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124 3 Conditional Probability and Conditional Expectation

k
P.(0) =114

itioning oh X yieldsthe recupsion

Pe(j) L+ K= jJXe= 1pe (X1 + -+ + Xie = j1 Xk = O)gi
P{X1+ / + Xl = j — §Xp= i

+ P{Y1 + 4 + Xk—1 = j| Xk = O}qx ,
=P\ # -+ Xe-1=jA Npe + B l+"'+xk—l=/fﬁ]k
=Py r-1G — D +q fr-1(j !

Startingwith P;(1) = p,, P1(0) = q,, the preceding equations Ean be recursivel

«d ; ) a,l..‘f “Tle Secretfary Crablew. T .
Example 3.23 (The Best Prize Problem) Suppose that we are to be presented
with n distinct prizes in sequence. After being presented with a prize we must
immediately decide whether to accept it or reject it and consider the next prize.
The only information we are given when deciding whether to accept a prize is
the relative rank of that prize compared to ones already seen. That is, for instance,
when the fifth prize is presented we learn how it compares with the first four prizes
already seen. Suppose that once a prize is rejected it is lost, and that our objective
is to maximize the probability of obtaining the best prize. Assuming that all n!
orderings of the prizes are equally likely, how well can we do?

Solution:  Rather surprisingly, we can do quite well. To see this, fix a value
k,0 < k < n, and consider the strategy that rejects the first k prizes and then
accepts the first one that is better than all of those first k. Let P (best) denote
the probability that the best prize is selected when this strategy is employed.
To compute this probability, condition on X, the position of the best prize. This
gives

Py (best) = Z‘ Pe(best)X =i)P(X =1i)

i=l
l n
= ;Z Pi(best| X =)
i=l1

Now, if the overall best prize is among the first k, then no prize is ever selected
under the strategy considered. On the other hand, if the best prize is in posi-
tion i, where i > k, then the best prize will be selected if the best of the first
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k prizes is also the best of the first i — 1 prizes (for then none of the prizes in
positions k + 1,k +2,...,i — 1 would be selected). Hence, we see that

Pi(best|X =i)=0, ifi <k
Pr(best|X = i) = P{best of firsti — 1 is among the first k}
=k/(i—1), ifi >k,

From the preceding, we obtain that

Pr(best) = k En 1
k " n. i—1
i=k+1

S |
"'—/ —dx
nJr X

=Elog(n_l)
n k

k

n

Now, if we consider the function
x n
g(x) = ~log (;)
then
, 1 n 1

g'(x)=~log (=) -

and so
gx)=0=>log(n/x)=1=>x=n/e

Thus, since Px(best) = g(k), we see that the best strategy of the type considered

is tollet the first n/e prizes go by and then accept the first one to appear that
(is better than all of those. fln addition, since g(n/e) = 1/e, the probability that

this strategy selects the best prize is approximately 1/e = 0.36788.
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