
LECTURF-2.co/astdass-
: spectrum of a random matrix

Tv : nxn symmetric , iid entries/ ⇒ histogram of eigsffnw) →=
"semicircle law

"

.

today : sample covariance matrix
^

,

\

En -_tnIÉ✗i✗I
. i.÷;

'

where ✗in NCO , Id) iid¥ .

^

d=3O0on=10÷
""f{×. _ . he}

p { ✗ c- la,b7)11
- E.

'¥

'mara%*,÷É÷m
,

If dln → F- C- (0,1) as h→x ,

the histogram of the eigenvalues of En converges to the densitypm.gg#zp-nja.,a.FJ,.a.a..uherea--d-rr)Tb=@-rrJ
.
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BACKGR°UND_

① Eigenvalues of a dxd matrix M :

• a # (M - 2- I) = Xi (M ) - 2-

• ai (M
" ) = Him

•

Xi (A +B) ≠ Xi (A) + Xi CB)

② trace :

• trcm ) = ¥2
,

Mii = £ he
k= , [ eigenvalues of M

• linearity : treat -1ps B) = ✗ tr /A) + ptrcrs)

• Cyclic property : tr (ABC) =tr(CAB)=tr ( BCA )
a a

• tr ( sent) = tr(six) = six =kxuE .

↳
~

number

• If gv Nco , Id) ⇒ EgTMg=tr(M )
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③RIF of the inverse :

• Sherman - Morrison formula i V-x.ge/-Rd :

rank I

@ +÷ñJ=m " - %;Éhi?
• In partialart,

yt(m+×yÑx=y_ T.TL?mI?Y---g-?I-q--,:-q=i-¥
,⇒

q

③ stieltjestransform-ofar.ir . ✗ :

• s(⇒ F-¥2 ] ,
2- EQ

.

• Ex : if ✗~ Unit { in , -→ Xd } , scz> = d- ÉE
,
¥-2 . (*)

• E± if ✗ i=eigs of M, ¥z=eigs of @-ZIJ
'

⇒ sc⇒=Itr(M-zI
• E± : if ✗ has density Pmp , s(⇒= [%É¥dx= tZ-r+-4zr÷(r⇒
• S.T. determines the distribution of ✗ u-m-qu-dg.in

(a) if ✗ nvnif { × , , . . .

, XD } then a. = poles of scz) ( see (x-D

(b) if ✗ has density Pln) , then " Stieltjes inversion
"

:

pfa )- himÉe .

Edo 2 it
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Proofofttptheorear (p- 1) according to ftp.Yaskov, Astro # 1- proof of the]M
.

- P
.
Theorem '

2015

• En :=±É
,

✗ ixit did symmetric .

Let ✗ ~ Uuif { an, _ . .

, XD } ⇒ Stieltjes transform :

eigenvalues ¥ In

• Sncz)Éd_tr(En - 2-I)→=⑤tr(¥F]iTzIJ
'

= f- tr A
"

.

11 !!

f) if ⇒ limit r A

• Sm ,
(E) = trÉXiI)" ≈ f- tr B-

'

⇒ tr A-
'

≈:trB
'

.

"

I is

• ✗ñÉ*n=Xn(B+*n*iJ"*n= 1- ~¥⇒n (Sherman - Morrison)p . 3

• Xn is independent of B ⇒ conditionally on B,
R2

EXT B-
'
✗
n

=trB
'

trail
.

55 concentration

✗I B-
'

✗n

• ⇒ XIA"✗ ≈ 1-1-
I + tr A

"

Similarly , ✗IAI ≈ sake .

Sum them up ⇒

¥
,

XIA"✗a=nl ' - ¥rcn
# Encumber

tr( ÉE, XIA
_ '

✗a) = tr(ÉYIA") ( linearity & cyclic properly)
-
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= tr / (A+znI)A ") = tr ( Ia -12nA
"

) = dtzntrAt

• We showed :

d+zntrA
"
≈ n[ 1- 1+1^-7-1 }

=Quadratic equation in TRA
"

.

Solve
,
use sn(E) = f- trA-

'

⇒

{ (z)=ᵗZ-r-Ñ-Ñ Same as for Pmp CP- 3)
2

Uniqueness ⇒ QED
.

Rigorous Statements : Move them to the front .

• Semicircle law : with probability 1
,

V- internal la , b) CR :

am H-tiisxig.tn?gc-l9b# = a.

,

f Psc (a) da
Psc÷,÷n→•gg←,a,,,

°

gray, ma ¥1
✗

D.Hela , b) } where ✗- Unit hi, . ..in}

•MÉw : with probability 1, t internal lab]aR :

6
# [ i : tildeng)

← ↳ 'b) }
fpmp (a) dalion-=

nor
a

↑

fraction of eigs c- la , b) fraction of area ,
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