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Isaiah Lankham Midterm #2 Date: __/_V_‘QL)(__LB_ 2005

You do not need to show any of your work or justify your reasoning for the problems below.

Problem 1. (Two points each) For each of the following statements, circle the appropriate answer to indicate
whether the statement is true or false.

(a) True o
The following is the definition of a function f(z) being differentiable on the closed interval [a, b]:

f() — f(a)
b—a

There is some ¢ € (a, b) such that the value of the derivative f’(c) is equal to

(TM‘ 15 the PVOP(’/*)' 9mamn+¢d b}z m Meéan Va/u ﬂlmtm.)

For parts (b)—(e), refer to the graph of the function f(z) given in the figure below:

i . l 'm ) ) 1
(b) True or 0 () ex1sts.(xi"3_ ‘F(O() #9‘;”:3* ‘F/“)) 5
4 -
(¢) True o f'(z) exists for every z € (-2, -1). 5 [
(we can't +ake o tangeat line near X=-1) o
(d) or False: f"(z)=0atz = -2.
(since £(%) s locally a shaight line near x2-2.) y+
(e} True or f(z) has five points shown in the : : : . : '
picture where it is not differentiable. 4 -3 -2 -1 0 1 2
(T)werf (124 Mly four such pm'mli.)
(f) True o

If flz)is a !unction that is differentiable on the closed interval [a,b], then the two-sided limit
lim #(2) = f(c) for any point c € [a, b].

(We Cant ne(essan'l) +ake 2—9,’«)&} [imits at Hu %Jpo/»/'r ’X:a,L.)
(g) True ofFalse)

If f(z) is a differentiable function on the closed interval [a,b] and f’(¢) = 0 for some point
¢ € {(a,b), then f(z) necessarily has a relative minimum or maximum at z = c.

(CF. F(0)=%", when %=0.)
(h) or False:
If f(z) and g(z) are two differentiable functions, then (g - f)'(z) = g(z) - f'(z) + f(z) - ¢'(z) by
the product rule.

( This is )‘ws# Do shatement of 4he Product /?u[é.)
(i) True oriag
If fx) an! g!:r) are two differentiable functions, then (go f)'(z) = ¢’(f'(z))- f(z) by the chain rule.
| '
(Ta_Chain Rule shales Nak (30£)'(%) = 9'(F1)) - £ '[x).)
(j) True or
The Mean Value Theorem and its generalizations were developed by several prominent European

Mathematicians (most notably Joseph Louis Lagrange and Augustin Louis Cauchy) around the
turn of the nineteenth century in order to stress out American Calculus students 200 years later.

(The)' l'nskaJ duj Some o‘F Ih eqrb‘es# \,,,,,«L Oh »hu Pra,‘u Jefl'm""/'o»
of Y l;'m#—-ﬂe 0né w:j/l\ i's and sls___ﬁ" Nis P“'P()Se._l;',)
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You do not need to show any of your work for the problems below.

Problem 2. (Four points for (a); Two points for each response in part (b))

(a) State the Mean Value Theorem using proper mathematical notation:

I‘F F('X) Is a Con'/'l'nuous Fwncl/on on m GloSCJ ""71"9""“1
[o,b] that s also  differentinble o0n fhe optn initrval [a/L)J

Yhim B celab) st Flc)= F(bg—f(a)

-0 .
(b) Several consequences of the Mean Value Theorem were given in class. State two of them:

® We can Mm'gfwe)/ Find anL/'J&/’)'VMll'VES on [G/L],
(Up +o an additive constant, at least,)

@DTFf a diffeenhiably funchop s Inreasing [I{f/. J&&fea!:hj)}
Dn its derivabie 15 posibive [ rvesp. negative),

Problem 3. (One point per blank) Fill in the blanks in each of the following statements:

(a) The derivative dd_x sin(z) = cos(z) because the difference quotient i‘iﬁﬁi}:ﬂﬂ can be simplified
) 1
using the trig identity sin(z + h) = Sin ('X) cos ("l) + 605(9() Sin (l’) ) so that
sin{z + h) — sin(z) Cos (h) - Sin U’)

5 = sin(z) - "“‘"l:__- + cos(z) - m

*h
(b) Given aright circular cylinder with height h and radius r, the volume V = ’ﬂ' r

PA
and the surface area A = 2 Ty % + 2 mTr . Solving for h in the latter ex-

2
pression, h = (A -2 rr ) / ( Z'n'k) . Substituting this into the expression

for V, we can express the volume as a function of the radius r as follows:
A-21rr?
2 r
() £y
24ry 2 (A zqrr,)which has domain I € (O)OO) Or re (0/ iéﬂ'
(Jefana'n) on The a/’/’iuh‘u)
(c) Suppose that the limit lim f(z) exists. Then M f(z) = L means that for all £> Q , there

r—a r—a

exists a £>§2 such that if OLIIX"Q"(S , then I‘F('X)"L)<£

V(r) =

Extra Credit. (Two points each) The third derivative of the position function is called the J r ol

and the fourth derivative of the position function is officially known as the _Ia_ul_g__(ﬁpaf_"_uf{wmal)

(Four points) A Russian stacking doll (the analogy given in class for the Chain Rule) is called a
Maty /yosl(o. Doll , with a female doll called a “baboushka” and a male doll a “dedoushka”.
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Show all of your work and carefully explain your reasoning. Unclear answers will receive no credit.

Problem 4. (Five points each) Compute the following derivatives. YOU DO NOT NEED TO SIMPLIFY.

/——WL‘\) x I»Z'x’“ x
) %<<x3+15)(z2+2>) (2= [(42) 3x2) + (Pt 15) (28] - (xns)(mz) (84%°)

1227 -1 =
(12x7-1)?

—

-4

d 5 3 2 5 5 s J
0 g (Vo= 0757) 2l 2 (2 2x41)'s oc’) [5(2-5'+1) (¢a224) +5;<"L/

© L (27— 1) conta® +15) _@(Z'X ) (1247-1) +((,os (%°+15)). (S‘IXJ

(@) - (seela)) = %( (sectx)- tan (%)) =|(sec* (%)) sectx) + (seclx) tanlx)) ,Jca..@

Problem 5. (Ten points) Solve the following optimization problem using Calculus and clearly explain your rea-
soning: A farmer named Paul wants to put a fence around three sides of a rectangular field, using a
straight river as the fourth side. Given that Paul has exactly 1200 meters of fencing material available,

what is the largest possible area that can be enclosed?

(l) bjevhye /V]ax,'m/'ze /l'rea A‘:’X'(} €ncloScJ L)/ fenw 1'n p/c#*hr?.'
() Conshoint: We've Conshuined by having o Fixed
T Z’X‘F‘?’—' 1200.

(3) Cole'n‘l: golvfn9 \?: )200~2’x So W Can ?MW
expss Alx)= x (1200-2%) =1200%-2%"

,2 I‘Ver

(4) Oﬁl’lﬂ)l 5y A 'X) 1200-4% = 0 whin X= 300
e S——"]

Wt must hart Dot Y mayimum aHa IS medtrs
[A(zoo)znso,ooo,,,z]
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Show all of your work and carefully explain your reasoning. Unclear answers will receive no credit.

Problem 6. (Five points each) Let f(z) = s 1.

(a) Use the definition of the derivative to calculate f'(z). (HINT: Try wntmg f(z) =141 first.)

) Flxthy -~ £(x) I+ 1+~ X+h
Eloy=Jim T ( ’“) (3) o w

bim . _l ' _
- K- (x+h) _ lim ),m J _ '

= he - —_— — . 5
T (xthy | PO hexlxen) T W30 x(x#l)” x*- SvJ‘f/K)- x z
(b) Find the tangent line to f(z) when z = 1.

Slope * £'(1y=—=(1)"* Tangemt Line @ X2 has the
) 41 =2 QQMA')‘D» tg—-z:-[. (9(‘/)

Pomnt 1 £(1) = T =2 or %—HS/

(c) Prove or disprove: the tangent line found in part (b) passes through the point (3,0).

Writing the eg_udv‘oh for e +an90m‘ ling i part (b) as

W) =-x+3, note 4hot W (3)=-34320 5o fhat Hhis "’.

(d) Find all values c satisfying the Mean Value Theorem for f(z) on the interval [%,2].

Cl&ﬂr)): Fix) is Jlfpe}m%a}?lt on [2 27 so Dot we con ‘W;'
’“\2 MVT 4 964’ fhat 3(6 (' 2) s+t 'F(C)"‘F(Z) 'f[z)

I.ey -¢? = ~] So J’AmL C=i’})>w"‘ £ OnI;

(e) Sketch the graphs of f(x) and the tangent line found in part (b). Graphically verify part (d).

=-1.

j’&\f /E:L%r:%l] o NOaLe Yhat The -J-ﬂn,&m'-
,’L,.::’@e";;] "’ / line @ %=1 1s paralle]
e 2. (ie, has $e same shpe m=-1)

/\-;' i z'f;\\: —>, as A Secant line connevhing
flx)—s"> (z,—F(;)) and (2,41(2)).

(f) Recall the Power Rule: (")’ = nz"~!. Can we find an antiderivative for f(z) by just “revers-
ing” the Power Rule? Does anything go wrong? (HINT: Try writing f(z) =1 + z~ first.)

L5 we "'V)‘ vevevs,@ he Power puLc on ‘F[%) Wt }61" Yhe

-141
Qn¥ A(’/rsvahv-e X+ _l):fﬁ-- X +._O- w)‘,ol\ yyml:es no seénse

51 W Cant J:v‘h e ¥ :
o by 260" (Well see thot X+ uln) is a0



