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In this supplement we prove results of Sections 3.1, 3.2, 3.3, and 3.4. Let
us first describe the projection of the cube under regular block models, which
will be used to replace Assumption (2). See Figure 3.1 for an illustration.

Lemma 6. Consider the regular block models and let R = UE[A][−1, 1]n.
Then R is a parallelogram; the vertices of R are {±UE[A](c),±UE[A](1)},
where c is a true label vector. The angle between two adjacent sides of R
does not depend on n.

Proof of Lemma 6. Eigenvectors of E[A] are computed in Lemma 3.
Let

x =
(
r1

(
n(π1r

2
1 + π2)

)−1/2
, r2

(
n(π1r

2
2 + π2)

)−1/2
)T

,

y =
((
n(π1r

2
1 + π2)

)−1/2
,
(
n(π1r

2
2 + π2)

)−1/2
)T

.

Then R = {(ε1 + · · ·+ εn̄1)x+ (εn̄1+1 + · · ·+ εn)y, εi ∈ [−1, 1]}, and it is
easy to see that R is a parallelogram. Vertices of R correspond to the cases
when ε1 = · · · = εn̄1 = ±1 and εn̄1+1 = · · · = εn = ±1. The angle between
two adjacent sides of R equals the angle between

√
nx and

√
ny, which does

not depend on n.

5.1. Proof of results in Section 3.1. Under degree-corrected block mod-
els, let us denote by Ā the conditional expectation of A given the degree
parameters θ = (θ1, ..., θn)T . Note that if θi ≡ 1 then Ā = EA. Since Ā
depends on θ, its eigenvalues and eigenvectors may not have a closed form.
Nevertheless, we can approximate them using ρi and ūi from Lemma 3. To
do so, we need the following lemma.
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Lemma 7. Let M = ρ1x1x
T
1 +ρ2x2x

T
2 , where x1, x2 ∈ Rn, ‖x1‖ = ‖x2‖ =

1, ρ1 6= 0, and ρ2 6= 0. If c = 〈x1, x2〉 then the eigenvalues zi and correspond-
ing eigenvectors yi of M have the following form. For i = 1, 2,

zi =
1

2

[
(ρ1 + ρ2) + (−1)i−1

√
(ρ2 − ρ1)2 + 4ρ1ρ2c2

]
,

yi = (cρ1)x1 + (zi − ρ1)x2.

If ρ1 and ρ2 are fixed, ρ1 ≥ ρ2, and c = o(1) as n → ∞ then eigenvalues
and eigenvectors of M have the form

z1 = ρ1 +O(c2), z2 = ρ2 +O(c2),

y1 = x1 +O(c)x2, y2 = x2 +O(c)x1.

Proof of Lemma 7. It is easy to verify that Myi = ziyi for i = 1, 2.
The asymptotic formulas of zi and yi then follow directly from the forms of
zi and yi.

The next lemma shows the approximation of eigenvalues and eigenvectors
of Ā.

Lemma 8. Consider the degree-corrected block models (described in Sec-
tion 3.1) and let Dθ = diag(θ). Denote by Ā the conditional expectation of A
given θ. Then for any δ ∈ (0, 1), with probability at least 1− δ, the nonzero
eigenvalues ρθi and corresponding eigenvectors ūθi of Ā have the following
form. For i = 1, 2,

ρθi = ρi‖Dθūi‖2 (1 +O(1/n)) ,

ūθ1 =
ũθ1
‖ũθ1‖

, where ũθ1 =
Dθū1

‖Dθū1‖
+O

(
n−1/2

) Dθū2

‖Dθū2‖
,

ūθ2 =
ũθ2
‖ũθ2‖

, where ũθ2 =
Dθū2

‖Dθū2‖
+O

(
n−1/2

) Dθū1

‖Dθū1‖
,

where ρi, ūi, and ri are defined in Lemma 3.

Proof of Lemma 8. Let M = ρ1ū1ū
T
1 + ρ2ū2ū

T
2 be the expectation of

the adjacency matrix in the regular block model setting. In the degree-
corrected block model setting, given θ, we have

E[A] = DθMDθ = ρ1Dθū1(Dθū1)T + ρ2Dθū2(Dθū2)T

= ρ1‖Dθū1‖2
Dθū1

‖Dθū1‖
(Dθū1)T

‖Dθū1‖
+ ρ2‖Dθū2‖2

Dθū2

‖Dθū2‖
(Dθū2)T

‖Dθū2‖
.
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We are now in the setting of Lemma 7 with

c =
(
‖Dθū1‖‖Dθū2‖

)−1〈Dθū1, Dθū2〉

= cθ

[
π1

√
(π1r2

1 + π2)(π1r2
2 + π2)‖Dθū1‖‖Dθū2‖

]−1

,

where cθ =
1

n

[
π1(θ2

n̄1+1 + · · ·+ θ2
n)− π2(θ2

1 + · · ·+ θ2
n̄1

)
]
.

Note that the two sums in the formula of cθ have the same expectation. It
remains to apply Hoeffding’s inequality to each sum.

Since we do not have closed-form formulas for eigenvectors of Ā, we can
not describe UĀ[−1, 1]n explicitly. Lemma 9 provides an approximation of
UĀ[−1, 1]n. It will be used to replace Assumption (2).

Lemma 9. Consider the setting of Lemma 8 and let Rθ = UĀ[−1, 1]n

and

(5.4) R̂θ = conv {±UĀ(c),±UĀ(1)} .

Then R̂θ is a parallelogram and the angle between two adjacent sides is
bounded away from zero and π; Rθ is well approximated by R̂θ in the sense
that

dist
(
Rθ, R̂θ

)
= sup

x∈Rθ

inf
y∈R̂θ

‖x− y‖ = O(1)

as n→∞.

Proof of Lemma 9. Let vi = ‖Dθūi‖−1Dθūi, i = 1, 2, V = (v1, v2)T ,
and RV = V [−1, 1]n. Following the same argument in the proof of Lemma 6,
it is easy to show that RV is a parallelogram with vertices {±V c,±V 1}. By
Lemma 8, ‖vi − ūθi ‖ = O(n−1/2), which in turn implies dist

(
Rθ,RV

)
=

O(1). The distance between two parallelograms RV and R̂θ is bounded by
the maximum of the distances between corresponding vertices, which is also
of order O(1) because ‖vi − ūθi ‖ = O(n−1/2). Finally by triangle inequality

dist
(
R̂θ,Rθ

)
≤ dist

(
R̂θ,RV

)
+ dist

(
RV ,Rθ

)
= O(1).

The angle between two adjacent sides of RV equals the angle between
√
nx

and
√
ny, where x and y are defined in the proof of Lemma 6, which does not

depend on n. Since dist(R̂θ,RV ) = O(1), the angle between two adjacent
sides of R̂θ is bounded from zero and π.
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Before showing properties of the profile log-likelihood, let us introduce
some new notations. Let Ō11, Ō12, Ō22, and Q̄DC be the population version
of O11, O12, O22, and QDC , when A is replaced with Ā. We also use Q̄BM ,
Q̄NG, and Q̄EX to denote the population version of QBM , QNG, and QEX
respectively. The following discussion is about Q̄DC , but it can be carried
out for Q̄BM , Q̄NG, and Q̄EX with obvious modifications and the help of
Lemma 11.

Note that Ō11, Ō12, and Ō22 are quadratic forms of e and Ā, therefore
Q̄DC depends on e through UĀe, where UĀ is the 2×n matrix whose rows are
eigenvectors of Ā. With a little abuse of notation, we also use Ōij , i, j = 1, 2,
and Q̄DC to denote the induced functions on UĀ[−1, 1]n. Thus, for example
if x ∈ UĀ[−1, 1]n then Q̄DC(x) = Q̄DC(UĀe) for any e ∈ [−1, 1]n such that
x = UĀe.

To simplify Q̄DC , let ρθ1 and ρθ2 be eigenvalues of Ā as in Lemma 8 and
let

t = (t1, t2)T = UĀ1, µ = (ρθ1t1, ρ
θ
2t2)T .

We parameterize x ∈ UĀ[−1, 1]n by x = αt + βv, where v = (v1, v2)T

is a unit vector perpendicular to µ. If we denote a = 1
4(ρθ1t

2
1 + ρθ2t

2
2) and

b = 1
4(ρθ1v

2
1 + ρθ2v

2
2), then

Ō11 = (α+ 1)2a+ β2b, Ō22 = (α− 1)2a+ β2b, Ō12 = (1− α2)a− β2b,

Ō1 = Ō11 + Ō12 = 2(1 + α)a, Ō2 = Ō22 + Ō12 = 2(1− α)a.

Note that Ō11Ō22 − Ō2
12 = 4β2ab > 0 since ρθ1 and ρθ2 are positive by

Lemma 8. With a little abuse of notation, we also use Q̄DC(α, β) to de-
note the value of Q̄DC in the (α, β) coordinates described above. We now
show some properties of Q̄DC .

Lemma 10. Consider Q̄ = Q̄DC on R̂θ defined by (5.4). Then

(a) Q̄(α, 0) is a constant.

(b) ∂2Q̄
∂β2 ≥ 0, ∂Q̄

∂β > 0 if β > 0 and ∂Q̄
∂β < 0 if β < 0. Thus, Q̄ achieves

minimum when β = 0 and maximum on the boundary of R̂θ.
(c) Q̄ is convex on the boundary of R̂θ. Thus, Q̄ achieves maximum at

±UĀ(c).
(d) For any x ∈ UĀ[−1, 1]n, if Q̄(UĀ(c))− Q̄(x) ≤ ε then

‖UĀ(c)− x‖ ≤ 4ε
√
n

(
Q̄(UĀ(c))−min

R̂θ
Q̄

)−1

.
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(e) For any δ ∈ (0, 1), maxR̂θ Q̄−minR̂θ Q̄ is of order nλn with probability
at leat 1− δ.

Parts (a) and (b) are used to prove part (c), which together with Lemma 9
will be used to replace Assumption (2). Parts (d) verifies Assumption (4),
and part (e) provides a way to simplify the upper bound in part (d).

Proof of Lemma 10. Note that because R̂θ ⊂ Rθ, Ō11, Ō12, and Ō22

are nonnegative on R̂θ. Also, if we multiply Ō11, Ō12, and Ō22 by a con-
stant η > 0 then the resulting function has the form ηQ̄ + C, where C is
a constant not depending on (α, β), and therefore the behavior of Q̄ that
we are interested in does not change. In this proof we use η = 1/a. Since Q̄
is symmetric with respect to β, after multiplying by 1/a, we replace β2b/a
with β and only consider β ≥ 0. Thus, we may assume that

Ō11 = (α+ 1)2 + β, Ō22 = (α− 1)2 + β, Ō12 = (1− α2)− β,(5.5)

Ō1 = Ō11 + Ō12 = 2(1 + α), Ō2 = Ō22 + Ō12 = 2(1− α).

(a) With (5.5) and β = 0, it is straightforward to verify that Q(α, 0) does
not depend on α.

(b) Simple calculation shows that

∂Q̄

∂β
= log

Ō11Ō22

Ō2
12

≥ 0,
∂2Q̄

∂β2
=

1

Ō11
+

1

Ō22
+

2

Ō12
≥ 0.

(c) We show that Q̄ is convex on the boundary line connecting UĀ(1)
and UĀ(c). Let (α0, β0)T be the coordinates of UĀ(c), where β0 > 0 and
α0 ∈ (−1, 1). We parameterize the segment connecting UĀ(c) and UĀ(1) by{(

α,
β0(1− α)

1− α0

)T
, α ∈ [α0, 1]

}
.(5.6)

With this parametrization, Ō11, Ō12, and Ō22 have the forms

Ō11 = (α+ 1)2 + ρ(α− 1)2, Ō22 = (α− 1)2 + ρ(α− 1)2

Ō12 = (1− α2)− ρ(α− 1)2, ρ =
β2

0

(1− α0)2
.

Simple calculation shows that

1

2

d2Q̄

dα2
= (ρ+ 1) log

(ρ+ 1)Ō11

[α+ 1 + ρ(α− 1)]2

+
4ρ

[α+ 1][α+ 1 + ρ(α− 1)]
− 8ρ

Ō11
.
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Note that the value of the right-hand side at α = 1 is (ρ+1) log(ρ+1)−ρ ≥ 0

for any ρ ≥ 0. Therefore to show that d2Q̄
dα2 ≥ 0, it is enough to show that

d2Q̄
dα2 is non-increasing. Simple calculation shows that

d3Q̄

dα3
= 16ρ2

[
(α− 1)2ρ+ α2 − 2α− 3

]
×

×
[
(3α+ 1)(α− 1)ρ+ 3(α+ 1)2

]
D−1,

where D = Ō2
11(α+1)2 [α+ 1 + ρ(α− 1)]2. Since ρ(1−α) ≤ (1+α) because

Ō12 ≥ 0, it follows that

(α− 1)2ρ+ α2 − 2α− 3 ≤ (1− α)(1 + α) + α2 − 2α− 3 = −2(α+ 1) ≤ 0.

Note that if (3α + 1)(α − 1) ≥ 0 then (3α + 1)(α − 1)ρ + 3(α + 1)2 ≥ 0.
Otherwise 3α+ 1 ≥ 0 and since ρ(α− 1) ≥ −(1 + α), it follows that

(3α+ 1)(α− 1)ρ+ 3(α+ 1)2 ≥ −(3α+ 1)(α+ 1) + 3(α+ 1)2 = 2(α+ 1) ≥ 0.

Thus d3Q̄
dα3 ≤ 0. We have shown that Q̄ is convex on the segment connecting

UĀ(c) and UĀ(1). The same argument applies for other sides of the boundary
of R̂θ.

(d) Let (αx, βx) be the parameters of x, x̂ be the point with parameters
(αx, 0), and x∗ be the point on the boundary of R̂U with parameters (αx, β

∗
x).

Without loss of generality we assume that x∗ is on the line connecting xc =
UĀ(c) and x1 = UĀ(1). Note that (a),(b), and (c) imply

Q̄(xc) ≥ Q̄(x∗) ≥ Q̄(x) ≥ Q̄(x̂) = Q̄(x1).

Let ` = Q̄(xc)−minR̂θ Q̄. Since Q̄(αx, β) is convex in β (by (b)), we have

‖x∗ − x‖
‖x∗ − x̂‖

≤ Q̄(x∗)− Q̄(x)

Q̄(x∗)− Q̄(x̂)
≤ Q̄(xc)− Q̄(x)

Q̄(xc)− Q̄(x̂)
≤ ε

`
.

Therefore ‖x∗ − x‖ ≤ ε`−1‖x∗ − x̂‖ ≤ 2ε
√
n`−1. Since Q̄ is convex on the

boundary of R̂θ, we have

‖xc − x∗‖
‖xc − x1‖

≤ Q̄(xc)− Q̄(x∗)

Q̄(xc)− Q̄(x1)
≤ Q̄(xc)− Q̄(x)

Q̄(xc)− Q̄(x1)
≤ ε

`
,

which in turn implies ‖xc − x∗‖ ≤ ε`−1‖xc − x1‖ ≤ 2ε
√
n`−1. Finally by

triangle inequality

‖xc − x‖ ≤ ‖xc − x∗‖+ ‖x∗ − x‖ ≤ 4ε
√
n`−1.
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(e) Note that minR̂θ Q̄ = Q̄(α0, 0) = Q̄(0, 0). Also, to find Q̄(c)− Q̄(0) we
do not have to calculate Ō1 log Ō1 + Ō2 log Ō2 since along the line α = α0,
Ō1 and Ō2 do not change. Simple calculation with Hoeffding’s inequality
show that with probability at least 1− δ the following hold

Ō11(0) = Ō22(0) = Ō12(0) =
nλn

4

(
π2

1 + ωπ2
2 + 2π1π2r

)
+O(λn

√
n),

Ō11(c) = nλnπ
2
1 + Ō(λn

√
n), Ō22(c) = nλnωπ

2
2 +O(λn

√
n),

Ō12(c) = nλnπ1π2r +O(λn
√
n).

By the remark at the beginning of the proof of Lemma 10, we can take
η = nλn, and therefore Q̄(UĀ(c))−minR̂θ Q̄ is of order nλn.

Proof of Theorem 2. Note that Q̄ = Q̄DC does not satisfy all As-
sumptions (1)–(4), therefore we can not apply Theorem 1 directly. Instead
we will follow the idea of the proof of Lemma 1.

We first show that Q̄ satisfies Assumption (1). For Q̄, the functions gj
in (2.1) has the form g(z) = z log(z). We can assume that z > 1 because
otherwise g(z) is bounded by a constant. Since g′(z) = 1 + log(z), g′(z) does
not grow faster than log(z), and therefore assumption (1) holds.

Note that by Lemma 9, dist
(
R̂, R̂θ

)
is bounded by a constant; by Lemma 2,

the Lipschitz constant of Q̄ is of order O
(√
n log(n)‖Ā‖

)
. Therefore, to prove

Lemma 1, and in turn Theorem 2, it is enough to consider Q̄ on R̂θ.
Note also that Q̄ may not be convex, therefore Assumption (2) may not

hold. But we now show that the convexity of Q̄ is not needed. In the proof
of Lemma 1, the convexity of fB is used only at one place to show that
(A.4) implies (A.5), or more specifically, that fB(y) ≤ fB(UB(ê)). Note that
by A.3, ‖y − UĀ(c)‖ ≤ 2

√
n‖UA − UĀ‖. By Lemma 10 part c, Q̄ achieves

maximum at UĀ(c), a vertex of R̂θ; by Lemma 9, the angle between two
adjacent sides of R̂θ is bounded away from zero and π. Thus, there exists
s ∈ EA such that ‖y − UĀ(s)‖ ≤M

√
n‖UA − UĀ‖. By Lemma 2 we have

|Q̄(y)− Q̄(UĀ(s))| ≤Mn log(n)‖Ā‖ · ‖UA − UĀ‖.

Therefore in (A.4) we can replace y with UĀ(s), and (A.5) follows by defi-
nition of ê.

We now check assumptions (3) and (4). To check the assumption (3), we
first assume that UĀ = (Dθ(ū1, ū2))T , where ū1 and ū2 are from Lemma 3,
and Dθ = diag(θ). The first n̄1 = nπ1 column vectors of (ū1, ū2)T are equal
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and we denote by ξ1. The last n̄2 = nπ2 column vectors of (ū1, ū2)T are also
equal and we denote by ξ2. Then

UĀ(c)− UĀ(e) =

n̄1∑
i=1

θi(1− ei)ξ1 +

n∑
i=n̄1+1

θi(−1− ei)ξ2

= k1

n̄1∑
i=1

θiξ1 − k2

n∑
i=n̄1+1

θiξ2,

where k1 =
∑n̄1

i=1(1 − ei), k2 =
∑n

i=n̄1
(1 + ei), and ‖e − c‖2 = k1 + k2. By

Lemma 3, entries of ξ1, ξ2 are of order 1/
√
n and the angle between ξ1, ξ2

does not depend on n, it follows that
√
n‖UĀ(c)−UĀ(e)‖ is of order k1 +k2.

By Lemma 8, it is easy to see that the argument still holds for the actual
UĀ.

Assumption (4) follows directly from part (e) of Lemma 10.
Combining Assumptions (3), (4), and Lemma 1, we see that Theorem 1

holds. Note that the conclusion of Lemma 4 still holds if we replace E[A] with
Ā, except the constantM now also depends on ξ, that isM = M(r, ω, π, δ) >
0. The upper bound in Theorem 1 is simplified by Lemma 4 and part d of
Lemma 10. The bound in Theorem 1 is simplified by (B.1) of Lemma 4 and
part e of Lemma 10:

‖e∗ − c‖2 ≤Mn log n
(
λ−1/2
n + ‖UA − UE[A]‖

)
.

If UA is formed by eigenvectors of A then using (B.2) of Lemma 4, we obtain

‖e∗ − c‖2 ≤ Mn log n√
λn

.

The proof is complete.

5.2. Proof of Results in Section 3.2. We follow the notation introduced
in the discussion before Lemma 10. Lemma 11 provides the form of n1 and
n2 as functions defined on the projection of the cube.

Lemma 11. Consider the block models and let R = UE[A][−1, 1]n. In the
coordinate system xe = UE[A](e), the functions n1 and n2 defined by (3.4)
admit the forms

n1 =
√
n(
√
n+ ϑTx)/2, n2 =

√
n(
√
n− ϑTx)/2,
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where ϑ is a vector with ‖ϑ‖ < M for some M > 0 not depending on n. In
the coordinate system (α, β), n1 and n2 admit the forms

n1 =

√
n

2

[
(1 + α) + sβ

]
, n2 =

√
n

2

[
(1− α)− sβ

]
,

where s is a constant.

Proof of Lemma 11. Let U∗ = (UTE[A],
1√
n
1)T and RU∗ = U∗[−1, 1]n.

For each e ∈ [−1, 1]n, let z = 1√
n
1T e, so that U∗e = ( xz ). Then

n1 =
√
n(
√
n+ z)/2, n2 =

√
n(
√
n− z)/2.

By Lemma 6, the first n̄1 row vectors of UE[A] are equal, and the last n̄2

row vectors of UE[A] are also equal. Therefore U∗ has rank two, and RU∗ is
contained in a hyperplane. It follows that z is a linear function of x, and in
turn, a linear function of (α, β).

In the coordinate system x, n1(0) = n/2 implies z(0) = 0; n1(1) = n
implies z(x1) =

√
n; n1(c) = n̄1 = nπ1 implies z(xc) = (2π1 − 1)

√
n. Since

‖x1‖ and ‖xc‖ are of order
√
n by Lemma 3 and Lemma 8, there exists a

constant M > 0 such that z = ϑTx for some vector ϑ with ‖ϑ‖ < M .
In the coordinate system (α, β), n1(0) = n2(0) = n/2 implies z(0) = 0;

n1(1) = n implies z(1, 0) =
√
n; n1(−1) = 0 implies z(−1, 0) = −

√
n.

Therefore along the line β = 0, z(α, 0) =
√
nα. For any fixed α, z is a linear

function of β with the same coefficient, so z(α, β) =
√
nα+ s

√
nβ for some

constant s.

Lemma 12 show some properties of Q̄BM . Parts (b) gives a weaker version
of convexity of Q̄BM . Part (c) together with Lemma 6 will be used to replace
Assumption (2). Part (d) verifies Assumption (4), and part (e) simplifies the
upper bound in part (d).

Lemma 12. Consider Q̄ = Q̄BM on R = UE[A][−1, 1]n. Then

(a) Q̄(α, 0) is a constant.

(b) ∂2Q̄
∂β2 ≥ 0, ∂Q̄

∂β > 0 if β > 0 and ∂Q̄
∂β < 0 if β < 0. Thus, Q̄ achieves

minimum when β = 0 and maximum on the boundary of R.
(c) Q̄ is convex on the boundary of R. Thus, Q̄ archive maximum at ±UE[A]c.
(d) If Q̄(UE[A]c)− Q̄(x) ≤ ε then

‖UE[A]c− x‖ ≤ 4ε
√
n

(
Q̄(UE[A]c)−min

R
Q̄

)−1

.
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(e) Q̄(UE[A](c))−minR Q̄ is of order nλn.

Proof of Lemma 12. Let G = Ō1 log Ō1
n1

+ Ō2 log Ō2
n2

, then Q̄BM =

Q̄DCBM + 2G. By Lemma 10, to show (a), (b), and (c), it is enough to
show that G satisfies those properties. Parts (d) and (e) follow from (a),
(b), and (c) by the same argument used to prove Lemma 10. Note that if
we multiply Ō1 and Ō2 by a positive constant, or multiply n1 and n2 by a
positive constant, then the behavior of G does not change, since Ō1 + Ō2 is
a constant. Therefore by Lemma 11 we may assume that

Ō1 = 2(1 + α), Ō2 = 2(1− α),

n1 = (1 + α) + sβ, n2 = (1− α)− sβ.

(a) It is easy to see that G(α, 0) is a constant.
(b) Simple calculation shows that

∂G

∂β
=

4s2β

n1n2
,

∂2G

∂β2
=

4s2

(n1n2)2

(
1− α2 + s2β2

)
,

and the statement follows.
(c) We show that G is convex on the segment connecting UE[A]c and

UE[A]1. With the parametrization (5.6), n1 and n2 have the form

n1 = (1 + α) + s(1− α), n2 = (1− α)− s(1− α),

for some constant s. Simple calculation shows that

d2G

dα2
=

4

Ō1
− 2(1− s)

n1
− 4s(1− s)

n2
1

.

Note that when α = 1, the right hand side equals s2 ≥ 0. Therefore, to show
that G is convex, it is enough to show that the second derivative of G is
non-increasing. The third derivative of G has the form

d3G

dα3
=

8s2

n3
1(1 + α)2

[
(3α+ 1)s− 3α− 3

]
.

Note that n1 ≥ 0 implies s ≥ −1+α
1−α ; n2 ≥ 0 implies s ≤ 1. Consider function

h(s) = (3α+ 1)s− 3α− 3 on
[

1+α
1−α , 1

]
. Since

h

(
1 + α

1− α

)
=
−4(1 + α)

1− α
≤ 0, h(1) = −2 < 0,

h(s) ≤ 0 and G is convex.
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Note that Q̄BM does not have the exact form of (2.1). A small modifica-
tion shows that Lemma 1 still holds for Q̄BM .

Lemma 13. Let Q = QBM , Q̄ = Q̄BM , and UA be an approximation of
UE[A]. Under the assumptions of Theorem 3, there exists a constant M =

M(r, w, π, δ) > 0 such that with probability at least 1− n−δ, we have

Q̄(xc)− Q̄(xe∗) ≤Mn log n
(√

λn + λn‖UA − UE[A]‖
)
.

In particular, if UA is the matrix whose row vectors are leading eigenvectors
of A, then

Q̄(xc)− Q̄(xe∗) ≤Mn log n
√
λn.

Proof of Lemma 13. Let Gi = Oi log ni and Ḡi = Ōi log ni for i = 1, 2.
Also, let G = QDCBM and Ḡ = Q̄DCBM . Then

Q = G+G1 +G2, Q̄ = Ḡ+ Ḡ1 + Ḡ2.

In the proof of Theorem 2 we have shown that G satisfies Assumption (1).
Therefore inequality (A.1) in the proof of Lemma 1 also holds for G:

(5.7) |G(e)− Ḡ(e)| ≤Mn log n‖A− EA‖.

The same type of inequality holds for Gi as well. Indeed, since ‖1 + e‖2 =
2(1 + e)T1 = 4n1, we have

|Gi(e)− Ḡi(e)| = | log n1||(1 + e)T (A− E[A])1|(5.8)

≤ 2n log(n)‖A− E[A]‖.

From (5.7) and (5.8) we obtain

(5.9) |Q(e)− Q̄(e)| ≤Mn log n‖A− EA‖.

Let ê = arg max{Q̄(e), e ∈ EA}. Using (5.9) and definition of e∗, we have

Q̄(ê)− Q̄(e∗) ≤ Q̄(ê)−Q(ê) +Q(e∗)− Ḡ(e∗)(5.10)

≤ Mn log(n)‖A− E[A]‖.

Let y ∈ conv(UE[A]EA) such that ‖UE[A](c)−y‖ = dist
(
UE[A](c), conv(UE[A]EA)

)
.

Using the same argument as in the proof of Lemma 1, we obtain

(5.11) ‖UE[A](c)− y‖ ≤ 2
√
n ‖UA − UE[A]‖,
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and there exists a constant M > 0 such that∣∣Ō1(y)− Ō1(UE[A](c))
∣∣ ≤ Mn‖E[A]‖.‖UA − UE[A]‖
≤ Mnλn‖UA − UE[A]‖.

By Lemma 6, the angle between two adjacent sides of R does not depend
on n. Therefore (5.11) implies that there exists s ∈ EA such that

(5.12) ‖UE[A](c)− UE[A](s)‖ ≤M
√
n‖UA − UE[A]‖.

Denote xe = UE[A](e) for e ∈ [−1, 1]n. By Lemma 2 the Lipchitz constant
of Ḡ on UE[A][−1, 1]n is of order

√
n‖E[A]‖ log n ≤

√
nλn log n. Therefore

from (5.12) we have

(5.13) Ḡ(xc)− Ḡ(xs) ≤Mnλn log n‖UA − UE[A]‖.

We will show that the same inequality holds for Ḡi, and thus also for Q̄. By
triangle inequality we have

(5.14) Ḡi(xc)−Ḡi(xs) ≤ |Ōi(xs)−Ōi(xc)|| log ni(xc)|+Ōi(xs)
∣∣∣∣log

ni(xs)

ni(xc)

∣∣∣∣ .
To bound the first term on the right-hand side of (5.14), we note that by
Lemma 2, the Lipchitz constant of Ōi is of order

√
n‖E[A]‖ ≤ λn

√
n. Using

(5.12) we obtain

|Ōi(xs)− Ōi(xc)|| log ni(xc)| ≤ |Ōi(xs)− Ōi(xc)| log n(5.15)

≤ Mnλn log n‖UA − UE[A]‖.

We now bound the second term on the right-hand side of (5.14). By Lemma 11,
there exist M ′ > 0 not depending on n and a vector ϑ such that ‖ϑ‖ ≤M ′

and

|ni(xc)− ni(xs)| = |ϑT (xc − xs)|/2 ≤M ′‖xc − xs‖(5.16)

≤ M ′
√
n‖UA − UE[A]‖.

Note that ni(xc) = n̄i = nπ1 and |ni(xc) − ni(xs)| = o(n) by (5.16). Using
(5.16) and the inequality log(1 + t) ≤ 2|t| for |t| ≤ 1/2, we have∣∣∣∣log

ni(xs)

ni(xc)

∣∣∣∣ =

∣∣∣∣log

(
1 +

ni(xs)− ni(xc)
ni(xc)

)∣∣∣∣(5.17)

≤
2M ′
√
n‖UA − UE[A]‖
ni(xc)

.
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By definition, Ōi(xs) is at most O(nλn). Therefore from (5.17) we obtain

(5.18) |Ōi(xs)| ·
∣∣∣∣log

ni(xs)

ni(xc)

∣∣∣∣ ≤Mλn
√
n‖UA − UE[A]‖.

Using (5.13), (5.14), (5.15), (5.18), and the fact that Q̄(xs) ≤ Q̄(xê), we get

Q̄(xc)− Q̄(xê) ≤ Q̄(xc)− Q̄(xs) ≤Mnλn log n‖UA − UE[A]‖.(5.19)

Finally, from (5.10), inequality (B.1) of Lemma 4, and (5.19), we obtain

Q̄(xc)− Q̄(xe∗) ≤Mn log n
(√

λn + λn‖UA − UE[A]‖
)
.

If UA is formed by eigenvectors of A then it remains to use inequality (B.2)
of Lemma 4. The proof is complete.

Proof of Theorem 3. The proof is similar to that of Theorem 2, with
the help of Lemma 12 and Lemma 13.

5.3. Proof of Results in Section 3.3. We follow the notation introduced
in the discussion before Lemma 10.

Proof of Theorem 4. Note that Q̄ = Q̄NG does not have the exact
form of (2.1). We first show that Q̄ is Lipschitz with respect to Ō1, Ō2, and
Ō12, which is stronger than assumption (1) and ensures that the argument
in the proof of Lemma 1 is still valid.

To see that Q̄ is Lipschitz, consider the function h(x, y) = xy
x+y , x ≥ 0, y ≥

0. The gradient of h has the form ∇h(x, y) =
(

y2

(x+y)2
, x2

(x+y)2

)
. It is easy to

see that ∇h(x, y) is bounded by
√

2. Therefore h is Lipschitz, and so is Q̄.
Simple calculation shows that Q̄ = 2bβ2. Therefore Q̄ is convex, and by

Lemma 6, it achieves maximum at the projection of the true label vector.
Thus, assumption (2) holds. Assumption (3) follows from Lemma 3 by the
same argument used in the proof of Theorem 2. Assumption (4) follows
from the convexity of Q̄ and the argument used in the proof of part (e) of
Lemma 10. Note that Q̄(0) = 0 and Q̄(c) is of order nλn, therefore Theorem 4
follows from Theorem 1.

5.4. Proof of Results in Section 3.4. We follow the notation introduced
in the discussion before Lemma 10. We first show some properties of Q̄EX .
Parts (b) and (c) verify Assumption (2), and part (d) verifies Assumption
(4).
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Lemma 14. Let Q̄ = Q̄EX . Then

(a) Q̄(α, 0) = 0.
(b) Q̄ is convex.
(c) If π2

1 > rπ2
2 then the maximum value of Q̄ is nλnπ1π2(1 − r) and it is

achieved at xc = UE[A](c); if π2
1 ≤ rπ2

2 then the maximum value of Q̄

is nλnπ1π2r(
π2
2

π2
1
− 1) and it is achieved at x−c = −UE[A](c).

(d) Let xmax be the maximizer of Q̄. If Q̄(xmax)− Q̄(x) ≤ ε = o(nλn) then
‖xmax − x‖ ≤ 2ε

√
n(Q̄(xmax))−1.

Proof of Lemma 14. Note that multiplying Ō11, Ō12 by a positive con-
stant, or multiplying n1 and n2 by a constant does not change the behavior
of Q̄. Therefore by Lemma 11 we may assume that

Ō11 = (1 + α)2 + bβ2, Ō12 = (1− α2)− bβ2,

n1 = 1 + α+ sβ, n2 = 1− α− sβ.

(a) It is straightforward that Q̄(α, 0) = 0.

(b) Let z = sβ, r = s2/b > 0, and h(α, z) = z2−r(1+α)z
z+1+α , then Q̄ = 2

rh(α, z).
Simple calculation shows that the Hessian of h has the form

∇h =
2(r + 1)

(z + 1 + α)3

(
(1 + α)2 −z(1 + α)
−z(1 + α) z2

)
,

which implies that h and Q̄ are convex.
(c) Since R = UE[A][−1, 1]n is a parallelogram by Lemma 6 and Q̄ is

convex by part (b), it reaches maximum at one of the vertices of R. The
claim then follows from a simple calculation.

(d) Note that |Q̄(xc) − Q̄(x−c)| = |π2π1nλn(π2
1 − rπ2

2)| is of order nλn,

therefore if Q̄(xmax)−Q̄(x) ≤ ε = o(nλn) then xmax and x belong to the same
part of R divided by the line β = 0. In other words, if x̂ is the intersection
of the line going through x and xmax and the line β = 0, then x belongs to
the segment connecting xmax and x̂. By convexity of Q̄ and the fact that
Q̄(x̂) = 0 from part (a) and part (b), we get

‖xmax − x‖
‖xmax − x̂‖

≤ Q̄(xmax)− Q̄(x)

Q̄(xmax)− Q̄(x̂)
≤ ε

Q̄(xmax)
.

It remains to bound ‖xmax − x̂‖ by 2
√
n.

Note that Q̄EX does not have the exact form of (2.1). The following
Lemma shows that the argument used in the proof of Lemma 1 holds for
Q̄EX .
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Lemma 15. Let Q̄ = Q̄EX and assume that the assumption of Theorem
5 holds. Let UA be an approximation of UE[A]. Then there exists a constant

M = M(r, π, δ) > 0 such that with probability at least 1− n−δ, we have

(5.20) Q̄(c)− Q̄(e∗) ≤Mnλn

(
λ−1/2
n + ‖UA − UE[A]‖

)
.

In particular, if UA is a matrix whose row vectors are eigenvectors of A,
then

Q̄(c)− Q̄(e∗) ≤Mn
√
λn.

Proof of Lemma 15. Note that ‖1 + e‖2 = 2(1 + e)T1 = 4n1. Using
inequality (B.1) of Lemma 4, we have∣∣∣∣n2

n1
O11 −

n2

n1
Ō11

∣∣∣∣ =

∣∣∣∣n2

n1
(1 + e)T (A− E[A])(1 + e)

∣∣∣∣
≤ n2

n1
‖1 + e‖2‖A− E[A]‖

≤ Mn2

√
λn ≤Mn

√
λn,

|O12 − Ō12| ≤ Mn
√
λn.

Therefore
|Q(e)− Q̄(e)| ≤Mn

√
λn.

Let ê = arg max{Q̄(e), e ∈ EA}. Then Q(e∗) ≥ Q(ê) and hence

Q̄(ê)− Q̄(e∗) ≤ Q̄(ê)−Q(ê) +Q(e∗)− Q̄(e∗)(5.21)

≤ Mn
√
λn.

Let y ∈ conv(UE[A]EA) such that ‖UE[A](c)−y‖ = dist
(
UE[A](c), conv(UE[A]EA)

)
.

By the same argument as in the proof of Lemma 1, we have

(5.22) ‖UE[A](c)− y‖ ≤ 2
√
n ‖UA − UE[A]‖.

From Lemma 2, the Lipchitz constant of Ōi is of order
√
n‖E[A]‖ ≤

√
nλn.

Using (5.22), we get∣∣Ō1i(y)− Ō1i(UE[A](c))
∣∣ ≤ Mnλn‖UA − UE[A]‖.(5.23)

Denote xe = UE[A](e) for e ∈ [−1, 1]n. By Lemma 11, there exist M ′ > 0 not
depending on n and a vector ϑ such that ‖ϑ‖ ≤M ′ and for i = 1, 2,

|ni(xc)− ni(y)| = |ϑT (xc − y)|/2 ≤M ′‖xc − y‖(5.24)

≤ M ′
√
n‖UA − UE[A]‖, by (5.22).
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Note that ni(xc) = n̄i = πin and |ni(xc)−ni(y)| = o(n) by (5.24). Therefore
from (5.24) we obtain∣∣∣∣ n̄2

n̄1
− n2(y)

n1(y)

∣∣∣∣ ≤Mn−1/2‖UA − UE[A]‖.

Together with (5.23) and the fact that Ō11(y) ≤ nλn, we get

|Q̄(xc)− Q̄(y)| ≤ n̄2

n̄1
|Ō11(xc)− Ō11(y)|+

∣∣∣∣ n̄2

n̄1
− n2(y)

n1(y)

∣∣∣∣ Ō11(y)

+ |Ō12(y)− Ō12(xc)|
≤ Mnλn‖UA − UE[A]‖.

The convexity of Q̄ by Lemma 14 then imply

(5.25) Q̄(xc)− Q̄(xê) ≤Mnλn‖UA − UE[A]‖.

Finally, adding (5.21) and (5.25) we get (5.20). If UA is formed by eigenvec-
tors of A, then it remains to use inequality (B.2) of Lemma 4. The proof is
complete.

Proof of Theorem 5. The proof is similar to that of Theorem 2, with
the help of Lemma 3, Lemma 14, and Lemma 15.
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