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• Last class , we proposed a semidefinite relaxation :

semidefinite program
,

tractable
combinatorial , NP hard ↓

↓

Max Eaij Ring ≤ wax Eaij Zi; (*)
Ri c- 1-1-11 4J 730

,¥
Zij Zii=1 Hi

• We will prove tightness : Rus ≤ c. Lies .

• But before that let's rewrite (*)
in terms of :

• Def/Prop The Grei✗ of vectors un
,
. .,vnEÑ is [ '<vi.Vis)É= ,

=\ It is always PSD . (DN) :

conversely , tnxn PSD matrix is a Gram matrix of some

vectors 4, -gun C- LAI . (DCY : consider the square root)

• In RHS CD
,

2- = ((vi. vj >]
,
Iii = Hiii> =/NINE⇒ Hi ⇒

^

max (**)
RKS (4) = ui⇐RnEaij(viij

unit
.

SDP ⇒ tractable (nooo's of variables 6)

• We will work out tightness of Max Cut :
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SEMIDEFINITE RELAXATION OF MAX CMT

[Goeman } - Williamson '1994 ]

• Recall from Cec
.

16 that for a graph G with adjacency malrxfa ;D
,

Max Cutler )=É
,
max Éaij( 1-aim ¥≈→
z
,
⇐ {-1-1}%i# =

• According to (*≥ a semidefinite restoration is

SDP (G) = 4- max
É aij (1- (vi. Vi > )

.

Vi C- LR
" I,j= ,

unit

Trivially , Max.cat (G) ≤ SDPCG ) (4--4-1,7%-3) (*)

• Solve SDP, How do we convert solution (ri ) to Gi ) ?

-11 random

•

"

.Rany
" ↳hyperplane .

- L

let g. ~ Nco , In) . |tr→sign(v
rotation invariant

• Proposed alg . :

y
(a) Solve SDP (G) ⇒

solution ⇔

(b) Randomized rounding : ai Sign ( vi.g> .

Output partition : i¥j:x=-
Accuracy :

TkM=2eexpectedceᵈoffhisparkHon≥o.878.MaxCut(f÷
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n

Pf Expected cut __ E- ¥ ,%,aij(1- king)

= ¥ .É⇒aiiG-EY÷) ⊕
F-signori ,g> ( vj , g)

= ?

tear (Grotheudiedésidenhty)VÉÉR ,n g~NG.tn) :F-signlu.gr?signSYg7--2--arcsinSu,M-
☒talon invariance
⇒ WCOG

,

Yu c- 1122

vt
⇒ g~NCO.IN +

g↳ g /11GHz
= :O ~Uuif(circle) .

Then trigonometry CDIY) .

"=

:÷:::::::::::÷:::÷÷⑤ ¥ ,⇒aij ( 1-¥ ceresin /viii.7)
= f- Eaij.2-arccoslvi.ir;)

?⃝ 0.878 - & F. aij (1-14,4-7)
→

SDPCG ) Z Max Get (G) . QED
.

ftp.2
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