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Abstract

Every frame in Hilbert space contains a subsequence equivalent
to an orthogonal basis. If a frame is n-dimensional then this sub-
sequence has length (1 —e)n. On the other hand, there is a frame
which does not contain bases with brackets.

1 Introduction

The notion of frame goes back to R.Duffin and A.Schaeffer [D-S] and was
studied extensively since then with relation to nonharmonic Fourier analysis,
see [He]. From a geometrical point of view, a frame in a Hilbert space H is
the image of an orthonormal basis in a larger Hilbert space under an orthog-
onal projection onto H, up to equivalence [Ho] (the equivalence constant is
called the frame constant). Since frames have nice representation properties
(see [D-S], [A]), much attention was paid to their subsequences that inherit
these properties. The most interesting questions arise about subsequences
equivalent to an orthogonal basis [Ho|, [S], [C1], [C-Cl]. P.Casazza [C2]
proved that, given an £ > 0, any n-dimensional frame whose norms are well
bounded below contains a subsequence of length (1 — )n equivalent to an
orthogonal basis (the constant of equivalence does not depend of n).

In the present paper this is proved for all frames, without restrictions
on norms of the elements. If a frame is n-dimensional then it contains a
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subsequence of length (1 —¢)n which is C-equivalent to an orthogonal basis.
Here C' depends only on the frame constant and . To put the result in
other words, orthogonal projections in Hilbert space preserve orthogonal
structure in almost whole range. Namely, any orthogonal projection H of
an orthogonal basis contains a subset of cardinality (1 — ¢)rank(P) which is
C'(e)-equivalent to an orthogonal system. This is proved in Section 2.

An infinite dimensional version of this result is considered in Section 3.
Every infinite dimensional frame has an infinite subsequence equivalent to
an orthogonal basis. However, for some frames this subsequence can not
be complete, as was shown by K.Seip [S] and P.Casazza and O.Christensen
[C-C2]. This result is generalized in Section 4 by constructing a frame which
does not contain bases with brackets. So our frame (x;) is ”asymptotically
indecomposable” in the following sense. If (y;) is any complete subsequence
of (x;), then the distance from span(y;);<, to span(y;),;>, tends to zero as
n — oQ.

In the rest of this section we recall standard definitions and simple known
facts about frames. In what follows, H will denote a separable Hilbert
space, finite or infinite dimensional. Absolute constants will be denoted
by ¢1,¢2,.... A sequence (z;) in H is called a frame if there exist positive
numbers A and B such that

Allel? < 3 l{w,2)) < Blle|>  for v € H.
J

The number (B/A)'? is called a constant of the frame. We call (z;) a tight
frame it A= B = 1.

Two sequences (z;) and (y;) in possibly different Banach spaces are
called equivalentif there is an isomorphism 7" : [z,] — [y;] such that Tz; = y;,
for all j. Here [x;] denotes the closed linear span of (z;). Let ¢ = ||T|||| T}
then the sequences (z;) and (y;) are called c-equivalent.

The next observation (see [Ho|) allows to look at frames as at projections
of the canonical vector basis (e;) in [s.

Proposition 1 Let (z,)", be a frame in H with constant ¢, where m can
be equal to infinity. Then there is an orthogonal projection P in 5 such that
() is c-equivalent to (Pey). Conversely, if P is an orthogonal projection
in I8 onto a subspace H, then (Pe,)™ , is a tight frame in H.



Corollary 2 Let (x,,) be a frame with constant c. Then (x,) is c-equivalent
to a tight frame.

Now we present another view at frames. We can regard them as the
columns of a row-orthogonal matrix (either finite or infinite).

Lemma 3 Let n,m € NUoo and A be an n X m matrix whose rows are
orthonormal. Then the columns of A form a tight frame in [3.

Conversely, let (v;)7, be a frame in H. Then there evists an n X m
matriz A with n = dim H whose rows are orthonormal and such that the
columns form a tight frame equivalent to (z;).

Proof. If A is as above then A* acts as an isometric embedding of I3 into
[5. Then A acts as a quotient map in a Hilbert space, and we can regard it
as an orthogonal projection. On the other side, the columns of A are equal
to Ae;. Proposition 1 finishes the proof of the first statement. The converse
can also be proved by this argument. [ ]

Lemma 4 Let (x;) be a tight frame in H. Then Y; ||x;]|* = dim H (which
is possibly equal to infinity).

Proof. By Proposition 1 we may assume that H is a subspace of [y and
x; = Pej, where P is the orthogonal projection in [, onto H. Then the
Hilbert-Schmidt norm || Pllus = (X, [|z;]|*)"/2. On the other hand, ||P|jus =
(dim H)'/2. m

2 Finite dimensional frames
In this section we prove

Theorem 5 There is a function h : Ry — Ry such that the following
holds. Suppose (x;) is an n-dimensional frame with constant c¢. Then for
every € > 0 there is a set of indices o with |o| > (1 — e)n such that the
system (x;) ;e 15 C-equivalent to an orthogonal basis, where C' = h(e)c.

We will need a result of A.Lunin on norms of restriction of operators
onto coordinate subspaces [L] (for improvements see [K-Tz]).
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Theorem 6 (A.Lunin). Let T : 15" — I3 be a linear operator. Then there
is a set 0 C {1,...,m} with || =n such that

n
IT]ge || < exy/— T
m

Given an h > 0, a system of vectors (x;) in a Hilbert space is called

h-Hilbertian if 12
| age] < h(X1al?)
J J

for all sequences of scalars (a;). Then Theorem 6 can be reformulated as
follows. Suppose (z;)1<j<m is a 1-Hilbertian system in 5. Then there is a
set 0 C {1,...,m} with |o| = n such that (\/%xj)jea is ¢;-Hilbertian.

Next, we will use a result of J.Bourgain and L.Tzafriri on invertibility
of large submatrices [B-Tz] Theorem 1.2:

Theorem 7 (J.Bourgain, L.Tzafriri). Let T : 15 — I3 be a linear operator
such that || Te;|| = 1 for all j. Then there is a set ¢ C {1,...,n} with
lo| > con/||T||? such that

| Tx|| > ca||z||  for every z € R.

Given a b > 0, a system of vectors (z;) in a Hilbert space is called
b-Besselian if 12
X e = (Xlasl?)
J J

for all sequences of scalars (a;). Then Theorem 7 can be reformulated as
follows. Suppose (7;)1<;<n is an h-Hilbertian system in I5 and ||z;|| > « for
all 1 < j <n. Then there is aset ¢ C {1,...,n} with |o| > co(a/h)*n such
that the system (a™'z;);c, is c3-Besselian.

Clearly, every tight frame is 1-Hilbertian.

Lemma 8 Let (yj)1<j<m be a tight frame in 13 with |ly;|| = \/% for all j.
Let P be a k-dimensional orthogonal projection in 5. Then for d > 0

0= Pl = 65 = (1- 2 = Eym.



Proof. Let 7 = {j : (I = P)y,| > 6,/2}. Since (I = P)y;)i<jcm is a
tight frame in an (n — k)-dimensional space (I — P)l%, Lemma 4 yields

ik o= = Pl < Sl + X 10 - Pyl

JET jeTe

< |7|- (n/m) +m-8*(n/m) = (|7|/m + 6*)n.

The required estimate follows. [ ]

Now we proceed to the proof of Theorem 5. As in P.Casazza’s proof
[C2], the set o will be constructed by an iteration procedure. Our proof
consists of several parts.

I. Splitting. By Corollary 2, we may assume that the frame (z;) C %
is tight and all of its terms are nonzero. First we will split (z;) to get almost
equal norms of the terms. Note that if we substitute any member z; of the
frame by k elements a:j/\/E, e ,l’j/\/E, we will still get a tight frame. Fix a
v > (. Splitting each element z; as above, we can obtain a new tight frame
(yj)lgjgm such that

(i) elements of (y;) are multiples of the ones from (z;);

(ii) there is a A > 0 such that A < |Jy;|| < (1+wv)Aforall j=1,...,m.
The constant A be evaluated using Lemma 4:

1+ LW <yl <A +v) /L forj=1,...,m.
(1+v) m_||?/g!|_(+V) — forj=1....m

Clearly, it is enough to prove the theorem for (y;) instead of (z;). We can
choose the parameter v = v(g) > 0 arbitrarily small. To make the proof
more readable, we simply assume that ¥ = 0 which is a slight abuse of rules.
The reader will easily adjust the arguments to the general case. So we have

n .
Hyj!\zwa, ji=1,...,m.

We can also assume that (¢/2)m > n.

II. Iterative construction. Let d = \/%.

Step 1. Set 79 = {1,...,m}. The system (y;)jer, is 1-Hilbertian.
Lunin’s theorem yields the existence of a set 0] C 7y with |0}| = n such that

the system (\/%yj)jea; is ci-Hilbertian.
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Note that H\/%yjﬂ =1 for j € o]. Then Bourgain-Tzafriri’s theorem gives
us a set 0y C o with |oy| > (ca/c?)n such that

the system (\/%yj)jeal is ¢3-Besselian.

So we have already found a subsequence (y;);e,, of length proportional to
n which is well equivalent to an orthogonal basis. If |o1| > (1 — ¢)n, then
we are done and stop here. Otherwise proceed to the next step.

Step 2. Let P be the orthogonal projection in I5 onto [y;]jeqs, . Let

. n
n= {510~ Pyl = 8/}
Clearly, 1 C of. By Lemma 8
> (1—6%— Jou]
|T1‘ - ( n )m
As o] < (1 —ée)n,
ml > (1062 (1—¢))m = (c/2)m.

The system (y;);er, is 1-Hilbertian and |7;| > n by the choise of m. Lunin’s
theorem yields the existence of a set o, C 7y with || = n such that

the system (\/%yj)jeaé is ¢;-Hilbertian.

Then the system ( %(I — P1)y;) jeoy, is also ¢i-Hilbertian. By the definition
of 71, it has not too small norms:

H\/@(I - Pl)yjH > 5\/|;E, j € ab.

Then Bourgain-Tzafriri’s theorem gives us a set oo C o4 with

.
wgzcxﬁggmﬂnz(@maﬁ«1—ﬁyp4mo
such that

the system (\/%([ — P1)y;)jeo, 18 (c3071)-Besselian.
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If |oy| 4 |o2] > (1 — €)n, then we stop here. Otherwise proceed to the next
step.

Step k+ 1. We assume that the sets o1,..., 0, are already constructed
and
k
(1) Z ‘UZ‘ < (1 — 6)71.
i=1

Let Py be the orthogonal projection in 15 onto [y;]jcou..u0, - Let

ne= {5510 = Pyl = 5/},

Clearly, 7, C (01 U...Uo0)¢ By Lemma 8

Zf:l |Uz‘|)m

> (1—6%—
|Tk\_( -

By (1)
7l > (1= 0% = (1—e))m = (/2)m.

The system (y;);er, is 1-Hilbertian and |7;| > n by the choise of m. Lunin’s
theorem yields the existence of a set 0}, C 7, with |0}, ;| = n such that

the system ( L,’f‘yj)jea;ﬂ is ci-Hilbertian.

Then the system ( |T—T’;‘(I — Pr)yj)jes,,, 18 also ci-Hilbertian. By the defi-
nition of 7, it has not too small norms:

H\/@(I B Pk)yj” = 5\/‘;1’ J € Ohpa-

Then Bourgain-Tzafriri’s theorem gives us a set 041 C 0, with

k
)
@ ol 2 ()0 > (/e (1 - - Y la)
=1
such that

the system (\/%([ — Po)Y;)jcons, 18 (c30!)-Besselian.



If S5 oyl > (1 — €)n, then we stop here. Otherwise proceed to the next
step.

III. When we stop. Let ky be the number of the last step, that is
the smallest integer such that

ko

> ol > (1 —e)n.

=1

We claim that such kg exists and there is a function K(g) such that ky <
K(¢). Indeed, let K(g) = [4c2cy'e™2] + 2. If the claim were not true, then

z
Yloil<(l—=e)n fork=1,...,K(e).
i=1

Then by (2) for all k =2,..., K(¢)

on] > (ea/})o*((1=0%) = (1—e))n
= (e2/) (/4.

Thus
K(e

)
00| = (K(e) = 1) - (co/c})(e?/4)n = n.
i=1
This contradiction proves the claim.

Now set ¢ = 07 U ... U 0y, then |o| > (1 — e)n. To complete the
proof of the theorem, it remains to check that the system (\/%yj) jeo 1s well
equivalent to an orthonormal basis.

IV. Equivalence to the orthogonal basis within blocks ;. Recall
that for every k < ko the size of 7 is comparable with m, namely || >
(¢/2)m. Then we conclude from the construction the existence of functions
c1(e) and co(e) such that for every k =1,..., ko

(3) the system (\/%yj)jeak is ¢1(¢)-Hilbertian,

(4) the system (\/%(I — Py_1)Y;)jeo, 1S c2(c)-Besselian.



V. The system (\/%yj)jgg is h-Hilbertian for some function h =
h(e). Indeed, fix scalars (a;);c, such that 3 ;c, |a;|* = 1. Then

STl < X aily 7w
ko m 2 V2
< oo (51 5 o/l
1/2
< \/7001 (Z Z |a]|2) by (3)
= K(e) c1(e).

VI. The system (\/%yj)jea is b-Besselian for some function b =

b(e). We follow P.Casazza [C2]. Choose r = r(g) > 2 large enough (to
be specified later). Let a = a(e) > 0 be such that r¥™lq < 1. Fix scalars
(a;)jes such that 3¢, |a;[* = 1. Suppose

1/2 )
(5) 1 <K < ky is the largest so that ( > |aj|2) / > pho=Fg,
jEO’k/

Such & must exist, otherwise

ko

1/2 1/2
(o)™ < (X lal)
JjEo k=1 j€og
ko

< Z r*a < rkotly < 1,
k=1

contradicting the choise of a. We have

|Sa(/5w)l 2 HkZZ%(ﬁyj)H— > | aily )]

k=k'+1 jEok

> 0P Y wly D) -

k=1j€oy

—a@ Y (S ) by )

k=k'+1 jeEoy
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If r was chosen so that cy(e)™! — ¢i(e)(r — 1)7! > ca(e)71/2, we are done.
The proof is complete. [ ]

Remark 1. (' tends to 1 as e — 1. This is a consequence of a restriction
theorem [K-Tz| which we use in the following special case (see aslo [B-Tz]
Theorem 1.6).

Theorem 9 (B.Kashin, L.Tzafriri). Let T be a linear operator in 13 with
0’s on the diagonal and ||T'|| = 1. Let 1/n < 6 < 1. Then there ezists a set
o CA{Ll,...,n} with |o| > dn/4 for which

|R,TR,|| < c56Y2.

First, Theorem 5 gives us a set of indices oy with |o1| > n/2 such that
the system (x;/[|z;||)jes, 18 coc-equivalent to the canonical vector basis of
I5'. Let 6 =1—¢ and z; = x;/||z;|| for j € oy. Consider the linear operator
T in [3' which sends e; to z; for j € oy. Then the operator T*T — I has
0’s on the diagonal and is of norm at most 2c2c>. Applying Theorem 9 we
get a set 0 C o7 with ¢ > §|oy|/4 such that the following holds. For any
sequence of scalars (a;)

T -1 aiei, S ae )| < (22 esd? = 76V,
I )Y ases, Y ajes)|| < (26k)
jE€o JjECT

Thus

K > ajz;, Zajzj> -> \ajﬂ < e P6V2,
j€o j€o

jECT
Therefore the sequence (z;);e, is g(d)-equivalent to (e;);e, for a function
g(0) which tends to 1 as 6 — 0. This proves Remark 1.
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Remark 2. h(e) tends to infinity as ¢ — 0. This is verified for
the following tight frame (z;)1<j<nt1, 7 > 2, considered by P.Casazza and
O.Christensen in [C-C2]:

n
_ -1 o .
rj = e —n Zej for j=1,...,n;
j=1
n
~1/2
Tnt1 = N /26]'.
=1

Indeed, let ¢ C {1,...,n} be such that |o| > (1 — ¢)n and the system
(%) jes is M-equivalent to an orthogonal basis. By change of coordinates,
the system (2;)i<j<|o|-1 must be M-equivalent to an orthogonal basis as

well. However,
o] -1

2
IS o) <26en+1)

j=1
while ||z;]| > 1/2 for all j. Therefore M can not be bounded independently
of n as ¢ — 0. This proves Remark 2.
3 Almost orthogonal subsequences of frames
In this section we prove an infinite dimensional version of Theorem 5.

Theorem 10 Given an € > 0, every infinite dimensional frame has a sub-
sequence (1 — €)-equivalent to an orthogonal basis of ls.

Given two sets A and B in H, we put by definition

0(A, B) = sup dist(a, B) = sup inf{||a —b|| : b € B}.
acA

acA

Lemma 11 Let (z;) be a frame in an infinite-dimensional H. Let A =
{z;/||lz;||}. Then for any finite-dimensional subspace E C H

0(A,E) = 1.
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Proof. Let z; = x;/||z;| for all j. Assume for the contrary that there is a
0 < 1 such that
dist(z;, E) < d for all j.

Let P be the orthogonal projection in H onto E. Then
| Pz;|| > v1—6% for all j,

so that

(6) |Pzj|| > VI—02- |lz;| for all j.

Since P is finite-dimensional, Lemma 4 yields that the sequence ||Pz;| is
square summable. Then, by (6), ||z;| must be square summable, too. Thus
(x;) is finite-dimensional. This contradiction completes the proof. ]

Lemma 12 Let ¢; be a sequence of quickly decreasing positive numbers
(27771 will do). Let (z;) be a normalized sequence in H such that

(2i,2j) <e;  wheneveri < j.
Then (z;) is equivalent to an orthonormal basis.

The proof is simple.

Proof of Theorem 10. First note that, given an ¢ > 0, every
subsequence equivalent to the canonical vector basis of [ is weakly null,
therefore has a subsequence which is (1 — ¢)-equivalent to the canonical
vector basis of [,. Hence by Corollary 2 we may assume that our given frame
(x;) is tight. Let z; = x;/||z;|| for all j. We will find a subsequence (z;,)

equivalent to an orthogonal basis by induction. Put j; = 1. Let j1,..., jx_1
be defined and let E = span(zj,,...,2;_,). Choose j, from Lemma 11 so
that

dist(zj,, E) > 1 —272F,

Then it is easy to check that the constructed subsequence (z;,) satisfies the
assumpiton of Lemma 12. This finishes the proof. [ ]
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4 A frame not containing bases with brack-
ets

Definition 13 A sequence (z,)5, in a Banach space X is called a basis
with brackets if there are numbers 1 < ny < ny < ... such that every vector
x € X admits a unique representation of the form

n;
r = lim Z AnTn, an € R.
J
n=1

Clearly, every basis is a basis with brackets. The difference between
bases and bases with brackets is that the latter require the convergence
only of some partial sums in the representation.

The following lemma is known [L-T].

Lemma 14 Let (x,)2, be a basis with brackets, and numbers 1 < n; <
ne < ... be as in Definition 13. Consider the projection P; onto [z, : n < nj]
parallel to [x, : n > nj]. Then sup, ||P;|| < oo.

Clearly, the converse also holds: if sup; || P;|| < oo, for some sequence 1 <
ny < ng < ..., then (x,) is a basis with brackets.

In this section we prove
Theorem 15 There exists a frame not containing bases with brackets.
Moreover, this frame is tight and have norms bounded from below.

Lemma 16 There is an orthonormal basis (z;) in 1 such that, given any
set J C{1,...,n}, |J| > n—2, one has

dist(ey, [z : j € J,7 > Jo]) < 4/v/n for 1< jo <n/2,
dist(ey, [z : J € J,7 < jo]) < 4/v/n forn/2 < jo < n.

Proof. By rotation, it is enough to find normalized vectors vy, vy in [§ such
that (vy,v2) = 0 and, given a set J as in the hypothesis,

dist(v1, [e; : 5 € 7 > jo]) < 4/vn for 1 < jo <n/2,
dist(va, [ej : 7 € J,7 < jo]) < 4/v/n for n/2 < jo < n.
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Clearly, one may take

vy =[n/217"%(1,...,1,0,...,0) and v, = [n/2]""%-(0,...,0,1,...,1).
[n/2] [n/2]

This completes the proof. [ ]
We will construct our frame (z;) by blocks (z; : j € J(n)), where

J(1) =A{1}, J(2) =123}, J3)={45,6}, J(4)={7,89,10},...
The supports of x;’s from block J(n) will lie in an interval (n), where
I(1) = {1}, 1(2) ={1,2}, I(3) ={2,3,4}, I(4)={4,5,6,T},...

Let i(n) be the first element in I(n).

* s 0
* k% *
koook ok
kook ok ok * ko ok
* * ko ok
0 ok k%
* ok k%

The columns of this infinite matrix form the frame elements z;, the
asterisks marking their support. Consider the shift operator T;, : I§ — [y
which sends (e;)i~; to (e; : ¢ € I(n)). Choose an orthonormal basis (z; : j €
J(n)) in I} satisfying the conclusion of Lemma 16, and define

v;=T,z; forje J(n).
Lemma 17 (x;) is a frame.

Proof. Indeed, look at the rows in the picture, that is the vectors y; =
(21(7), 22(4),...). Since the vectors z;, j € J(n) are orthonormal for a fixed
n, the vectors y; are orthogonal. Moreover, their norm is either equal to 2
(if © = i(n) for some n) or to 1 (otherwise). Now we pass again from the
rows y; to the columns z;. Lemma 3 yields that (x;) is a frame. n
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Let J be a set of positive integers such that the sequence (z;);e; is
complete in ls. We shall prove that it is not a basis with brackets.

Lemma 18 [J(n)NJ| > n —2 for every n.

Proof. Let P be the orthogonal projection onto those n — 2 coordinates
in I(n) which don’t belong to the other blocks I(n), i.e. onto [e; : i €
I(n) \ {i(n),i(n+ 1)}]. Thus P sends to zero all z; with j € J(n). Hence
Im(P) = P([z; : j € J(n)N J]). Since Im(P) is an (n — 2)-dimensional
space, the lemma follows. [ ]

In the sequel we consider large blocks J(n), i.e. with n — oco. Given
a vector v and a subspace L in Il (both possibly dependent on n), we say
that v is close to L if dist(x, L) < ¢/+/n. Here c is some absoulte constant,
whose value may be different in different occurences.

Lemma 19 1) e, is close to [xj : j € J(n —1) N J].

2) €ims1y ts close to [z;:j € J(n+1)NJ].

8) Given a jo € J(n), either e;n) is close to [x; : 7 € J(n)NJ,j > jol,
or €i(n+1) 15 close to [x; 5 € J(n)NJ,j < jol.

Proof. Note that T;, sends e; to e;) and e, to €jn+1). Then all three
statements of the lemma follow from Lemma 16. [

The next and the last lemma, in tandem with Lemma 14, completes the
proof of Theorem 15.

Lemma 20 For every jo € J(n) there is a normalized vector x in ly which is
close to both subspaces E = [xj:j € J,j > jo]l and F =[z;: 7 € J,j < jol.

Proof. We make use of Lemma 19. By 3), we take either x = €i(n) to have
x close to E, or & = €;,41) to have x close to F'. In the first case z is also
close to F' by 2), and in the second case z is close to £ by 1). The proof is
complete. [ ]

A part of this work was accomplished when the author was visiting
Friedrich-Schiller-Universitat Jena. The author is grateful to M.Rudelson
and P.Wojtaszczyk for helpful discussions, and to V.Kadets for his constant
encouragement.
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