
LECTURE 30

-

Last class : matrix concentration inequalities .
We upgraded

(scalar) Koeffdinf inefuality : let a. be numbers ⇒

-1=4iidfpf.EE?aiHt3--2expfE),ahereE--&ai-#i-
↑:±÷÷:i:ii÷÷;:÷÷i÷÷T_i:÷;:

↑
• TheÉpgra_de =D .

Is it big ? Curse of H.D. ?

P{ 115nA ≥t}≤2exp( logd - ᵗ÷) = £ ⇐ 2 in KD .

↑
choose t = 20¥

115nA ≤ 2056yd with high probability⇒
↑

the cost is logarithmic -3

• Expects ? Recall the integral identity for tf r-variable 'Z≥o :

F-✗ =§P{× ≥ s } ds

Ell Snk ≤ (EkSnÑ)" ( ↳ norm ≤ Lz horn ) . (*)

F- Hsn 112 __§RÉkSnÑ> s }ds §2d.ee/p(--s)ds--4Eda0J' 202
§

too large !

- I _ not logarithmic



• The loss occurs for small t
.

For example, for t⇒,
M.tl . / gives P { - . . } ≤2¥

Useless! The trivial bound

p{ - - } ≤ 1 is better
.

• ⇒ Use the trivial bond G) for small t
) / For simplicity , letF- 1 .M.tt 'S bound her large t .

So

F- ASnH2≤ f p{NSnÑ≥s } ds + ↑ P{ " Snk≥s } ds
◦

-4
'

s
.

¥
2d exp (-5/2)
✓

≤ So -14 dexp (-50/2)
.

Choose so __ Zlogd ⇒

≤ 26yd -14 ≤ 86gal (d≥2)

For general T :

Etlsn IF ≤ 8-Floyd (DIT )
.

def. oft in A.A. 1 ↓

CE tf dxd symmetric matrices Ai,EKFEIAilk-8logcdkZ.AE#-=i=
• This is a matrix version of the scalar identity

F- (É÷aiJ=IÉaE Has c- B
↑

var (sum) = Sum (var)

• ftp.t ⇒ Elka.AiÑ≤ 3¥ HÉ
,
AFH ?
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• Similarly, we can upgrade Ches inequality (KW)
and Bernstein 's ing . from Oct

. 3,6cm

Iatrixbwm-amotycm.BYLet ✗ i be independent, mean Zero, symmetric dxd random matrices.
.

Assume 11 ✗ill ≤ 1 with prob . 1 Then lftzo :

/ * { t.E.x.tl ≥t}≤ zd.exptqE.AE )]↑
minimum

where 02--11 ,É
,

Exit .

absolute constant> ◦ (see them 5.4.1 in book)i-ma-rixva.in#l
maximum

• If we choose t=Co%n£ Ckhgd with a sufficiently large absolute coast C,
we get Ph - - . } ≤ Xd ⇐ 1

.

⇒ HE ✗ ill ≤ C} + Cklogd with high probability
• Also

,

in expectation ( argue similarly top .D:

CEEHE.xika-COT-klgd-J-i.gl (Dii )

A A VERY USEFUL TOOL . No assumptions on random matrices ,
- no independence ofentries !

APPLIC.AT/ON:GMMUNlTYDETECT1oNlN1VETW0RI
&

Lee
.
8 ( Sep .la) : a network is an (undirected ) graph

vertices edges
I. ↓

G=(v
, E)

• Examples :
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Internet network

opte.org
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Twitter network

opte.org

-5 -



• Problem : find communities (clusters )
.

-

• Lee 8 ( Sep 19) : a mathematical model of a complex network

= random graph .

• Erdos - Rényi model Gcn,p) :

- -

n vertices; connect each pair i≠j prob . p independently
n= 200

,
P=

'140
.

Pre of Gcn,p) : elegant , simple model

Gn_ : too simple .

No communities .

How to model communities ?

• Answer : allow diffiEq of edges
n/2 BOYS nlz GIRLS

¥-1 "stochastic "

:X :
'

.jp
'

-

- .

'

i
.

. ;
' Gcn

, p,9)
'

C ,
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E✗ : G (h , p, g) with a = 200
, f-

Yzo
, 9 =

'too
.

COMMUNITY DETECTION PROBLEM ;

Given a random graph
drawn from a SBM

,

find the 2 communities .

• Unsupervised learning
• For what pig is this possible?

and how ?

leg for p=q : impossible .)

•

Key to success :

randommat-ri-heoryD-e-tthe-adja-engmatri-x.tt
of a graph G = ( V

,
E)

{1,21. . .in }µ is the man matrixwikenfn.ME#Aij--{
^ if ④ j) c- E

ocfnot•i;_

Example : Adj . matrix of a SBM → Brzoska
,
Fischer

,
Lentz
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