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SUPPLEMENT TO “OPTIMIZATION VIA LOW-RANK
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COMMUNITY DETECTION IN NETWORKS”

By CaAN LE, ELIZAVETA LEVINA, AND ROMAN VERSHYNIN

University of Michigan

In this supplement we prove results of Sections 3.1, 3.2, 3.3, and 3.4. Let
us first describe the projection of the cube under regular block models, which
will be used to replace Assumption (2). See Figure 3.1 for an illustration.

LEMMA 6.  Consider the regular block models and let R = Ug4)[—1,1]".
Then R is a parallelogram; the vertices of R are {+Ugjq)(c), £Ug4 (1)},
where ¢ is a true label vector. The angle between two adjacent sides of R
does not depend on n.

PrOOF OF LEMMA 6. Eigenvectors of E[A] are computed in Lemma 3.
Let

B U oNT
x = <r1 (n(miry + 7)) 1/2 ,12 (n(mirs + m2)) 1/2) ;

Y= ((n(mr% + 7r2)) /2 , (n(mr% + 772))71/2)1“.

Then R = {(61 +oot €ﬁ1)x + (€ﬁ1+1 +eoet en)y, € € [_L 1”’) and it is
easy to see that R is a parallelogram. Vertices of R correspond to the cases

when €; = -+ - =€, = 1 and €z,41 = - - - = €, = £1. The angle between
two adjacent sides of R equals the angle between /nx and /ny, which does
not depend on n. ]

5.1. Proof of results in Section 3.1. Under degree-corrected block mod-
els, let us denote by A the conditional expectation of A given the degree
parameters § = (61,...,0,)7. Note that if §; = 1 then A = EA. Since A
depends on 6, its eigenvalues and eigenvectors may not have a closed form.
Nevertheless, we can approximate them using p; and @; from Lemma 3. To
do so, we need the following lemma.
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LEMMA 7. Let M = pyz1xt +poxoxl’, where 1,20 € R, ||21]| = ||22]| =
1, p1 #0, and pa # 0. If ¢ = (x1,x2) then the eigenvalues z; and correspond-
ing eigenvectors y; of M have the following form. Fori=1,2,

1 -
Zi = 5 (,01 + P2) + (_1)1 1\/(:02 - Pl)2 + 4p1p202 )
vi = (ep)ar+ (2 — pr)aa.

If p1 and py are fized, p1 > p2, and ¢ = o(1) as n — oo then eigenvalues
and eigenvectors of M have the form

21 = p+0(P), 22=p+0(?),
y1 = x1+0(c)xa, y2=x2+ O(c)xy.

PROOF OF LEMMA 7. It is easy to verify that My; = z;y; for ¢ = 1,2.
The asymptotic formulas of z; and y; then follow directly from the forms of
z; and y;. O

The next lemma shows the approximation of eigenvalues and eigenvectors
of A.

LEMMA 8. Consider the degree-corrected block models (described in Sec-
tion 3.1) and let Dy = diag(f). Denote by A the conditional expectation of A
given 6. Then for any ¢ € (0,1), with probability at least 1 — &, the nonzero
etgenvalues p? and corresponding eigenvectors ﬂf of A have the following
form. Fori=1,2,

p! = pill Dotil|* (1 + O(1/n)),

~0 — —
—0 Uy -0 Dy —1/2 Dyuy
1] = ——, where U] = ——— +O(n ) —
P qag) ' [ Dy | Doz’

~9 — —
g Uy _g _ Dpuy _172\ Dot
Uy = — where g = = —i—O(n ) —
Rk " |[Dotia] 1Dotia ]|’

where p;, U;, and r; are defined in Lemma 3.

PrROOF OF LEMMA 8. Let M = plﬂlﬁ{ + pgagﬁg be the expectation of
the adjacency matrix in the regular block model setting. In the degree-
corrected block model setting, given 0, we have

E[A] = Dy¢MDg = p1Dgiiy(Dgiiy)? + poDyiiz(Dytiz)”

Dytiy  (Dptiy)T Dytiy (Dptiz)”
| Dotir || [|[Dotir || | Dotial| || Dotz

p1|| Dot ||” + p2|| Dotiz||®
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We are now in the setting of Lemma 7 with

_ 1 _ _
¢ = (|IDotrl|||Dotizl]) " (Dotir, Dotiz)
-1
= ¢y |:7Tl\/(71'17‘%+7T2)(7T17‘%+7T2)||DQU1”HD9U2H ,

1
where cp = E[W1(9%1+1++972L)_7T2(6%++072Ll)]

Note that the two sums in the formula of ¢y have the same expectation. It
remains to apply Hoeffding’s inequality to each sum. O

Since we do not have closed-form formulas for eigenvectors of A, we can
not describe U z[—1, 1]" explicitly. Lemma 9 provides an approximation of
Uz[—1,1]". It will be used to replace Assumption (2).

LEMMA 9. Consider the setting of Lemma 8 and let R? = Ujz[—1,1]"
and

(5.4) RY = conv {+U4(c), £U5(1)}.

Then RY is a parallelogram and the angle between two adjacent sides is
bounded away from zero and 7; RY is well approzimated by RY in the sense
that
dist (Re,ﬁe) = sup inf ||z —y| =0(1)
zeRY yeR?
asn — oo.

PROOF OF LEMMA 9. Let v; = || Doti;|| ' Dotiz, i = 1,2, V = (v1,v2)7,
and Ry = V[—1,1]". Following the same argument in the proof of Lemma 6,
it is easy to show that Ry is a parallelogram with vertices {+V¢,+V1}. By
Lemma 8, ||v; — @¢|| = O(n~%/2), which in turn implies dist (R?, Ry) =
O(1). The distance between two parallelograms Ry and R? is bounded by
the maximum of the distances between corresponding vertices, which is also
of order O(1) because |[v; — @|| = O(n~/?). Finally by triangle inequality
dist (7%",729) < dist (7%%7%) + dist (RV,R9> —0(1).

The angle between two adjacent sides of Ry equals the angle between /nx
and y/ny, where x and y are defined in the proof of Lemma 6, which does not
depend on n. Since dist(R?, Ry) = O(1), the angle between two adjacent
sides of R? is bounded from zero and 7. O
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Before showing properties of the profile log-likelihood, let us introduce
some new notations. Let O11, O12, O, and Qpc be the population version
of O11, O12, O99, and Qpc, when A is replaced with A. We also use Qg
Qneg, and Qpx to denote the population version of Qgu, Qng, and Qrx
respectively. The following discussion is about Qpc, but it can be carried
out for Qpir, Qng, and Qrx with obvious modifications and the help of
Lemma 11.

Note that O11, O12, and Oqy are quadratic forms of e and A, therefore
Qpc depends on e through U ze, where U ; is the 2 x n matrix whose rows are
eigenvectors of A. With a little abuse of notation, we also use Oij, 1,7 =1,2,
and Qpc to denote the induced functions on U z[—1,1]". Thus, for example
if z € Us[—1,1]" then Qpc(z) = Qpc(Uze) for any e € [—1,1]" such that
x = Ujze.

To simplify Qpc, let p? and pg be eigenvalues of A as in Lemma 8 and
let

t=(t1, )" =Uzl, p=(pts, p5t2)".

We parameterize x € Uz[—1,1]" by 2 = at + Bv, where v = (vy,v9)7
is a unit vector perpendicular to p. If we denote a = %(p?t% + p§t2) and
b= 1(p{v? + p%v3), then

On = (a+ 1)2a + 8%b, Og9 = (o — 1)2a + B%b, O19 = (1-— oz2)a — 5%,
01 = 011 + 612 = 2(1 + oz)a, 02 = 022 + 012 = 2(1 — a)a.

Note that 011092 — O3, = 43%ab > 0 since p§ and p§ are positive by
Lemma 8. With a little abuse of notation, we also use Qpc(a, ) to de-
note the value of Qpc in the (a,3) coordinates described above. We now
show some properties of Qpc.

LEMMA 10.  Consider Q = Qpc on RY defined by (5.4). Then

(a) Q(,0) is a constant.

(b) %20,%—%>0ifﬂ>0and%<0ifﬂ<0. Thus, Q achieves

minimum when 8 =0 and mazrimum on the boundary of R,

(¢) Q is convex on the boundary of RY. Thus, @ achieves mazimum at
+Uj(c).

(d) For any x € Uz[—1,1]", if QU 4(c)) — Q(z) < € then

_ B —1
[U(e) — o] < dev/m (Q(UA@) — min Q> .

RE
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(e) Foranyd € (0,1), maxz, Q- ming, Q is of order n\, with probability
at leat 1 — 9.

Parts (a) and (b) are used to prove part (c), which together with Lemma 9
will be used to replace Assumption (2). Parts (d) verifies Assumption (4),
and part (e) provides a way to simplify the upper bound in part (d).

PROOF OF LEMMA 10. Note that because RY C Re, O11, O12, and O
are nonnegative on RY. Also, if we multiply Oq1, O12, and O9y by a con-
stant 7 > 0 then the resulting function has the form nQ + C, where C is
a constant not depending on (a,3), and therefore the behavior of @ that
we are interested in does not change. In this proof we use 7 = 1/a. Since Q
is symmetric with respect to 3, after multiplying by 1/a, we replace 3%b/a
with S and only consider § > 0. Thus, we may assume that

(5.5) On = (@41 48, On=(a—1)°+4, O =(1-a*) =B,
O1 = 011 +012=2(1+a), Oy =09+ 012 =2(1 — a).
(a) With (5.5) and 8 = 0, it is straightforward to verify that Q(«,0) does

not depend on c.
(b) Simple calculation shows that
@ 01109 0*Q 1 1 2

—log A2 >0 St 4 - 4 2 >
0B s 03, oB?  On  Oxn O

(¢) We show that @ is convex on the boundary line connecting U 4(1)
and Ug(c). Let (ag,B0)” be the coordinates of Uj(c), where 3y > 0 and
ap € (—1,1). We parameterize the segment connecting U (c) and U (1) by

(5.6) {(a /M)T ae [a0,1]}.

With this parametrization, O11, O12, and Osy have the forms

On = (a+10°+pla—1)?% Oxn=(a—1)"+pla—1)

2
O = (1= =pla—12 p= oy

Simple calculation shows that
1d%Q
2 do?

(p+1)On
[t 1tpa- 1P
4p 8
[a+1)fa+1+pla-1)] On

= (p+1)log
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Note that the value of the right-hand side at & = 1is (p+1) log(p+1)—p >0
for any p > 0. Therefore to show that d Q > 0, it is enough to show that
ZTCQQ is non-increasing. Simple calculatlon shows that

Q- 16p° [(a — 1)*p+ o® — 20 — 3] x

da3

x [Ba+1)(a-1)p+3(@+1)*] D7,

where D = 0%, (a+1)? [a 4+ 1 + p(a — 1)]?. Since p(1—a) < (1+«) because
O12 > 0, it follows that

(a—1)*p+a*-20-3<(1-a)(l+a)+a*—2a—-3=-2(a+1)<0.

Note that if (3a 4+ 1)(aw — 1) > 0 then (3a + 1)(a — 1)p + 3(a + 1)2 > 0.
Otherwise 3a + 1 > 0 and since p(a — 1) > —(1 4 «), it follows that

Ba+1)(a—1)p+3a+1)? > —Ba+1)(a+1)+3(a+1)* =2(a+1) > 0.

Thus diTC‘ﬁ? < 0. We have shown that () is convex on the segment connecting
Ux(c) and Uj(1). The same argument applies for other sides of the boundary
of RY.

(d) Let (g, Bs) be the parameters of z, & be the point with parameters
(g, 0), and * be the point on the boundary of Ry with parameters (ag, B2).
Without loss of generality we assume that z* is on the line connecting x. =
Uj(c) and x1 = Uz(1). Note that (a),(b), and (¢) imply

Q(zc) > Q(z") > Q(x) > Q(7) = Q(a1).
Let £ = Q(x.) — ming, Q. Since Q(ay, B) is convex in B (by (b)), we have

Q) ~ Q) _ Qo) — QL)
—Q@) ~ Qlao) - Q@)

<

@\ @\
m\m

Therefore ||z* — z| < el~t||z* — 2| < 2e\/nl™!. Since Q is convex on the
boundary of R?, we have
b=l Q=

[ze =21l — Q) —

@) _ Qw)-Qa) _«
(z1) ~ Q( )= Qa1) ~ U
< 2ey/nf~L. Finally by

Q
Q
which in turn implies ||z, — z*| < el Y|z — 21|
triangle inequality

lze = 2| < llze — 2™ + [la* — 2| < 4ev/ne™".
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(e) Note that ming, Q@ = Q(ap,0) = Q(0,0). Also, to find Q(c¢) —Q(0) we
do not have to calculate O7log O + Oslog O2 since along the line a = «y,
O1 and O3 do not change. Simple calculation with Hoeffding’s inequality
show that with probability at least 1 — & the following hold

_ ~ ~ An
011(0) = OQQ(O) = 012(0) = TZT (W% +CU7T% + 27r17r27“) + O(/\n\/ﬁ),

O11(c) = n\py7? + O(Aav/n), Oga(c) = n\ywrs + O(M\uv/n),
O12(c) = nAymimar + O(Auv/n).

By the remark at the beginning of the proof of Lemma 10, we can take
1 = nAy, and therefore Q(Uj(c)) — ming, @ is of order nA,. O

PRrROOF OF THEOREM 2. Note that Q = Qpc does not satisfy all As-
sumptions (1)—(4), therefore we can not apply Theorem 1 directly. Instead
we will follow the idea of the proof of Lemma 1.

We first show that @ satisfies Assumption (1). For @, the functions 9;
n (2.1) has the form g(z) = zlog(z). We can assume that z > 1 because
otherwise g(z) is bounded by a constant. Since ¢'(z) = 1+1log(z), ¢'(z) does
not grow faster than log(z), and therefore assumption (1) holds.

Note that by Lemma 9, dist (7@, 7@9> is bounded by a constant; by Lemma 2,

the Lipschitz constant of @ is of order O (y/nlog(n)||A]|). Therefore, to prove
Lemma 1, and in turn Theorem 2, it is enough to consider Q) on RY.

Note also that @ may not be convex, therefore Assumption (2) may not
hold. But we now show that the convexity of Q is not needed. In the proof
of Lemma 1, the convexity of fp is used only at one place to show that
(A.4) implies (A.5), or more specifically, that fp(y) < fs(Up(é)). Note that
by A3, |y — Uz(e)|| < 2v/nl|Ua — Uzl|. By Lemma 10 part ¢, Q achieves
maximum at Ujz(c), a vertex of RY: by Lemma 9, the angle between two
adjacent sides of RY is bounded away from zero and 7. Thus, there exists
s € E4 such that ||y — Ujz(s)|| < My/n||Ua — Uj||. By Lemma 2 we have

Q(y) — QUx(s))] < Mnlog(n)[|All - [|Ua — Ugl-

Therefore in (A.4) we can replace y with Ug(s), and (A.5) follows by defi-
nition of é.

We now check assumptions (3) and (4). To check the assumption (3), we
first assume that Uz = (Dg(@1, 12))”, where @; and % are from Lemma 3,
and Dy = diag(#). The first 7y = nm; column vectors of (1, u2)” are equal
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and we denote by &;. The last ny = nme column vectors of (uy, ﬂg)T are also
equal and we denote by £;. Then

n

Uile) =Usle) = D O(l—e)si+ > 6i(—1— e
i=1

1=n1+1
n1 n
= kY 66—k Y 0%,
=1 i=n1+1

where k1 = Y7 (1 —€), ko = Y1 (14¢€), and [[e — ¢||* = k1 + ka. By
Lemma 3, entries of £1,&y are of order 1/y/n and the angle between &1, &2
does not depend on n, it follows that \/n||Uj(c) —Uj(e)|| is of order ki + k.
By Lemma 8, it is easy to see that the argument still holds for the actual
Uj.

Assumption (4) follows directly from part (e) of Lemma 10.

Combining Assumptions (3), (4), and Lemma 1, we see that Theorem 1
holds. Note that the conclusion of Lemma 4 still holds if we replace E[A] with
A, except the constant M now also depends on ¢, that is M = M (r,w, 7, §) >
0. The upper bound in Theorem 1 is simplified by Lemma 4 and part d of
Lemma 10. The bound in Theorem 1 is simplified by (B.1) of Lemma 4 and

part e of Lemma 10:
Je* = el* < Mnlogn (X2 + |[Ua = Ugiall)

If Uy is formed by eigenvectors of A then using (B.2) of Lemma 4, we obtain

Mnlogn
N

The proof is complete. O

le* —clf* <

5.2. Proof of Results in Section 3.2. We follow the notation introduced
in the discussion before Lemma 10. Lemma 11 provides the form of n; and
ne as functions defined on the projection of the cube.

LeEMMA 11.  Consider the block models and let R = Ugpa)[—1,1]". In the
coordinate system xz. = Ugja)(e), the functions ny and ny defined by (3.4)
admit the forms

ny = v/n(vn+9"72)/2, no=n(vn—-9"2)/2,
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where ¥ is a vector with ||¥|| < M for some M > 0 not depending on n. In
the coordinate system («, 3), n1 and ny admit the forms

nlz\éﬁ[(l—i—a)—l—sﬂ], ngzéﬁ[(l—a)—sﬁ],

where s is a constant.

PROOF OF LEMMA 11. Let U* = (UﬁA},ﬁl)T and Ry« = U*[—1,1]™.

For each e € [-1,1]", let z = ﬁlTe, so that U*e = (7). Then
n1=vn(vn+2)/2, ne=+vn(vn-=z)/2.

By Lemma 6, the first 71; row vectors of Ugjy4) are equal, and the last 7z
row vectors of Ugpa) are also equal. Therefore U* has rank two, and Ry« is
contained in a hyperplane. It follows that z is a linear function of z, and in
turn, a linear function of («, ).

In the coordinate system x, n1(0) = n/2 implies z2(0) = 0; n1(1) = n
implies z(z1) = /n; ni(c) = iy = nm implies z(x.) = (2m — 1)y/n. Since
|x1]| and ||x.|| are of order y/n by Lemma 3 and Lemma 8, there exists a
constant M > 0 such that z = 9Tz for some vector ¥ with [|[J| < M.

In the coordinate system (a, 3), n1(0) = n2(0) = n/2 implies z(0) = 0;
n1(1) = n implies 2(1,0) = /n; n1(—=1) = 0 implies 2(—1,0) = —/n.
Therefore along the line 8 = 0, z(«, 0) = y/na. For any fixed «, z is a linear
function of § with the same coefficient, so z(«, 5) = \/na + sy/nf for some
constant s. 0

Lemma 12 show some properties of Qgys. Parts (b) gives a weaker version
of convexity of Qpgys. Part (c) together with Lemma 6 will be used to replace
Assumption (2). Part (d) verifies Assumption (4), and part (e) simplifies the
upper bound in part (d).

LEMMA 12.  Consider Q = Qpy on R = Uga[=1,1]". Then

(a) Q(,0) is a constant. .

(b) 227622 > 0, % >0 B8 >0 and% < 0if B < 0. Thus, Q achieves
minimum when =0 and mazximum on the boundary of R.

(¢) Q is convex on the boundary of R. Thus, Q archive mazimum at +Ug[ajc-

(d) If Q(Ugpac) — Q(x) < € then

~1
1Ugajc — || < dev/n <Q(UE[A]C) — min Q> :
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(e) Q(Ugpaj(c)) —ming Q is of order nX,.

PROOF OF LEMMA 12. Let G = Oy log%1 + Oslog %, then Qpun =
Qpcsm + 2G. By Lemma 10, to show (a), (b), and (c), it is enough to
show that G satisfies those properties. Parts (d) and (e) follow from (a),
(b), and (c) by the same argument used to prove Lemma 10. Note that if
we multiply O; and Og by a positive constant, or multiply n; and ng by a
positive constant, then the behavior of G' does not change, since Oy + O is
a constant. Therefore by Lemma 11 we may assume that

01 = 2(1+a), O3=2(1-a),
n = (14+a)+s8, no=(1—a)—sp.

(a) It is easy to see that G(«,0) is a constant.
(b) Simple calculation shows that
oG 4523 0*G 452

o _ _ 1— a2 2 n2
op 711712’ 552 (n1n2)2 ( o +sh )’

and the statement follows.
(¢) We show that G is convex on the segment connecting Ug[4c and
Ugja)1. With the parametrization (5.6), n1 and ng have the form

n=01+a)+s(l—a), no=(1—-a)—s(l—a),
for some constant s. Simple calculation shows that

PG 4 20 -s) 4s(1-s)

do? O ni n?

Note that when o = 1, the right hand side equals s> > 0. Therefore, to show
that G is convex, it is enough to show that the second derivative of G is
non-increasing. The third derivative of G has the form

3G B 852
dod  n3(1+a)

5[(Ba+1)s — 3 —3].

Note that n; > 0 implies s > —dfae. >0 implies s < 1. Consider function

1—-a?
h(s) = (3a+1)s —3a — 3 on h‘f—g, 1] Since
1 —4(1
h( +oc): (+oz)§0’ h(1) = —2 <0,
11—« 11—«

h(s) <0 and G is convex. O
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Note that Qg does not have the exact form of (2.1). A small modifica-
tion shows that Lemma 1 still holds for Qgyy.

LEMMA 13. Let Q = Qpur, Q@ = Qpar, and Uy be an approximation of
Ug(4)- Under the assumptions of Theorem 3, there exists a constant M =
M(r,w,m,0) > 0 such that with probability at least 1 — n=9, we have

Qae) = Qlaer) < Mnlogn (VAu + AallUa — Usgal)

In particular, if Uy is the matric whose row vectors are leading eigenvectors

of A, then

Q(xe) — Q(Sce*) < Mnlogn\/x-

PrOOF OF LEMMA 13. L_et GEZ O;logn; and G; = O;logn; fori = 1,2.
Also, let G = Qpcpym and G = Qpeey- Then

Q=G+G +Gy Q=G+G+Gs.

In the proof of Theorem 2 we have shown that G satisfies Assumption (1).
Therefore inequality (A.1) in the proof of Lemma 1 also holds for G:

(5.7) |G(e) — G(e)| < Mnlogn|A—EA].

The same type of inequality holds for G; as well. Indeed, since ||1 + ¢||> =
2(1 + €)1 = 4ny, we have

(5.8) Gile) = Gi(e)] = [logma]|(1+¢)"(A - E[4])1
< 2nlog(n)| A — E[4]].

From (5.7) and (5.8) we obtain
(5.9) Qe) — Qle)] < Mnlogn|| A — EA].
Let é = argmax{Q(e),e € £4}. Using (5.9) and definition of e*, we have

(510) Q@) -Q) < Q@) —Q@)+Qe) — Gle)
< Mnlog(n)|[A - E[A]].

Let y € conv(Ugpa€a) such that [|[Ugpa)(c)—yll = dist(Ugpa(c), conv(Ugp41€4)).
Using the same argument as in the proof of Lemma 1, we obtain

(5.11) 1Uga1(c) — yll < 2v/n |[Ua — Ugpa|l;
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and there exists a constant M > 0 such that

|01(y) — O1(Ugpa) (0))] Mn|E[A]||.[|Ua — Ugpall

<
< Mn)\nHUA — UE[A]”~

By Lemma 6, the angle between two adjacent sides of R does not depend
on n. Therefore (5.11) implies that there exists s € £4 such that

(5.12) 1Ug14)(¢) — Ugpay(s)|| < My/n||Ua — Ugpay]-

Denote z, = Ugy)(e) for e € [~1,1]". By Lemma 2 the Lipchitz constant
of G on Ug[A][—1,1]" is of order /n||E[A]||logn < /n\,logn. Therefore
from (5.12) we have

(5.13) G(xe) — G(xs) < MnA,logn||Ua — Uga|-

We will show that the same inequality holds for G;, and thus also for Q). By
triangle inequality we have

ni(zs)
ni(ze) |

(5.14) Gl(xc)—él(l‘s) S \O,(:cs)—oz(xc)ﬂlogn,(xc)\—i-éz(xs)

log

To bound the first term on the right-hand side of (5.14), we note that by
Lemma 2, the Lipchitz constant of O; is of order \/n||E[A]|| < \,y/n. Using
(5.12) we obtain

|0;(25) — Oi(x)| logn

(5.15) [Os(ws) — Oi(c)|[logni(ae)| <
< MnXylogn||Ua — Ugpal-

We now bound the second term on the right-hand side of (5.14). By Lemma 11,
there exist M’ > 0 not depending on n and a vector ¢ such that ||J]] < M’
and

(5.16) ni(ze) — ni(zs)] = 07 (we — 24)]/2 < M ||z — 4|
< M'/n||Us — Ugal-

Note that n;(z.) = n; = nm and |n;(x.) — ni(zs)| = o(n) by (5.16). Using
(5.16) and the inequality log(1 + ) < 2|¢| for |t| < 1/2, we have

log (1 N n;(zs) — nl(:cc)> ‘
ni(x.)
2M'\/n||Ua — Ugpy ||

ni(zc)

ni(zs)

(5.17) ‘log ni(ze)
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By definition, O;(x) is at most O(n\,). Therefore from (5.17) we obtain

= N (Ts
(5.18) 10;(z4)] - ’10g () < MAv/n||Ua — Ugpg |-

ni(zc)
Using (5.13), (5.14), (5.15), (5.18), and the fact that Q(xs) < Q(ze), we get
(5.19) Q(zc) — Qze) < Qac) — Qlas) < Mndylognl|Ua — Ugpa -

Finally, from (5.10), inequality (B.1) of Lemma 4, and (5.19), we obtain

Qre) = Qaer) < Mnlogn (VAu + AallUa = Uspa])

If U4 is formed by eigenvectors of A then it remains to use inequality (B.2)
of Lemma 4. The proof is complete. O

PROOF OF THEOREM 3. The proof is similar to that of Theorem 2, with
the help of Lemma 12 and Lemma 13. 0

5.3. Proof of Results in Section 3.3. We follow the notation introduced
in the discussion before Lemma 10.

PRrROOF OF THEOREM 4. Note that Q = Qn¢ does not have the exact
form of (2.1). We first show that @ is Lipschitz with respect to O1, O, and
O12, which is stronger than assumption (1) and ensures that the argument
in the proof of Lemma 1 is still valid.

To see that Q is Lipschitz, consider the function h(z,y) = %, x>0,y >
Y2 2

0. The gradient of h has the form Vh(z,y) = (W’ (9317)2) It is easy to

see that Vh(z,y) is bounded by /2. Therefore h is Lipschitz, and so is Q.
Simple calculation shows that Q = 2b32. Therefore Q is convex, and by
Lemma 6, it achieves maximum at the projection of the true label vector.
Thus, assumption (2) holds. Assumption (3) follows from Lemma 3 by the
same argument used in the proof of Theorem 2. Assumption (4) follows
from the convexity of @ and the argument used in the proof of part (e) of
Lemma 10. Note that Q(0) = 0 and Q(c) is of order n\,, therefore Theorem 4
follows from Theorem 1. d

5.4. Proof of Results in Section 3.4. We follow the notation introduced
in the discussion before Lemma 10. We first show some properties of Qpx.
Parts (b) and (c) verify Assumption (2), and part (d) verifies Assumption

(4)-
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LEMMA 14. Let Q = Qgx. Then
(a) Q(a,0)=0.

(b) Q is convenr. B
(c) If 72 > rr3 then the mazimum value of Q is nA,mima(1 —r) and it is
achieved at x. = UE[A}(C),‘ if T2 < ra3 then the mazimum value of Q

is n)\nﬂ'lmr(:—g — 1) and it is achieved at x_. = —Ugja)(c).
1 _ _ —
(d) Let zmax be the mazimizer of Q. If Q(zmax) — Q(x) < € = o(nA,) then
[Zmax — ]| < 2ev/M(Q(Tmax)) ™"

PROOF OF LEMMA 14. Note that multiplying O11, O12 by a positive con-
stant, or multiplying n; and ns by a constant does not change the behavior
of (). Therefore by Lemma 11 we may assume that

On = (14+a)?+b8% Op=(1-a? —bp%
n = l4+a+s8, ng=1—a—sp.

(a) Tt is straightforward that Q(«,0) = 0.

(b) Let z = sB,r = s2/b> 0, and h(a, 2) = 22:;(1%&)2, then @ = 2h(a, 2).

Simple calculation shows that the Hessian of h has the form

i — 2(r+1) ((1+a)2 —z(1+a)>7

C(z+14+a)P\ 21+ 22

which implies that h and Q are convex.

(c) Since R = Ugjy[—1,1]" is a parallelogram by Lemma 6 and Q is
convex by part (b), it reaches maximum at one of the vertices of R. The
claim then follows from a simple calculation.

(d) Note that |Q(z.) — Q(z_.)| = \%n/\n(wf — rm3)| is of order n\,,
therefore if Q(Zmax) —Q(7) < € = o(n\,) then o,y and z belong to the same
part of R divided by the line § = 0. In other words, if Z is the intersection
of the line going through x and xpy.x and the line § = 0, then x belongs to
the segment connecting ., and &. By convexity of @ and the fact that
Q(2) = 0 from part (a) and part (b), we get

| Zmax — 7| < Q(xma)c) - Q(@ < € .
meax - i'H - Q(xmax) - Q(i> o Q(xmax)
It remains to bound ||zmax — Z|| by 2v/n. O

Note that Qry does not have the exact form of (2.1). The following
Lemma shows that the argument used in the proof of Lemma 1 holds for

QEX-
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LEMMA 15. Let Q = Qpx and assume that the assumption of Theorem
5 holds. Let Uy be an approzimation of Ugjs). Then there exists a constant
M = M(r,m,68) > 0 such that with probability at least 1 — n=%, we have

(5200 Q)= Qe) < Mudy (A2 + [Un — Ugggll)

In particular, if Ua is a matriz whose row vectors are eigenvectors of A,
then

Qe) = Q") < Mny/A,.

PROOF OF LEMMA 15. Note that |1 +e||? = 2(1 + ¢)T1 = 4n;. Using
inequality (B.1) of Lemma 4, we have

n2

(1+e)T(A-E[A])1 +e)

ni

< Z1+el?|A-E[M|

ny
< Mnoy/Ay < Mny/Ay,
012 — O12] < Mny/A,.
Therefore B
1Q(e) — Qe)| < Mna/X,.
Let é = argmax{Q(e),e € £4}. Then Q(e*) > Q(é) and hence
(5.21) Qe)—Qe") < Q&) —Qe) + Qe*) — Q(e")
< Mny/A,.

Let y € conv(Ugpa€a) such that ||[Ug(c)—yl| = dist(Ugpaj(c), conv(Ugp41€4)).
By the same argument as in the proof of Lemma 1, we have

(5.22) 1Ugpa)(c) = yll < 2v/n |[Ua — Ugpall-

From Lemma 2, the Lipchitz constant of O; is of order /n||E[A]|| < v/nAn.
Using (5.22), we get

(5.23) |01i(y) — O1i(Ugpa)(c))| < Mnp||Ua — Ugpay-

Denote z. = Ugpa)(e) for e € [~1,1]". By Lemma 11, there exist M’ > 0 not
depending on n and a vector ¢ such that ||¢]] < M’ and for i = 1,2,
(5.24)  |ni(ze) —ni(y)| = W (xe —y)l/2 < M|z —y|

< M'Vn||lUa —Ugyll, by (5.22).
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Note that n;(x.) = n; = mn and |n;(z.) —n;(y)| = o(n) by (5.24). Therefore
from (5.24) we obtain

By _ ”2“’)] < Mn~V2|Us - Ug |
n1 nl(y)

Together with (5.23) and the fact that O11(y) < n),, we get

~ ~ ng, = ~ n2  na(y)| A
_ < 2 _ A
Q) = QI < 2210n(ar) - On)] +|22 - 2248 00o)
+ [012(y) — Or2(zc)|
< Mn)\nHUA—UE[A]H.
The convexity of Q by Lemma 14 then imply
(5.25) Q(ze) — Qxe) < MnAy||[Ua — Ugpay|-

Finally, adding (5.21) and (5.25) we get (5.20). If U4 is formed by eigenvec-
tors of A, then it remains to use inequality (B.2) of Lemma 4. The proof is
complete. 0

PROOF OF THEOREM 5. The proof is similar to that of Theorem 2, with
the help of Lemma 3, Lemma 14, and Lemma 15. O
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