Non-Asymptotic Theory of Random Matrices
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rectangular matrices
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1 Large Deviation Inequalities

Let A be an m x n subgaussian matrix with entries that are independent
copies of a subgaussian mean zero random variable x with variance E[z?] = 1.

Problem 1. Compute S1(A), S,(A), the best numbers s.t.
Sn(A)l|z]l2 < [[Azllz < Si(A)[[z]l2 Yz € R”

(S1(A) = ||A]|, the distortion of distance under A.)

1.) Asymptotic : n — oo, ** — y >0 (General : EX?* < o)

S1(A) =~ vm + V/n,
S1(A)

=

or

—1+y a.s.

Sn(A) =~ vm —+/n,

3

or \/m) —1—-y as.

See [1] for the Gaussian case and [3] for the general case. Note that this
says if y is small (if A is tall) then A is almost an isometry.

2.) Non-Asymptotic
We proved : S1(A) < C(v/m + /n)  with high probability (w.h.p.). We
will improve this to

vm—Cyn < Si(A) <vVm+Cyn  w.hp.



Previous Method:
S1(A) = max ||Az||2 = max Az
1(4) zeSn—1 [ Az]]2 xeS"*l,yeS"*1< )
e Then discretize the spaces (e-nets)
e Prove estimate for fixed x,y in the net
e Union bound

This would not work for lower estimates (Ax,y) = 0. This will work with
||Az||2. Az has independent coordinates (%, z), k = 1,...,m where 2}, are
the rows of A:

m

Azl = (@, ).

k=1

Note that (#,z) are i.i.d. subgaussian r.v.’s and (7}, )% are not sub-
gaussian. In fact, we actually have

X subgaussian < X>subexponential
Definition 2. X is a subexponential r.v. if
P(|X|>t) < Ce™ Vit >0.

Exercise 3. Deduce a version of Lemma (Tails/Moments/Integer) of lecture

1
3 for subezponential random variable. In particular, (E|X|7)» < c3p Vp > 1.

Note that sums of independent subexponential r.v.’s are not necessarily
subexponential.

Example 4. Let ap = 0,...,a1 = 1. Then we can calculate the variance of
the sum:

E| Zakaﬁk\Q = E(Z apa;Ty) = Zaz
k k.j k
= [lal®

by the independence and EX2 = 1.



Theorem 5 (Large Deviations [2]). Let x1,...,zy be i.i.d. subexponential
random variables with Exi = 0,a1,...,ap, € R. Let T = ‘|‘|§|‘|‘;, (worst case
T =1, best case T < \/n). Then for all t > 0,

_CtQ <
P(Z lagxy| > t||al|2) < { ce fort<T

ce™ Tt fort>T

This theorem shows we have the following situation:

Subexponential Subexponential

Subgaussian

T 0 T

Proof. Estimate the moment generating function. Without loss of general-
ity, assume |alje = 1.

Fact 6. If X is subexponential then EeMX < eC1\? forA < C
(For Gaussian, holds for all \)

Proof. We use the Taylor Expansion for the exponential: e* = 1 4 x +

> oo %Z;. We then have

. \2EgP
p!

EeM =14+ EM\X] +
p=2

<14 (AP <14+a) if A<a
=2

< eCl )\2



So then

P
pi= IP(Z apzy > t) = P(ed # Tk > M)
F P

< ef)\tEe)\ L OkTE

— ef/\t H Ee)\akxk )
k

IfA< i €l then A\aj < c; and we have

allo
_ ef)\t H eclx\2az
k
=e M40 Z Na?
k

—e M4 N2

Optimize in A = ﬁ =p< e% (subgaussian tail).

1.) Check: ﬁ < Cl et < 2C1c1

llalloo llalloo
We can choose 2C7¢1 = 1.

1

llalloo

—ct?

Conclusion: if t < then p < e, which proves part 1.

2.) If t > —1—, then we can choose A = S—

1
llalloc llalloo

Check that c;\2 < %)\t.

- -t
Hence p < e = ellalls , a subexponential tail, proving the remainder of
the theorem.

O]

Now we want to prove with high probability,

Su(A) < ||Azll2 < S1(A) Vo e S

where
m

14|13 =D (@i, o).

k=1

4



We note that:
L) E||Az|3 = m - E(z}, 2)*> = m - ||z]|5 =m
2.) Deviation :

JAZ]|3 —m =Y ((#,2)° 1) =Y =
k=1 k=1

The (4, x) are subgaussian, by the Lemma, and the (z},z)? are subexpo-
nential.

Corollary 7. Let x1,...,z, be i.i.d. subexponential mean zero random vari-
ables. Then

R ce=®  fort<n
P(— >t) < -
(\/ﬁ’;xk’ )_{ eVt fort > \/n

Apply the corollary for zj, for every x € S™~!
1
P (W || Az[|5 — m| > t)) <e ™ ift<vm
Discretize 5" : Let ' C S"~! be an enet, |NV| < (2)". Then

1
P <3 reN: ’\/EHA.%”% —mD < |J\/’|e_Ct2

< el log %—ct2

—ct2

3
<e 2 if ct?>2nlog=.
€

Now set

/ 3
:=cy/nlog —
€

We proved with probibility that V = € N:

| Az||3 t n 3
1l —— — e/ Lo 2
‘ m <\/m Vo *8e

For the whole S~ ! every z € S"~! can be written as,

z=z+u, xzeN, Julz<e



Then
[1Az[l2 — [[Azllo| < [[A(z = z)[l2 = [[Aulla < [JA] - lull2 < ev/m - 2¢

since || A|| < e(v/m + /n) < 2¢y/m where m > n.

So
Az||? 3
VzeSt 14212 -1 < cw/ﬁlog7+2ce
vm m €
Finally, we optimize in ¢, e = /2 < ¢/y /1> log 377”

Theorem 8. For a subgaussian matriz A, % =y

1 n(A 1
1—c,/ylog—§s( )S <1+cy/ylog—
Yy Yy

with high probability.
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W
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