ARE MOST BOOLEAN FUNCTIONS DETERMINED
BY LOW FREQUENCIES?

ROMAN VERSHYNIN

ABSTRACT. We ask whether most Boolean functions are determined by
their low frequencies. We show a partial result: for almost every function
f:{=1,1}? — {—=1,1} there exists a function f' : {-1,1}* — (=1,1)
that has the same frequencies as f up to dimension (1/2 — o(1))p.

1. INTRODUCTION

1.1. Uniqueness of Boolean data. When is a high-dimensional distribu-
tion determined by its low-dimensional marginals? To be specific, consider
a random vector X = (X1,..., X)) that takes values in {0,1}’. We may
wonder if there exist a random vector Y = (Y1,...,Y}) that also takes values
in {0,1}?, whose all marginal distributions up to a given dimension d < p
are the same as those! of X, but whose distribution is different from that of
X everywhere on the cube.? If this does happen, we call the distribution of
X non-unique with respect to marginals up to dimension d.

Some distributions are very much unique. For example, it is easy to check
the following:

Ezample 1.1. If X1 = --- = X, almost surely, then the distribution of X is
unique with respect to marginals up to dimension 2.

However, we will show that “most” distributions on the cube are not
unique with respect to marginals up to almost half the dimension:

Theorem 1.2. If p is sufficiently large, then for most of the subsets S C
{0,1}? the uniform distribution on S is non-unique with respect to the
marginals of dimension 0.49p.

As we will see from the proof, “most” means all but at most 2°%° subsets
where ¢ € (0, 1) is an absolute constant, and the number 0.49 can be replaced
by any constant smaller than 1/2.
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1By this we mean that for any subset of coordinates J or cardinality |J| < d, the
distributions of the random vectors (X;);jes and (Y;) ey are the same.

2By this we mean that P {X = 9} £P {y - 9} for all 0 € {0,1}".
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We will prove Theorem 1.2 by showing that for most S, there exists a
random vector Y = Y (S) € {0,1}P that has the same marginals up to
dimension 0.49p as random vector X uniformly distributed on S, and yet

1
0<P{Y:0}<|§| for all 6 € {0,1}?.

This yields non-uniqueness, since P { X = 0} takes values 0 and 1/|S| only.

1.2. Uniqueness of Boolean functions. Theorem 1.2 can be restated in a
functional form. It is equivalent to saying that for most Boolean functions f :
{0,1}? — {0, 1} there exists a function f’:{0,1}* — (0,1) such that f and
f" have the same marginals® up to dimension 0.49p. (To see the connection,
let f(6) be the indicator function of S and set f/(d) =|S|P{Y =6}.)

Furthermore, by translation we can replace 0 with —1 everywhere in the
previous paragraph. This allows to put Theorem 1.2 in the context of
Fourier analysis on the Boolean cube. Recall that Rademacher functions
rj:{—=1,1}» — {—1,1} are defined as

Tj(ﬁ)Z@j, j:1,...,p.

Walsh functions wy : {—1,1} — {—1,1} are indexed by subsets J C [p]
and are defined as

(1.1) wy = H Tj,

jeJ
with the convention wy = 1. The canonical inner product on the Boolean
cube is defined as

(Foir=y S FO)900)

P
0e{-1,1}r
Walsh functions form an orthonormal basis of L?({—1,1}?).
In Section 3, we shall prove:

Theorem 1.3. If p is sufficiently large, then for most of the functions f :
{=1,1}? — {—1,1} there exists a function ' : {—1,1} — (—1,1) that has
the same frequencz'es4 as f up to dimension 0.49p.

To see how Theorem 1.3 yields Theorem 1.2 in its functional form, note
that the set of frequencies of f up to dimension d uniquely determines the
set of marginals of f up to dimension d. For simplicity, consider the two-
dimensional marginal of f corresponding to setting the first coordinate to
1 and second to —1. We claim this marginal can be expressed in terms of

3This means that for any given set of coordinates .J C [p] with|.J| < 0.49p and any given
values (75)jes, we have Y, f(8) = >, f'(0) where the summation is over all § € {0,1}?
whose values on the coordinates in J equal (7;).

4This means that for any set J C [p] with |J| < 0.49p, we have (f,ws) = (f',w,).
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the frequencies (f,w;) up to dimension |J| < 2. To do so, consider the set
O={0ec{-1,1}P: 6; =1, f = —1}; then the marginal is

;%f(ﬁ) = 1e)= (1 (55 (52)
= L0+ o) = o) — (o)
_ i(<f, wy) + (f,wiy) — (f,wpzy) = (f “’{172}>>'

More generally, consider the marginal of dimension d corresponding to set-
ting a given set of coordinates 6;,,...,0;, to given numbers 7,...,74. Con-
sider the set © = {6 € {—1,1}": 6;, =7,...,0;, = 74}; then the marginal

is
1 1+ 7mr; 1+ 7yr;
3 210 = 10) = (£ (Z57) - (7))
o 2 [0 =(f1e) =(f.(— y
0O
Expanding the right hand side, we can express it in terms of the frequen-
cies (f,wys) up to dimension |J| < d. This shows that Theorem 1.3 yields

Theorem 1.2 indeed.

Question 1.4. Can we replace the range (—1,1) of f' by {—1,1} in The-
orem 1.37 In other words, is it true that most Boolean functions are not
determined by frequencies up to almost half the dimension? Is half dimen-
sion an optimal threshold?

Acknowledgement. The author is grateful for Paata Ivanisvili for enlight-
ening discussions, and to Xinyuan Xie for spotting a minor inaccuracy in
the original proof.

2. BACKGROUND

Our proof of Theorem 1.3 is based on one combinatorial result about hy-
perplane arrangements and one probabilistic result — a version of Rudelson’s
sampling theorem.

2.1. Hyperplane arrangements. A hyperplane arrangement is a collec-
tion of N hyperplanes in R". Removing these hyperplanes from R" leaves
an open set, and the connected components of this set are called regions.
Counting the regions of a given hyperplane arrangement is a well studied
problem in enumerative combinatorics, see e.g. [1, 6, 7, 3].

For our purposes, two simple observations of Yu. Zuev [8] will be suffi-
cient. Fix an arrangement of N hyperplanes in R™. The intersection of any
subfamily of these original hyperplanes is called an intersection subspace.
The dimension of an intersection subspace can range from zero (a single
point) to n, since intersecting an empty set of hyperplanes yields the entire
space R™.

Lemma 2.1 (Zuev [8]). For any hyperplane arrangement, the number of
regions is bounded below by the number of intersection subspaces.
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For example, an arrangement of N hyperplanes in general position in R"
produces exactly ( i\; ) intersection subspaces, since intersecting any subset
of such hyperplanes of cardinality at most n yields a different subspace.
Zuev’s Lemma 2.1 implies that such hyperplane arrangement has at least
( <]\; ) regions. This bound is in fact an identity, since any arrangement of N

hyperplanes in R™ has at most ( i\; ) regions [1]; see also [3, Proposition 2.4].

In general, it could be hard to count intersection subspaces directly. This
task, however, can be facilitated by the following simple observation. For
convenience, let us focus here on central hyperplane arrangements, those
where all the hyperplanes pass through the origin. A central arrangement
can be expressed in the form® {z{,... , 2%} where z; € R" is a vector
orthogonal to the i-th hyperplane.

Definition 2.2 (Resilience). Fix a system of vectors z1,...,zx € R". We
call a subset I C [N] resilient if the linear span of {z;};c; does not contain
any vector from {z;}iere.

Lemma 2.3 (Implicit in Zuev [8]). For any central hyperplane arrangement
{xf, e ,xﬁ}, the number of intersection subspaces is bounded below by the
number of resilient subsets.

Proof. Any pair of distinct resilient subsets I and J satisfies

span{z; }icr # Span{wj}jeJ,

since for any ig € I'\ J, the definition of resilience yields z;, & span{z;};e..
Hence the orthogonal complements of span{x;}icr and span{z;}c are dif-
ferent, which we can write as
I 1
ﬂ x; # m Ty

i€l J€J
Each side of this relation defines an intersection subspace. Thus, we obtained

an injection from resilient subsets to intersection subspaces. The proof is
complete. O

2.2. Sampling. In addition to hyperplane arrangements, our argument uses
a version of Rudelson’s sampling theorem [2]; see also [5, Theorem 5.6.1].
The version we need can be most conveniently deduced from matriz Bern-
stein inequality, which is due to J. Tropp [4]; see also [5, Theorem 5.4.1] for
an exposition.

Theorem 2.4 (Matrix Bernstein’s inequality). Let Z1,...,ZxN be indepen-
dent, mean zero, k X k symmetric random matrices, such that ||Z;|| < M

5Throughout the paper, & denotes the hyperplane orthogonal to the vector x in R™.
More generally, for a subset E C R™, we denote by E~ the set of vectors in R™ that are
orthogonal to all vectors in E. In particular, if F is a linear subspace, E* is its orthogonal
complement.
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almost surely for all i. Then, for every t > 0, we have

B[54 2 1) <ohew (- 5222 )
, exp ( — — 12
— W P o+ Mt/3)’
where 0% = szj\il EZZZH Here ||| denotes the operator norm of a matriz.

We are ready to state and prove a version of Rudelson’s sampling theorem.

Theorem 2.5 (Sampling with independent selectors). Let x1,...,zx € R¥
be vectors satisfying

1 K

T
= E xix; =1d
K &~

and such that ||z;||, < 10Vk for all i. Let K > N > Cklogk where C is a
sufficiently large absolute constant. Consider independent Bernoulli random
variables 01, ...,k satisfying Ed; = N/K. Then

K
1
0.99-1d < Z;(Sa;a;T <1.01-1d
1=

with probability at least 1 — ik‘lo.

Proof. We are going to apply matrix Bernstein inequality for the random
matrices
T N
Z; = (0; — 0)x;x; , where § =Ed; = 78

By assumption, we have
1Zi|| = ||wsa] || =||2:]3 < 100k =: M.
Furthermore,
0=<EZ?=6(1—-0)||zi|3 za] <1006k - z;z] .
Thus

o’ = < 1008k = 1006k K = 100kN.

N K
i=1 i=1

Applying matrix Bernstein inequality (Theorem 2.4) and using the bounds
on M and o, we obtain

N N
1 T E :
P H ;_1 dixix; — Id” >001 =P - Z;|| > 0.01N
cN 1. 1
< . - ) < =
<2k exp( 2 ) < 4k

where the last inequality is guaranteed if N > Cklogk with a sufficiently
large absolute constant C. This completes the proof. (|
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We will need a version of sampling theorem for a similar but not identical
model of sampling without replacement.

Theorem 2.6 (Sampling without replacement). Let x1,...,2x € R* be
vectors satisfying
| XK
e Z zix] =1d
i=1

and such that ||z;||l, < 10vVk for all i. Let N > Cklogk where C is a

sufficiently large absolute constant. Let I be a random subset of [K| with
cardinality |I| = N. Then

1
0.9-1d < Nin$z <1.1-1d
el
with probability at least 1 — k=10,

Proof. Apply Theorem 2.5 for 0.99N instead of N. It follows that a random
set
satisfies

(2.1) ﬁ Z zixz] = 0.99-1d
i€l
with probability at least 1 — %kilo.
Since E§; = 0.99N/K, the expected cardinality of the set Iy is E|ly| =
0.99N. Moreover, Chernoff inequality (see e.g. Exercise 2.3.5 in my book)
implies that |Iy| is concentrated around its expectation, and in particular

(2.2) | < N

with probability at least 1 — 2e V.

Let us create a random set I of cardinality exactly N from Iy by the
following rule. If |Iy| < N, add to Iy exactly N —|Ip| elements chosen from
[K] \ o at random and without replacement. If [Ip| > N, remove from
Iy exactly |Io| — N elements chosen at random and without replacement.
Clearly, I obtained this way is a random subset of [K] of cardinality |I| = N.

Suppose I satisfies both (2.1) and (2.2); this occurs with probability at
least 1 — ikz_w — 2N >1-— %k‘lo. In this case, I D Iy and so

1 1
v > wa] = v > ! =0.99% 1d = 0.9 - 1d.
icl icly
A similar argument but for 1.01N instead of 0.99N yields
1
~ > w2 (1.01)* 1d=1.1-1d
i€l
with probability at least 1— %kz‘lo. Taking the intersection of the two bounds
completes the proof. O
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3. PROOF OF THEOREM 1.3

3.1. Reduction to sign patterns. Fix d < p. Let us call a function
f{=1,1}Y — {—1,1} non-unique if there exists a function f": {—1,1} —
(—1,1) that has the same frequencies as f’ up to dimension d. Our goal is
to show that most of the functions f are non-unique for d = 0.49p.

Consider the following linear subspace of real-valued functions on the
Boolean cube:

(3.1) He={h:{-1,1}) 5 R: (hyw;) =0 VYJC[p],|]] <d}.
Lemma 3.1. f is non-unique if f = signh for some h € H.

Proof. Suppose f = signh for some h € H. Let € > 0 be small enough
and set f' := f — eh. By definition of #, the functions f and f’ have the
same frequencies up to dimension d. Moreover, if f(#) = 1 then h(6) > 0
and hence f/(#) < 1. Similarly, if f(0) = —1 then h(f#) < 0 and hence
f/(0) > —1. Therefore, if ¢ is sufficiently small, f’(¢) € (—1,1) for any
6. O

Lemma 3.1 shows that the number of non-unique functions f is bounded
below by the number of functions of the form sign h where h € H, which
we call sign patterns generated by H. Hence, in order to show that most
of the functions f are non-unique, it suffices to show that the subspace H
generates a lot of sign patterns.

3.2. From sign patterns to hyperplane arrangements. To count dif-
ferent sign patterns generated by H, we express this as a problem about
hyperplane arrangements.

Let eg : {—1,1}? — {0,1} denote the point evaluation function at 6 €
{—=1,1}?. Consider two functions h,h’ € H. We have sign h # sign b’ if and
only if there exists 8 € {—1,1}? such that (h,ey) and (h', ey) have opposite
signs. This happens if and only if h and h’ are separated by at least one
hyperplane eé-ﬂ?—[ in H. The latter is equivalent to h and A’ lying in different
regions of the hyperplane arrangement {69L NH}oeq—1,1}» in the subspace H.
Therefore, the number of different sign patterns generated by H (and thus
also the number non-unique functions f) is bounded below by the number
of regions of the hyperplane arrangement {ej NH}ge{—1,1}» in the subspace
H.

Denoting by Py the orthogonal projection onto H, we see that the vector
Py eq is orthogonal to the hyperplane ej NH in H. Now apply Lemmas 2.1
and 2.3 for our hyperplane arrangement in H. We conclude that the number
of regions (and thus also the number of sign patterns generated by #, and
thus also the number of non-unique functions f) is bounded below by the
number of resilient subsets for the collection { Pyegoci—1,1}-

3.3. A necessary condition for non-resilience. To complete the proof,
we will show that most of the subsets are resilient. Let us see what happens
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when the complement O°¢ of some subset © C {—1,1}? is not resilient. By
definition, there exists 8y € © such that
Pyeq, € span{Pyeptocoe.

This means that there exist real numbers (ag)pecoe such that

Pyeq, = Z agPyeq.

fco°
This in turn means that
ep, — Z agep € H* :span{wJ cJ Cp), J| < d}.
fcO°
Therefore, there exist real numbers (b) ycp),|71<4 such that
€0y — Z agey = Z bJU)J.
0cO° JClpl,|J|<d

If we evaluate this identity at any point § € © \ {6y}, the left hand side of
it vanishes, and we have

Z waJ(Q) = 0.

JC[pl,|J1<d
Express this identity this as an orthogonality relation in ]R(Spd), namely
(b, w(0)) =0
where

(3.2) b= (bs)scpp),|s<a and w(8) = (w(0))clp),Ii<d-

Summarizing, we showed the following.

Lemma 3.2 (A necessary condition for non-resilience). If ©¢ is not resilient
for some © C {—1,1}P then there exists 0y € © and b € R(Z0) such that

(w(f),b) =0 forall € ©\ {6p}.
3.4. Applying the sampling theorem.

Lemma 3.3. Assume that 20 > C(2,))log (2,) where C is a sufficiently
large absolute constant. Let © be a random subset of {—1,1}P with cardi-
nality |©| = 0.1 -2P. Then, with probability at least 1 — p~1°, the following
uniform lower bound holds:

1

(3.3) 0.1-2p

S (w(6), 5% > 0.9]b]2  for all b e R,
0cO

Proof. Orthonormality of Walsh basis (1.1) can be expressed as

1
o Z wy(@)wy(0) =06, forany J,J' C [p].
0c{—-1,1}»
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Using our notation (3.2), this becomes

2% S w@®)wO) =1d.

0e{-1,1}r

(The identity on the right side is in R(Spd).) Moreover, since all coordinates
of w(#) are +1, we have

(3.4) [w (@) = < P ) for all 6.

<d

Apply Rudelson’s Sampling Theorem 2.6 for k = ( 2 d) and N = 0.1-2P,
We get a

1
ST > w(B)w(®)" =09-1d
"7 peo
with probability at least 1 — k710 > 1 — p~10, Multiplying by bT on the left
and by b on the right, we obtain (3.3). O

3.5. Completion of the proof. If 1 < d < 0.49p then 27 > C(2,) log (2,),
so the assumptions of Lemma 3.3 hold. Thus, the uniform lower bound (3.3)
holds for most of the subsets © C {—1, 1}? with cardinality 0.1-2P. Moreover,
since adding more points to the set © can only make the left hand side of
(3.3) larger, we conclude that (3.3) holds for most sets © of cardinality 0.1-2P
and all their supersets, which is most of the subsets of the cube.

We claim that for any subset © satisfying (3.3), the complement ©° is
resilient. This will be enough to complete the proof of Theorem 1.3. Indeed,
it would follow that most of the subsets of {—1, 1}? of cardinality 0.9-2P are
resilient. Since a subset of a resilient subset is resilient, most of the subsets
of {—1,1}? of cardinality bounded by 0.9 - 2P are resilient. Thus, most of
the subsets of {—1,1}? are resilient, completing the proof.

Assume for contradiction that ¢ is not resilient. Then the necessary
condition (Lemma 3.2) implies the existence of §y € © and b € R(Z0) such
that

(3.5) > (w(6),b)* =0.
0O\ {60}
On the other hand,
ST (w().5)2 = 3 w(0).5)2 — (w(bh), b)>
0cO\{60} 0O

By Lemma 3.3, the first term on the right hand side is bounded below by
0.1-2P-0.9]|b||3. The second term on the right hand side is bounded above

by
oo 301 = ( 2, ) 101
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due to (3.4). Therefore we have
(3.6) > (w(6),0)* >0

0cO\{60}

as long as

9P . p
0.1-2 0.9>(<d :

which is true if d = 0.49p if p is sufficiently large. The contradiction of (3.5)

and (3.6) completes the proof of Theorem 1.3. O
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