THINNING TO IMPROVE TWO-SAMPLE DISCREPANCY
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ABSTRACT. The discrepancy between two independent samples X1,...,X, and Y7,...,Y,, drawn
from the same distribution on R? typically has order O(y/n) even in one dimension. We give a
simple online algorithm that reduces the discrepancy to O(logZd n) by discarding a small fraction
of the points.

Random sampling inevitably brings errors. Classical work in statistics and probability has led
to a thorough understanding of sampling errors. Much less is known about how to reduce them
with minimal intervention. In this paper, we address the following version of the problem — how
to align two independent random samples with each other by discarding a few points?

1. Main results. Let Xy,...,X,, and Y7,...,Y,, be two independent samples, each consisting
of n independent observations drawn from the same Borel probability distribution on R¢. For
a Borel set B C R? we count how many points from each sample fall into B, and define its
discrepancy as:
disc(B) = |#{i: X; € B} —#{i: Y€ B}|.

Taking the supremum over all axis-aligned, half-infinite' boxes B = (—00,b;] X -+ X (—00,b4],
define:

D, ,, =supdisc(B). (1.1)

B

In dimension d = 1, the normalized discrepancy n~'D,, recovers the Kolmogorov-Smirnov
distance. Classical VC theory [15, Theorem 8.3.23] gives:

ED,,, = 0q(v/n).

This order is optimal for any nontrivial distribution, because we have Edisc(B) =< /n for any set
B whose measure is bounded away from 0 and 1. However, the discrepancy can be drastically
reduced by discarding a small fraction of the samples:

Theorem 1 (Two-sample discrepancy). Fiz T so that 1 <T <+/n. Let Xi,..., X, and Yy,...,Y,,
be i.i.d. samples from the same Borel probability distribution on R?. There is a randomized online
algorithm that discards, on average, at most Cn/T of the X;’s and Y;’s, and achieves

ED,, < Tlog}"n,

where C'is an absolute constant. Expectations are over both samples and the algorithm.

The algorithm (described in § 3) does not need to know the distribution. It is online in the sense
that it processes points one by one, with the location of each point revealed only when processed.
The decision to keep or discard a point depends only on its value and past decisions, and is final.
At each step, the algorithm randomly chooses whether to process the next point from the X- or
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Y-sample by tossing a fair £1 coin: if +1, a point from X; if —1, from Y. The procedure stops
when one sample is exhausted; all remaining points from the other are discarded. On average,
O(y/n) points are left unprocessed, which is absorbed into the O(n/T') discard budget.

Let z1,...,2; € RY with & < 2n, denote the sequence of processed points. For each i, define
g; = 1 if x; is from the X-sample and ¢; = —1 if z; is from the Y-sample. Then ¢y,... & are
i.i.d. Rademacher random variables. For any Borel set B C R, define the sign discrepancy:

k
diSCk(B) = ’ZEil{IEiGB}" (1.2)
i=1
This reduces Theorem 1 to:
Proposition 1 (Sign discrepancy). Let m be an integer with m < 2n. Let xq,...,z,, be i.i.d.
samples from a Borel probability distribution in R?, let e1,...,em be independent Rademacher

random variables, and let T'> 0. There is an online algorithm that discards, on average, at most
n/T of the z;’s, and achieves

E sup discy(B) < Tlogan+dIn(dn) + Cyd,

B,1<k<m

where the supremum is over all axis-aligned, half-infinite boxes B and all k =1,...,m, and where
Cy is an absolute constant.

Specializing to m = 2n recovers Theorem 1.

Remark 1 (Time and memory cost). The proof shows that each point can be processed in time
O(log4n), independent of the parameter T, yielding a total time complexity of O(nlogin). The
algorithm also requires O(nlogin) memory.

Remark 2 (Prior work). Constructing point sets with low discrepancy (star and two-color) is
a classical, well-studied problem; see the monographs [13, 10, 7]. Less is known about how to
improve the discrepancy of a given random sample by moving or discarding only a few points.
Recent progress appears in [12, 9, 11, 8, 14].

Closest to our setting is the work [12], which considers the star discrepancy — a stronger notion
than the two-sample discrepancy — that compares the empirical measure with the true measure
over axis-aligned boxes. The authors provide an online algorithm for points sampled from
the uniform distribution on [0,1]%; their algorithm discards O(n/T) points and achieves star
discrepancy O(T10g2dn). Applied separately to the samples X and Y, and combined via the
triangle inequality, this yields a version of Theorem 1. The proof in [12] relies on the orthogonality
of Haar wavelets and is thus limited to the uniform measure on the cube. Our approach avoids
orthogonality and applies to arbitrary Borel distributions on R

For results on general measures, we refer to [1, 2|, which construct low-discrepancy sequences
without assumptions on the underlying distribution. However, these constructions do not rely
on thinning random samples and are thus not directly applicable to our setting.

Our work also relates to recent advances in online discrepancy minimization [3, 6, 5, 4], which
consider assigning a stream of 2n points in [0,1]? to two sets X and Y (without discards) to
minimize discrepancy (1.1). A variant of our algorithm may offer another approach to that
problem. Conversely, it would be interesting to see if their techniques could sharpen Theorem 1.
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Remark 3 (Open question). It remains open whether the bound O(log?*n) in Theorem 1 is
optimal. It would be interesting to either improve this bound or establish a matching lower

bound.

2. Reduction to the case of uniform marginals. It suffices to prove Proposition 1 for
distributions whose d coordinate marginals are uniform on [0,1]. We now explain why this
entails no loss of generality.

Let Fi,...,Fy be the marginal cumulative distribution functions. Without loss of generality,
we may assume that each Fj is strictly increasing. This follows by perturbation: consider a
mixture of the original distribution with a Gaussian on R?. More precisely, flip a biased coin
with success probability 6; if success, sample from the original distribution; otherwise, sample
from the Gaussian. Samples of m points from the original and perturbed distributions coincide
with probability 6™, and so do their sign discrepancies. As 8 — 1, the expected discrepancy of
the perturbed sample converges to that of the original. We may thus sample from the mixture
instead of the original distribution, and the marginals F; of the mixture are strictly increasing.

For a real-valued random variable X with cumulative distribution function F', define the (ran-
domized) integral transform of X as a random convex combination of F'(X) and F(X™):

X =UFX)+(1-U)F(X"),
where U is an independent random variable uniformly distributed on [0,1], and F(z~) =
limy+, F(y). Then X is uniformly distributed on [0,1]. Applying this transform coordinate-
wise to any probability distribution on R? yields one with uniform marginals.

Let 1,...,2,, be an arbitrary set of points in R?. For each x; € [0,1]¢, consider its transformed
version:

where x;(k) denotes the kth coordinate of x;. We use its own independent copy U; for each
point. This preserves independence when the x; are sampled independently from the original
distribution.

Lemma 1. If each F}, is strictly increasing, then the sign discrepancy of Z1,...,ZT,, 1S no less
than that of x1,...,2,.

Proof. To each axis-aligned half-infinite box B = (—00,by| X -+ X (—00,b4], associate the anchored
box B =[0,F;(by)] x ---x[0,Fy(bg)]- It suffices to show that for each i,

v, € B < i€ B.
Indeed, if z; € B, then #; € B, regardless of U;. If x; ¢ B, then z;(k) > by, for some k, hence

Fi(x;(k)) > Fi(bg) by strict monotonicity. Thus, &;(k) > Fy(x;(k)) > Fi(bg), so @; ¢ B. The
completes the proof. O

We conclude:

Lemma 2. If Proposition 1 holds for all Borel distributions with uniform marginals, then it
holds for all Borel distributions.

Proof. Using the perturbation argument above, we reduce to the case where all marginals have
strictly increasing distribution functions. Apply the randomized transform to obtain Zi,...,Z,,
from x4,...,2,,, using independent U; to preserve independence.
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Let us discard some of the transformed points Z; to reduce discrepancy. Then discard the corre-
sponding indices from the original sample z;. By Lemma 1, which does not require independence,
the discrepancy of the retained z; is no greater than that of the retained z;. This completes the
proof. O

3. Proof of Proposition 1. Our proof relies on the following statement, which may be of
independent interest.

Proposition 2. Consider any vectors vy,..., v, € R and a number T > 0. Let €1,...,6, be
independent Rademacher random variables. There is an online® algorithm to discard terms e;v;
so that the running sums of the remaining terms eiv, satisfy

k

supH E i,
B
i=1

<T deterministically,

and

. RS
E # {discarded terms} < TZZIHUZHl

The proof will need an elementary lemma:

Lemma 3. Fiz any vector v € RY™ and a number T > 0. Let w be a random vector uniformly
distributed in the cube [—-T/2,T/2]%™. Then

||U|’1
T

P{lw+vll > T/2} <

Proof. By union bound, we have
dim

P{||w +v]lo > T/2} <ZIP’{|wi+vi| >T/2}. (3.1)

To compute the i-th term in this sum, we can assume by symmetry that v; > 0. Since w; is
uniformly distributed in [-7"/2,7T/2], we have

P{jwi+vi| > T/2} =P{w, > T/2—-v} = .

Thus, each term in the sum in (3.1) is bounded by |v;|/T". This completes the proof. O

Proof of Proposition 2. Let K = [~T/2,T/2]4™m. We arrange the discards as follows:
e Sample vy € K uniformly at random, and set wy = vy.
e Upon receiving €,vy, check whether
Wi—1 +Exv; € K.
If so, accept the term e,v, and update wy < wy_1 + £,vy; otherwise, discard the term
and set w,, = wy_1.
e Repeat for epvgiq.

2The “online” means that, at time i, the algorithm decides whether to discard the term e;v; based on this and
previously retained terms; the decision is never reversed in the future.
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This algorithm outputs a thinned subsequence of the original stream. By design, all wy remain

in K at all times £ =0,1,2,..., so all running sums of the accepted terms satisfy ||wi —wp||oo <
|wk]|so + [Jwolloo S T/2+T/2 < T, as claimed.
The random walk wy, ..., w,, is a Markov chain on K. Due to the symmetry of the Rademacher

distribution, the Markov chain is symmetric:
P{wp =w' w1 =w} =P{wp = w|w,_, =w'} for each w,w’ € K.

Consequently, the uniform distribution on K is stationary. Since wy is initialized uniformly, each
wy remains uniformly distributed on K. By design, the term e,v, is discarded if and only if
Hwk,1 +5kvkl|oo > T/2 Thus:

m 1 m
E # {discarded terms} = ZP{||wk_1 +ervilloo > T/2} < fZ”U’le’
k=1

k=1

where the last bound follows from Lemma 3, since wy_; is uniformly distributed in K and is
independent of ;. The proof is complete. O

Proof of Proposition 1. We may assume that the distribution is supported on [0,1]¢ and has
uniform marginals — see § 2. The plan is to first bound the discrepancy over dyadic boxes using
Proposition 2, then extend the bound to lattice boxes via a union bound, and finally generalize
it to all boxes through approximation.

Fix a resolution parameter L > 1; we will later choose it as L = log,n but it is simpler to keep
it general for now.
Step 1. Dyadic boxes. A dyadic interval is an interval of the type
J J+1
20 2

} where j € {0,1,...,2°~1} and ¢ € {0,1,...,L}.

A dyadic box is the product of d dyadic intervals, possibly with different j and ¢ in different
factors. To each point z; € [0,1]¢ of our sample, associate the vector that encodes which dyadic
boxes the point belongs:

Ui = (1{%63})3; dyadic box < Rdim’ dim = <2L+1 - 1)d‘

This vector is indexed by all dyadic boxes B, with each coordinate equal to 1 if z; lies in B
and 0 otherwise. It follows from the uniform marginal assumption that a.s. no z; lies on the
boundary of a dyadic box. Then:

|lvs||1 = # {dyadic boxes B that contain z;} = L.
Apply Proposition 2 with T'L¢ instead of 7. With

mL¢ m

1 m
[E # {discarded terms} < mzzlﬂvzﬂl < TId < T

as required, the remaining terms ejv] satisfy

k
supHE iv;
k14

1=1

<TL? deterministically.

oo
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By definition of v; above and sign discrepancy in (1.2), this means that the remaining points of
the sample satisfy

disci(B) < TL* for each dyadic box B and each k. (3.2)

Step 2. Lattice boxes. A lattice interval is an interval of the type
Jj+1 :
|:0’2—L:| where ]E{O,l,...,QL—l}.
A lattice box is the product of d lattice intervals, possibly with different j in different factors.

Any lattice interval can be partitioned into at most L dyadic intervals. Thus, any lattice box can
be partitioned into at most L? dyadic boxes. Therefore, summing L¢ bounds (3.2) by triangle
inequality, we conclude:

discy(B) < TL**  for each lattice box B and each k. (3.3)

Step 3. Slices. We are about to approximate a general box by a dyadic box, with the approxi-
mation error controlled by the number of points that can fall into a thin slice. To prepare for
this, let’s bound that number.

A slice is the product of one interval of the type
Jj Jj+1
2L 2L

and d— 1 full intervals [0,1]; the interval can appear as any of the d factors.

], where j € {0,1,...,2% -1}, (3.4)

By the assumption made at the beginning of the proof, the distribution of the points z; has
uniform marginals in [0,1]. Thus, for any slice S, the number of points falling in S,
Zg=H#{ie[m]:x; €S},

has binomial distribution with parameters m and 2~'. Since increasing m can only increase the
number of points in slices, we assume the worst case m = 2n. Applying Chernoff’s inequality
[15, Theorem 2.3.1|, we get for each u > 0:
—Uu
P{Zs > 16n2~" +In(d2") +u} < e m(@2")—u — 22—L.
Taking the union bound over all d2” possible slices, we get
P{mgXZS > 16n2~% +In(d2%) —HL} <e ™.

In other words, with probability at least 1 —e™, the following event holds:
max # {i € [2n] : 7; € S} < 16027 +1In(d2") +u. (3.5)

S: slice
Step 4. General boxes. Any interval B = [0,b] C [0,1] can be approximated by some lattice
interval B’ O B by rounding b up to a lattice point; this way B’\ B lies in some dyadic interval
of the type (3.4). Therefore, a general box

B =[0,by] x ---x[0,b4]

can be approximated by a lattice box B’ D B so that B’\ B lies in a union of d slices. By triangle
inequality, it follows that

discg(B) < disc(B') +d- max #{i € [2n] : x; € S}.

S: slice
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Taking supremum over axis-aligned boxes B and k, and using (3.3), we find:

sup discg(B) < TLQd—l—dgnz%x #{ie€2n|:z;€8S}.
B: box, k : slice

Set L =log,n. From (3.5), with probability 1 —e™*, we find:

sup discy(B) < Tlog2n 4 dIn(dn) + d(u+ 16).
B: box, k

Integrating the tail (see [15, Lemma 1.2.1|) completes the proof. O
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