability at least 1 —n~1/%, H is a (an, (1+£27)od, 60)\) -graph.

Let us briefly discuss the two conditions in Theorem The first condition permits the random
subgraph to be quite sparse—with degrees on the order of log n—but not sparser than that. Below
this threshold, the degrees of the random subgraph become unstable, and it will no longer be
approximately regular. The second condition is essentially the Alon-Boppana bound, up to a
logarithmic factor, which dictates that the second singular value of an approximately od-regular
graph must be at least Q(v/od). In other words, the conditions in Theorem [6.2] are nearly necessary
for a subgraph H to be an almost regular expander. Additionally, we did not optimize the constant
factor in so(H), though we believe it should be 1+ o(1).

The proof of Theorem is based on bounds of the spectral norm of a random submatriz, which
is obtained from a given n X n matrix B by choosing a uniformly random subset of rows and a
uniformly random subset of columns of B.

There are two natural ways to choose a random subset of the set [n]. We can make a random
subset I by selecting every element of [n] independently at random with probability o € (0,1). In
this case, we write

I ~ Subset(n, o).
Alternatively, we can choose any m-set J of [n] with the same probability 1/ (;fb) In this case, we
write

J ~ Subset(n, m).

Note that if m = on, the models Subset(n,o) and Subset(n,m) are closely related but not
identical. It should be clear from the context which one we consider.

For a given subset I C [n], we denote by Py the orthogonal projection in R™ onto R’. In other
words, Py is the diagonal matrix with P; =1ifi €l and P;; =0ifi & I.

The main tool of this section is the following bound. It is worth mentioning that several similar
results have been proved before, for example, in [35] and [41].

Theorem 6.3 (Norms of random submatrices). Let B be an n x n matriz. Let I, 1" ~ Subset(n, o)
be two independent subsets, where o € (0,1). Let p > 2 and let ¢ = max{p,2logn}. Then

By PiBPy| < ol Bll +3va7 (IBl +[B7],L,) + 8418l
10



Here E,[X] = (E|X|P)'/? is the L, norm of the random variable X ; the norm ||-||1—2 denotes the
norm of a matriz as an €1 — o linear operator, which equals to the maximum value among the £y
norm of each column; and|-||., denotes the mazimum absolute entry of a matriz.

We use the following results to derive Theorem

Lemma 6.4 (Rudelson-Vershynin [35]). Let A be an mxn matriz with rankr. Let I ~ Subset(n, o),
where o € (0,1). Let p > 2 and let ¢ = max{p,2logr}. Then

Ep||[AP;|| < Vol All + 3| APr[ly -

Theorem 6.5 (Tropp [41]). Let A be an m x n matriz with rank r. Let I ~ Subset(n,o), where
o€ (0,1). Let p > 2 and let ¢ = max{p,2logr}. Then

Epl|PrAl 152 < Vol Al + 21'25\/5[Ep||PIA||oo

Proof of Theorem[6.3. First, we apply Lemma twice (in the same manner as in [41]), where we
first take P;B, Py in place of A, Py, and then take BT, P; in place of A, P;. So we obtain

Ep||PrBPp|| < VoE, | PrB|| + 3\/qE, || PrBPr||,_,,
<o|B| + 3y anpHBTP[“l_ﬂ + 3\/EEPHPIBPI’H1—>2

< ol|Bl +3v/qa|| BT ||, ,, + 3vaBp| PrBlly 5 -

where the last inequality follows since the 1 — 2 norm of a submatrix is bounded by the 1 — 2
norm of a matrix. We then use Theorem [6.5] to complete the proof:

Ep|| PrBlli—2 < Vol Bl + 2" VB, || PB|
1.25
<VolIBllyy + 27Vl Bl
< Vo Blly s + 8Vl Bl /3. O
Theorem gives a tool when one wishes to study the case of independent random subsets of
row indices and column indices. However, because our goal is to study random subsets of fixed size
of a given set, we cannot apply Theorem directly since now the selections of row indices and

column indices are not independent. Instead, we would like to make I = I’ and change the model
of sampling. The following tools make this possible.

Lemma 6.6 (Decoupling [41]). Let B be a diagonal-free symmetric n x n matriz. Let 1,1 ~
Subset(n, o) be two independent subsets, where o € (0,1). Then for every p > 2, we have

E,||P1BP;|| < 2E,||P1BPy| .
Lemma 6.7 (Random subset models [40]). Let B be an n x n matriz. Let I ~ Subset(n,o) and

J ~ Subset(n,m) be two independent subsets, where o € (0,1) and m = on > 1. Then for every
p > 2, we have

E,||PyBPy|| < 2YPE,||PBP;]|.
By combining the two lemmas above and Theorem we can obtain a corollary as follows:

Corollary 6.8 (Norms of random submatrices). Let B be a symmetric n x n matriz. Let J ~
Subset(n, m), where o € (0,1) and m =on > 1. Let p > 2 and let ¢ = max{p,2logn}. Then

Byl PrBP;|| < 40| B + 24y/q0||Bl|, 5 + 35¢[| Bl -

Proof. Consider the symmetric, diagonal-free matrix By = B — D where D := diag(B11,...,Bnn).
Combining Theorem [6.3] with Lemmas [6.6] and we obtain the following:

Epl| PyBoPs | < 4ol Boll +24y/q0| Boll, 5 + 324]| Boll o -
11



Note that | Bo|| <[ Bl +[IDl, | Boll, o < [1Bll152, [[Bolle <I[IB]
|PyDP;|| <||PyBoPy|| +||D]|. This implies

Ep||PyBP;|| < Ep||PyBoPy| +|D < 4o (1B +[IDI) + 24v/47 || Bl 15 + 324||Bllo +1 DI
Notice that | D|| = max;|B;;| <| B, to complete the proof. O

and HPJBPJH < ||PJBQPJH +

(oo}

We are now ready to prove Theorem

Proof of Theorem[6.3 Let C > 0 be a sufficiently large absolute constant. To see that the
random induced subgraph H := G[X] is almost regular whp, we can apply Lemma with
n, (1 £ v)d,on,v/(1 4+ «) in place of N, K,n,a. Since od > Cy~2logn for sufficiently large ab-
solute constant C' > 0, it follows that, with probability at least 1 — n~!, all degrees of H are
(1 & 2v)od. Thus, it remains to bound the second singular value of Ay whp, where Ay is the
adjacency matrix of H.
It is convenient to first work with normalized matrices. So let us consider the normalized adja-
cency matrix
Ag=D1Y2AD7V? where D =diag(dy,...,dy) (4)
is the degree matrix of G. Note that for any m x n matrix A, we have that sy(A) = ming||A — B,

where the minimum is over all rank-one m x n matrices B (see Lemma [A.4). Thus, by applying
Observation [3.5 we have

_ _ 1 n
so(Ag) =||B||, where B=Ag— 51)1/2]1”]1;1)1/2 and a =Y d;. (5)
=1

Applying Corollary for any p > 2 and ¢ = max{p,2logn}, we obtain

Ep||PxBPx|| < 40| B| + 24\/q0]| Bl[1-2 + 35¢|| Bl - (6)
Let us bound each of the three terms on the right hand side.
Bounding || B||. First, by (5), Corollary and the assumptions, we have
- SQ(AG) 1.1

Bl = Ag) < < .
1Bl = salo) < 250 < = ©
Bounding ||B||,_,,. Triangle inequality yields
1 Lini/20 T2
1Bl[1-2 S”AGH1—>2+5HD / ln]lnD/ H1—>2' (8)

Let us bound each of the terms appearing on the right hand side. First,
HAGH1~>2 :HD_1/2AGD_1/2 SHD_IHHAG||1—>2'
We have || D71|| = max;(1/d;) < 1.1/d and || Agl|,_,, = max; y/d; < 1.1v/d. Thus,

HlaQ

- 1.3
HAGH1—>2 < NzA (9)
Next,
a= Zdi > (1 —~)dn > 0.9dn. (10)
i=1
Moreover,
D21, D 2|, <|ID| ’ L1 <(+9)d- VA< Lldvn, (11)

12



Putting @D, and into , we get
1 2.6

1.3
B < — 4+ —1-1.1d < 12
Bounding || B|| ... Again, triangle inequality yields
- 1
1Blloo <[[ 46| + - | D115 D2 (13)

All entries of Ag are 1/4/d;d; < 1.1/d, and all entries of D'/21,,1TDV/? are \/d;d; < 1.1d. Also,
recall that a > 0.9dn by (10). Thus, plugging them into , we obtain
1.1 1 2.4

B, <=4 —— 11d< =~ 14
1Blloe < —+ 5odm <= (14)

Putting , and into @, we obtain

440\ v 84
Ey|| Px BPx ]| < = +63,/%+7q.

Multiplying on the left and right by D'/? inside the norm, we conclude that
EPHD1/2PXBPXD1/2H <|ID||E, | Px BPx|| < 50\ + 70v/qod + 93¢ =: o,

where we used that || D|| = max; d; < 1.1d. Since diagonal matrices commute, we can express the
matrix above as follows:

1
DY2pyBPxD'Y? = PxD'?2BD'Y?Py = Px AqPx — —=PxD1,1] DPx,
a

where in the last step we used and . Note that %PXDIlnllIDPX is a rank one matrix. Thus,
by Lemma [A.4] we have so(PxAgPx) < HD1/2PXBPXD1/2H, and thus

EpSQ(PXAG'P)() < )\0.

Since the adjacency matrix Ay of the induced subgraph H is a on X on submatrix of the n x n
matrix Px AgPx, by the Interlacing Theorem for singular values (Theorem [A.2]), it follows that

EpSQ(AH) S )\0.
Now choose p = 2logn and thus ¢ = p = 2logn. Applying Markov’s inequality, we obtain

1.1
< (1.1)—1) — (1.1)—210gn < n—0.19.

P [s2(Az) > L1Xo] = P [sa(Ag)? > (L1Ag)?] < (IEPSQ(AH))p

19

In other words, with probability at least 1 —n =19, we have

s2(Ar) < 1.1Xg < 5.50\ + 109+/odlog n + 205 log n.

To complete the proof, we show that the first term dominates the right hand side. Indeed,
since the absolute constant C' is sufficiently large, the first condition in Theorem implies that
205logn < y/odlogn. Similarly, the second condition in the theorem implies that 110v/odlogn <
0.50\. Then it follows that

s2(Am) < 550X+ 0.50\ = 60 ).
Therefore, with probability at least (1—n=1)(1—n"%19) > 1—-n"1/6 Hisa (on, (1 £2y)od,60N)-

graph, which completes the proof of Theorem O
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Sometimes we will work on the bipartite subgraph G[X,Y] induced by random disjoint subsets
X,Y C V(G). We also have G[X, Y] is a bipartite spectral expander whp, which is a direct corollary
of Theorem [6.2

Corollary 6.9. Let v € (0,1/200] be a constant. There exists an absolute constant C' such that
the following holds for sufficiently large n. Let d,\ > 0, let 01,09 € [1/n,1), and let G be an
(n, (1 £ v)d, \)-graph. Let X, Y C V(G) with |X| = o1n and |Y| = o9n be two disjoint subsets
chosen uniformly at random, and let H := G[X,Y] be the bipartite subgraph of G induced by X and
Y. Let 0 := 01 + 09. Assume that

o1d,00d > Cy 2logn  and o)X > Cy/odlogn.
Then with probability at least 1 —n~Y7, H is a (Un, (1 +£27)od, GUA)—bipartite expander.

Proof. Let C' > 0 be a sufficiently large absolute constant. Since oin,oen > Cy~2logn, by
Chernoft’s bounds, we have that

P [Fv € V,deg(v,X) # (1 £29)on] <n”'
and
P [Jv € V,deg(v,Y) # (1 £ 27) o9n] < nt.
Next, note that X UY is a random subset of size |X| + |Y| = o1n + oan = on. Now, since

od = o1d+ 09d > 2Cy2logn and o\ > C+/odlogn, Theorem implies that with probability at
least 1 — n~1/6,

GIXUY]isa (on,(1+2y)od,60))-graph.
Therefore, we have that with probability at least (1 —2n=1)(1 —n~1/6) > 1 — =17,
H=G[X,Y]isa (an, (1+£27)od, 60’)\) -bipartite expander,
which completes the proof. O

7. PROOF OF THEOREM [[.2]

In this section, we prove our main result, Theorem Since regular spectral expanders can
be viewed as (n, (1 £ v)d, A)-graphs, the following slightly stronger statement will directly imply
Theorem

Theorem 7.1. Lety € (0,1/400] and let n be a sufficiently large integer. Then, any (n, (1£7)d, \)-
graph with X < d /70000 and d > log®n contains a Hamilton cycle.

Before proving the theorem, we first state and prove the following simple averaging argument.

Claim 7.2. Let o € [0,1], let 0 < m < h < n/2 be integers, and let P be any graph property. Let
G = (V,E) be a graph on n vertices. Suppose that there are at least 1 — « proportion of pairs of
disjoint m-sets A, B C'V such that G[A,B] € P. Let F C (7‘:1) be the family of m-sets A such that
for at least 1 — a/? proportion of m-sets BC V \ A, G[A,B] € P. For A€ F, let Fa C (V%A) be
the family of m-sets B C V' \ A such that G[A, B] € P. Then the following properties hold:

(A1) |F| = (1 =a'?)(});
A2) for a uniformly random h-set S C V '\ A, with probability at least 1 — o/, |Fa N 5) >
m
(1=l (1)
(A3) for A € (;) and S € (‘Ii) chosen uniformly at random such that ANS = (), with probability
at least 1 — a/2 — /%, for at least 1 — o'/* proportion of m-sets B C S, G[A,B] € P.
14



Proof. We prove the statements in sequence.

Property|(A1). Suppose to the contrary that there are at least al/? (TZ) m-sets A ¢ F. By defi-
nition, each such A contributes at least a/2(" ™) pairs (A, B) such that G[A, B] ¢ P. Therefore,
there are at least a/2(™) - a'/2(" ™) = () (") pairs (4, B) such that G[A4, B] ¢ P, contra-
dicting the assumption that there are at least 1 — o proportion of pairs (A, B) with G[A, B] € P.
Thus, |F| > (1 —a/2)(}).

Property . Suppose to the contrary that there are more than /4 (”;m) h-sets S C V' \ A,

each containing at least a!/* (7}7’1) m-sets B such that B ¢ F4. Since each such subset B is counted
n—2m

h_m) times, there are in total more than

(7o) () ()
( hfm) h m m

m-sets B such that B ¢ F4. This contradicts the assumption that |F4| > (1 — al/g)(";nm).
Property|(A3). By applying |(A1)| [(A2), and the union bound, for disjoint uniformly randomly
chosen A € () and S € (Z), with probability at least 1 — a2 — a4, we have that A € F and
|Fan (:;)| > (1 —al/?) (7};) This implies that for at least 1 — o'/* proportion of m-sets B C S,
G[A,B] € P.
The proof is completed. H
We are now ready to prove Theorem

Proof of Theorem[7.1. Assume that v < 1/400, A < d/70000, and that G = (V, E) is an (n, (1 £
v)d, \)-graph with a sufficiently large integer n and d > log®n. Since an (n, (1 £ v)d, \)-graph is
also an (n, (1 £ v)d, \')-graph when A < ), we may assume that v/dlog®n < X\ < d/70000. Let
k== n/log*n.

at most (

7.1. Partitioning the graph. First, we find a partition of the vertex set of the (n, (1 +v)d, A)-
graph G with some nice properties.

Claim 7.3. There exists a partition V = X1 U Xy UY; UYo U Ry U Ry with | X;| = |Y1| = %,
| Xo| = |Ya| = % and |Rg| = 2, such that the following properties hold:
(P1) for every vertex v € V', we have:

4dk
deg(v, X2),deg(v,Y2) = (1 + 27)%

4
dog(v, Fr) = (1£27)5,  and deg(v, By) = (1%27) 1

dk
deg(val)vdeg(UaYi) = (1 + 27)%7

(P2) letting X == X1 U X9 and Y := Y1 UYs, the subgraph
d 6\
G' =G XUY URy]is an (Z, (1+ 27)5, 5> -graph;
(P3) for at least 1 — n~Y7 proportion of disjoint subsets S, T C Ry U Ry of equal size k,
2dk 18Mk
n’' n

G[S,T) is a <2k, (1+4y) ) -bipartite expander;

(P4) for at least 1 — n=Y/28 proportion of k-sets S C Ry U Ro, the bipartite subgraphs

2dk 12\k
G[X,S] and G[S,Y] are <2k, (1£2vy)—, ) -bipartite expanders;

n n
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(P5) the bipartite subgraph
de 12Xk

n

GX,Y]isa <2k (1+2y)— > -bipartite expander.

Proof of Claim[7.5 Let V = X; U Xo UY; UY5 U Ry U Ry be a uniformly random partition with

|X1| = [Y1| = 5, [Xo| = [Yo| = % and |Rq| = %”. We wish to prove that each property among
(PT] [P5] holds whp.

Property [(P1), Since for all v € V we have E[deg(v, X1)] = (1£7)Z = w(logn), it follows by
Chernoff’s bounds and the union bound that

dk
P [au € V,deg(v, X1) # (1 4+ 27) 571} < ne~@ogn) — (1),

Similarly, the other degree bounds also hold with probability at least 1 — o(1). Therefore, property
(P1)| holds with high probability. For the remainder of the proof, we will condition on property
(P1)

Property |(P2), Note that X UY U Ry is a uniformly random subset of size ¥. Since g =

w(y~2logn) and % =w <\/ ‘mgfg’"”) , by Theorem we have that with probability at least 1—n~=1/6,

d 6A
G'=G[XUY URy|is an <Z, (1+ 27)5, 5) -graph.

Property|(P3). First, we prove that G[Ry U Ry] is an (n — 2k, (1 + 3v)d, A)-graph. Indeed, by
property [(P1)} for every vertex v € V,

deg(v, Ry U Ry) = deg(v) — deg(v, X1) — deg(v, X3) — deg(v, Y1) — deg(v, Y3)

dk  4dk
1+~)d—2(1+2 —
— ()= 202 (5 + )
3
=(1x=v]d.
(1)
Also, by the Interlacing Theorem for singular values (T heorem |A.2)), we have that sa(G[R1 URs]) <
s2(G) < A. Therefore, G[Ry U Ry] is an (n — 2k, (1 & 3)d, A)-graph.
Next, let S, T C R; U Ry be two disjoint k-sets chosen uniformly at random. Since (1+ 27) 2dk >
24k — w((2y) 2logn) and 32k > 22k — ( 2”2“3%”), Theorem implies that with proba-
~1/6

bility at least 1 —n

2dk 18Xk
G[SUT]is a <2k (1+4y)— - 8n )—graph.

Also, by Chernoff’s bounds, with probability at least (say) 1 —n~!, for every vertex v € V,

dea(v, 5). dea(v. T) = (1 £ 47) 2

Thus, by the union bound, for at least (1 —n~/6)(1 —n~1) > 1 — n~'/7 proportion of disjoint
subsets S, T C Ry U Ry of equal size k,

2dk 18Xk
G[S,T)is a (Zk (1+4y)—, 8> -bipartite expander.
n

n
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Property - We only prove the property for X, while the analogous statement for Y can be
shown similarly. By applying Corollary ., we can obtain that for at least 1 —n~/7 proportion of
disjoint subsets A, B C V of equal size k,

2dk 12Xk
G[A, B] is a <2k, (1+2y)—, > -bipartite expander.
n’' on
Note that X is a uniformly random k-set and R URy C V'\ X is a uniformly random (n—2k)-set.
Thus, by applied with X, Ry U Ry, k,n — 2k,n~"/7 in place of A, S, m, h, a, we have that with
probability at least 1 — n= 1/ — p=1/28 > 1 _ n=Y29 for at least 1 — n~ /28 proportion of k-sets
S C R1URs,

2dk 12Xk
G[X,S]is a (2k, (1+ 27)7, n) -bipartite expander.

Property . Note that XUY is a uniformly random subset of size 2k. Since 22’“ = w(y 2%logn)

and % e 10g"> by Theorem 6.2, we have that with probability at least 1 — n=1/6,

2dk 12)\k
G[XUY]isa (2]{:, (1+ 27)7, n) -graph.

Now by |(Q1), the bipartite subgraph

Qdk 12Xk

G[X,Y]is a (2k (1£2y)— —

) -bipartite expander.

All in all, with positive probability all properties [(P1)H(P5)| hold, which guarantees a partition
V=X1UXoUY, UY>U R; U Ry satisfying all desired properties. This completes the proof. [

7.2. Finding S,.s and partitioning (R; U Rz) \ V(Syes). We pick a partition V = X; U X U
Y1 UY2U Ry U Ry as in Claim [7.3] In order to find the subgraph Sys which will be used to close a
collection of vertex-disjoint paths into a cycle, we first verify the assumptlons of Lemma[5.3] Recall

that G' = G[X UY URy]. Let D = ks > 100, and let m = 4220 CYD05) 4 g < ”771.

Claim 7.4. The following properties hold:
(1) G is m-joined;
(2) (X UY) is (D, m)-extendable in G'.
Proof of Claim[7. Recall that by P2 G'isan (% (1:&27)‘1 6)‘) graph. Corollarylmphes that
G’ is m-joined, so we are left to prove (2). In fact, since I(X UY) is an empty graph, A( (X uY)) =
0 < D. Also, recall that by @, for every vertex v € V, degs(v, R1) > (1 — 2fy) > g Since

G is an (n, (1 £ 7)d, \)-graph, by Lemma we have that for any subset U C V( ") of size
1< |U] < 2m < 22,

INo/(U)\ (X UY)| 2 [No(U) 0 Ri| 2 =5 U] = DIU].
Thus, by Proposition I(X UY) is (D, m)-extendable in G’. This completes the proof. O

Now, let C' > 0 be the constant in Lemma and let £ := |Clog®(%)]. Since D > 100 and

m < by applying Lemma on G' with 2 login , X, Y in place of n, K, Vi, Vs, we can

106D7 57 5log®(n/5)’
find a subgraph S,.s C G’ = G[X UY U Ry] with |V (Syes)| = k¢ satisfying the conclusion of the
lemma.

Assuming without loss of generality that |R; U Ra| is divisible by k, we further partition R U Ry
into k-sets, each of which has a small intersection with S,.s, and every pair of such sets induces
17



a bipartite expander. For convenience, we will let V7 := X and V; := Y for the remainder of the

. n—2k
proof, where ¢ := "7=%.

Claim 7.5. There exists a partition
RURy=VoU... UV,

into k-sets such that the following properties hold:
(Q1) for each 2 <i <t —1, we have |V; \ V(Spes)| > k — 2CE;

logn’
(Q2) for each2 <i<t—1, |V = (1:|:’y)5 and |Vio| = (1 :i:’y) , where Vi1 == V;N Ry and
Vie = ViN Ry;
(Q3) for each 2 <i <t —1 and for every vertez v € V, we have
dk 4dk
deg(v,V;1) = (1% 57)5—n and deg(v,Vj2) = (1 £5y)— e

(Q4) for each distinct i,j € [t], the subgraph
2dk 18k
GV;,Vj] is a <2k (1£5y)—, 8> -bipartite expander,
n’' n
(Q5) for each distinct i,j € [t], the bipartite subgraph

2dk 18Xk
GVi1, Vil is a (\Vzll +|Vjal, (1 £ 5y )57 8n> -bipartite expander,

where V11 = X1 and V1 = Y7.

Proof of Claim[7.5. Let RiURy = VoU...UV;_1 be a uniformly random partition into k-sets. We
wish to prove that each property among |(Q1)] [ (Q5)| holds whp.

Property |(Q1). Recall that |Syes| = kf = Clog (%). Since for each 2 <i <t -1, V;isa
uniformly random k-set, we have that E[|V; ﬁSresH -Clog®(%). Thus, by Chernoff’s bounds

log
and the union bound,

Ck

for some 2 <3 <t — 1] < teie)(@) =o(1).

2Ck
P [\Viﬂ&es > ¢
logn

Therefore, property |(Q1) E holds with probability 1—o(1).

Property |(Q2), Recall that |R;| = # — 2k and |Ra| = %". Since V; is chosen as a uniformly

random k-set, we have E[|V; 1]] = % - % and E[|V; o|] = 4k. By applying Chernoff’s bounds and

the union bound, we get

k Ak
P [m,lr # (1£7) or [Vig| # (1 £7)+ forsome 2 <i <t — 1] < te (8™ = o(1),

where the last inequality holds since k = w(logn). Thus, property |(Q2)| holds with probability
1 —o(1). For the remainder of the proof, we will condition on property |(Q2)

Property Recall from property - (P1)| that for every vertex v € V, we have deg(v, R1) =
(1+ 27) Addltlonally, by |( for each 2 <4 <t —1, V;1 is a random subset of size (1 + fy)
Now, conditioning on |V; 1| =a = (1 + 'y) deg(v, V; 1) is a hypergeometric random variable with

expectation (1 4 2)de = (1% 4y) dz. Thus, fixing v € V and 2 < i <t — 1, Chernoff’s bounds
imply that

x>

P [degm Via) # (

a] < e,
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By the law of total probability and the union bound, we obtain that

P [Elv €V,32<i<t—1,deg(v,Vi1) # (1£57) ;’j

(147§

<ut Y P |den(vVia) £ (1£50) 5|1Vl =a| P [Vl =l
a=(1-7)%
(147) £
<nte™(w) 3" P[|Vii| = d]
a=(1-7)%

Snte*w(%)
=o0(1).

Therefore, with an analogous proof for deg(v, V; 2), propertym holds with probability 1—o(1).

Property|(Q4). First, recall that by |(P5), G[X,Y]isa <2k, (1+2 )de 12)"“) -bipartite expander.
Next, recall that by m for two random disjoint k-sets V;,V; C Ry U Rp chosen uniformly at
random, with probability at least 1—n =17, G[V}, Vjlis a (2]{: (1+4 )2dk 18’\k) bipartite expander.
Thus, by the union bound, with probability at least 1 — ( 9 ) —1/7 for each pair 2 < i < 3 <t—1,
GlV;,V;]is a (Zk: (1 dy) 2k, 1871)‘]“) bipartite expander.

Finally, recall that by m ), for a random k-sets V; C Ry U Ry chosen uniformly at random, with
probability at least 1—n /2%, G[X, V;] and G[V;, Y] are (Zk (1 £ 2y)2dk 12”“) bipartite expanders.
Again, by the union bound, with probability at least 1 — (¢t — 2)n 1/28, for each 2 < i <t -1,
G[X,V;] and G[V;,Y] ﬁ%‘ ,(1+4 )2‘11C 18’\]“) bipartite expanders.

Therefore, in total, [(Q4)| holds with probability at least

1— (t ; 2> n~VT—(t—2)n7VB =1 —0(1).

For the remainder of the proof, we will condition on property |(Q3)| and [(Q4)|

Property[(Q5). Recall that by [[P1)] and [(Q3)] we have that for each i € [t] and for every vertex
v eV, deg(v,V;1) = (1£57) 2. Also, recall that |(Q4)|implies that so(G[V;UV;]) < 182 Thus, by
the Interlacing Theorem for singular values (Theorem|A.2)), s2(G[V;1UV;1]) < s2(G[V;UV;]) < 182k,
Therefore,

2dk 18\k

G[Vi1, Vil is a (!V},l] +|Vial, (1 £57y)— o

) -bipartite expander.

All in all, with positive probability all properties [(Q1)H(Q5)| hold, which guarantees a partition
Ry URy; =VoU...UV;_; satisfying all desired properties. This completes the proof. ]

7.3. Finding vertex-disjoint paths. We pick a partition R U Ry = Vo U...UV;_1 as in Claim
and let U; == V; \ V(Syes) for each 2 < i < ¢t — 1. Also, denote U; := V; for simplicity in
the iterative process defined below. By reordering if necessary, without loss of generality, we may
assume that |Uy| > |Us| > ... > |U;—1|, and let ny > ny > ... > ny_1 be the corresponding sizes
of the |U;|s. We wish to find vertex-disjoint paths covering all the vertices in Uf;i U; UV;, where
each path has one endpoint in U1y = X and the other in V; = Y. Note that if all the n;s were
the same, then we could simply find perfect matchings between each pair U; and U;;1. Since the
19



n;s are not the same, we will first use Lemma to find vertex-disjoint matchings M;s, where
M; is a matching of size n; — n;4+1 between U; and V;. Then, noticing that the remainder of each
two consecutive parts have the same size, we will apply Lemma to find a perfect matching N;
between the remainder of each two consecutive parts. Now, concatenating all the matchings M;s
and N;s will give the desired vertex-disjoint paths (see Figure 1] for illustration).

Initially, let V/ := V;. First, we find a matching M; of size ny —ng between Uy NV; 1 and V/ NV, ;.
Recall that we have n; — ny < 265 by |(Q1)l Also, recall that by [(Q5)

logn

2dk 18)\k
GVi1,Via)isa <|V1,1| + [Vial, (1 57)5— n> -bipartite expander.

Thus, by Lemma there exists a matching M; of size n; —ng in G between U; NV7 ;1 and Vt’rﬂ/}’l.
Let U] .= U1 \V(M;) and V/ := V/\V(M;). Now, we have that |Uj| = |Ua| = ng, which is necessary

to find a perfect matching between U] and Us. Also, |V/| = na.
Next, we find a matching Moy of size ng — ng between Uy N Va1 and V/ N V1. Recall that by

(Q1), we have

2Ck
Va1 \ Ua| 4+ (ng — n3) = |Vi1 \ V/| + (n2 — ng) =nq —ng < |
ogn
Also, recall that by [(Q5)
2dk 18\k
G[Va1, Vi) is a <|V21| +[Vial, (1 57)— n) -bipartite expander.

Thus, by Lemma there exists a matching M, of size ny —ng in G between UsNVa 1 and V/ NV, ;.
Let U} == U\ V(M3) and V/ := V/\V(Mz). Now, we have that |Uj| = |Us| = ns3, which is necessary
to find a perfect matching between Uj and Us. Also, |V/| = n3. Continuing in this fashion, we can
and do find vertex-disjoint matchings M;s between U; and V; for each i € [t —2]. And crucially, we
have that |U]| = |Ujy1| = nit1 for each i € [t — 2], and |Up—1| = |V{| = n¢—1. In the rest of proof,
we let U;_, == U;_1 and U, .= V] for simplicity of the following iterative process.

Now, we find a perfect matching between U/ and U, for each ¢ € [t — 1]. To do so, we first
prove that the induced bipartite subgraph G[U/, U;41] is a bipartite expander. Recall that for each

i€t—1], G[V;, Vip] is a <2k (1 5y) 2k, 18”‘”) bipartite expander by [(Q4)l So for every vertex
(NS ‘/:L U V%+17

dk 1\ 9dk
N < )< (1 — <1+ )=
deg(v, U}) < deg(v, Vi) < (1 + 57) — < < + 8) on’
and
dk 1\ 9dk
deg(v,Uit1) < deg(v, Vig1) < (1 +57)— < <1 + 8> Ton”

Also, recall that by [(Q3)} for every vertex v € V; U Viy1, deg(v, Vi2),deg(v, Vit12) = (1 £57) %7 adk
Since V; 2 C U/ and V41,2 C Uy for each i € [t — 1], this implies that

9dk

100’

4dk 1
deg(v, U)) > deg(v,Vio) > (1 - 59) 1 > (1— 8)

and

dk: 9dk
deg(v,Uit1) > deg(v, Vig1,2) > (1 = 5v) — = <1 — 8> Ton’
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Ui Uz Us Vy

FiGurE 1. The figure is an example for connecting the matchings into vertex-
disjoint paths when ¢t = 4. The dashed lines represent matchings M;s, and the
straight lines represent matchings N;s.

where we used 7y < 1/400 in the last step of both inequalities. Finally, by the Interlacing Theorem
for singular values (Theorem |A.2)), s2(G[U} U Uiy1]) < s2(G[V; U Vigq]) < &;‘k. Therefore,

1\ 9dk 18Xk
GIU!,U;yq] is a (\UZ’] + |Ui1l, <1 + 8> 957, 871) -bipartite expander.

Thus, since % < ﬁ . %, by Lemma there exists a perfect matching IV; in G between U/
and U;;1. Now, by concatenating all the matchings M;s and N;s together, we obtain vertex-disjoint

paths Py, ..., Py covering Uf;% U; UV;, where each path has one endpoint in U; = X and the other
mV,=Y.

7.4. Closing paths into a cycle. Let a; € X and b; € Y be the endpoints of the path P;. Now,
Lemma [5.3]implies that Syes has a path-factor Q1, ..., Qj such that Q; connects b; and a;;1, where
at+1 = a1. Therefore, PiQ1P2Q> ... PrQf is a Hamilton cycle of G. This completes the proof.
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APPENDIX A. LINEAR ALGEBRA BACKGROUND

In this section we collect some standard tools from linear algebra.
The following theorem provides a convenient tool for computing/bounding eigenvalues of a real
symmetric matrix (see for example Theorem 2.4.1 in [6]).

Theorem A.1 (Courant-Fischer Minimax Theorem). Let A be a symmetric n X n matriz with
etgenvalues Ay > o > --- > \,. Then,

xT Ax . xT Ax

A = max min —— = min max S
dim(U)=k xeU\{0} X'X dim(U)=n—k+1xeU\{0} X' X

Since the notion of eigenvalues is undefined for non-square matrices, it would be convenient for
us to work with singular values which are defined for all matrices (see Definition [3.3). The following
theorem proved by Thompson [39] is useful when one wants to obtain non-trivial bounds on the
singular values of submatrices.

Theorem A.2 (Interlacing Theorem for singular values). Let A be an m X n matriz and let
a1 2 Q2 2 ... 2 Ogin{m,n)
be its singular values. Let B be any p X q submatriz of A and let
B1 2> P22 ... = Buinfp,q)
be its singular values. Then
o > B, fori=1,2,... min{p,q},
Bi 2 Qit(m—p)+(n—q)> fori<min{p+q—m,p+q—n}.

One of the most commonly used tools in linear algebra is the singular value decomposition. We
need a slightly stronger version of it, which almost immediately follows from the standard proof:

Theorem A.3 (Singular value decomposition). Let M be an m x n matriz with rank r. Let
§1 > 89 > --- > s, be all the positive singular values of M. Let u; € R™ and vi € R" be unit
vectors such that Mvy = sjuy. Then we can find an orthonormal bases {uy,...,un} of R™ and
{vi,..., v} of R" with uy and v as above, and such that

,

_ R

M = E SjuV; .
j=1

In particular, this equality implies that Mv; = s;u; for j=1,...,r and Mv; =0 for j > r.

We will also make use of the following simple corollary of the above theorem, which proof is
included for completion.

Lemma A.4 (Best low-rank approximation). Let A be an m x n matriz. Then

s2(A4) = min |4 - B,

where the minimum is over all rank-one m x n matrices B, and ||-|| denotes the operator norm.
Moreover, the minimum is attained by B = sl(A)ulvlT, where vi € R™ and u; € R™ are any
unit vectors such that Avy = s1(A)uy.
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Proof. Let A be an m x n matrix with rank r. Let s; > so > ... > s, be all positive singular values
of A, and let vi € R"™ and u; € R™ be unit vectors such that Av; = s;u;. By Theorem there
exist orthonormal bases {v1,...,v,} of R” and {uy,...,u,,} of R™, such that

T
_ R—
A= g 55UV .
j=1

First, note that B = Slulvir is a rank-one matrix that satisfies
T
|A— B| = HZ SjujvaH = S9.
=2

Therefore, to finish the proof, it suffices to show sy < ||A — B|| for every rank-one m X n matrix
B. We can express such a matrix as B = xy' for some nonzero vectors x € R™ and y € R".
Next, we can find a nontrivial linear combination w = av; + bva such that (y, w) = 0; this implies
Bw = x(y"w) = 0. Without loss of generality, we can scale w so that |[w| = 1, or equivalently,
a®? 4+ b? = 1. Therefore,

1A= B|* > (A - B)w|; =|[Awl|3 = a?s} + b3 > 5.
This completes the proof. O
Finally, we state the chain rule for singular values, which is used in the proof of Corollary [£.2]
Lemma A.5 (Chain rule for singular values). Let A, B,C be n x n matrices. Then
sk(ABC) <||A|I|B|| sx(C) for all k € [n].
Proof. First assume that C = I. By the Minimax Theorem we have

sk(AB) = min max [|ABx|,,
dim(U)=n—k+1xeS(U)

where S(U) denotes the set of all unit vectors in U. Since | ABx||, < ||Al/[|Bx]|,, it follows that
sp(AB) <||A|| sp(B). This argument also yields s;(BC) < si(B)||/C|| once we notice that si(BC) =
sx(CTBT). Combining these two bounds, we complete the proof. O
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