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COMMUNITY DETECTION PROBLEM ;

Given a random graph
drawn from a SBM

,

find the 2 communities . Key to success : random matrix theory .
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D¥ The adjacency matrix A of a graph G=( V. E)
- -

i¥

/ has entries Aig. = {
1 if ④ j) EE

• •
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0 if not
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• If G is a radon graph (SAM) , then
= -1

A = Symmetric random
matrix

with independent Bernoulli entries : Girls
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a≈EA=¥%|:÷iµIf °p◦P qg
!! / =:B .

↑
matrix qq pp

concentration,

?⃝B) =C÷)n ,
us "* CE)" "%¥ *)

aetfs .
determine the community

⇒ by Davis- Kahan inequality, membership !

V2 (A) ≈ V2(B)

⇒ theigÉA recover the community membership.

each person
Ras na friends in own community

,

to friends in the other.¥

TUI-kommum-Iteds.us#--a/n,9-- % , where Kaisa .

Assume @ -672 ≥ Calogn
£
absolute constant, large enoughmwinm.eu#g..zo.aqma-q-&--m-sAn-top eigenvector of the adjacency matrix of

Gcn
, p, g)

recover the communities with 99% accuracy
↑

i. e. with <0.01 n misclassified
vertices
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Prot WTS A≈B . A -B -_(A - EA) - ( B- EA ) (o)
→

-

I
• IIDA -111 !Pg;] // =p≤I .

p.IN
,

Hp .IN/l=pc- I

• Decompose R entry - by - entry :
'

if
00 O O O

• R= I Rij Ziej where 2-
g.
= i - 0010

j - on ◦ ◦
=eiÉ+ejejT and g.= I

- E

icj 0
↑
◦

= Sum of ihdep . random matrices
◦ ◦ ◦ °

canonical
basis of 12h

• Apply Matrix Bernstein inequality (Cec .
30) :

HRH ≤ Corfu + Cklogn with prob 20.99 (*)

where F- HE.EE?-yi..?jTHillZiill
≤ *

¥31M)
I ⇒ K=l

◦
iii.
◦

i - o 100 (check :@ ieit-e.es?)2-- . . .
←DIY

. )
• 2- if = j - ◦ on ◦ =eiÉ-get

0 0 00

renamed ;

£
2⇒ Ej(RijZijT=

.Rijk.ee?-geE)--F.RijeieiT+ZRjieieijciY=&RiFeie
'T = É(ZR.jje.ie?RiFGymmety)i,j=I

↑ i=1 5=1

since Aii=o ⇒ Rii=0

⇒ 02=11 §=
,

( £ ERE )eieiTH = max É ERE
i-t.in 5--1 -42nF

← diagonal matrix i
-BeÑBeiñI win these entries

= 12 . Var ( Ber(B) + 2- Var (Bereg)) Berg) Berlp)

≤ n(p+q) = a-16 ≤ Za .

( since a> 8)
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this notation hides an absolute constant factor
.

(*,
• ¥ ARM ≤ME + hgn .

ftp.3)

Cop. 3)
• ⇒ HA -BA ≤ HRH -11 ≤ FE + logn + L ≤ Fyi .

z↑

( since bgn≤&¥≤
a ly assumption .)⇒ eosin ≤ rafn .

② Davis - Kahan ( KW 10 Problem 1) ⇒ ¥

•
_

" -

,

≤ HA-Bngap.CN 0=-15--4 E-¥ a ,=a-÷ ftp.2

gap,(B) = min (72-0,7-72)
- win (aÉ > b) = ¥ (since a≤ 36 by assumption] .

⇒ Hu - vN2≤✓ < (choosing const C. in the assumption large enough).

I

③ §
,

@i -vis ≤ % ⇒ at most ¥ of Cei -Ñ can be > In

⇒ Éa% of Cui -vi5≤ In
④

Irn Cli -Fruit
c- 1

-11 (x-p.2)

⇒ sign (ni)
- sign (ri) .

Seminary : with prob . ≥ 0.99 (x-p. 2), at least 99%

of coefficients of u = V2 (A) agree with the coeff . of v=y(B ≥
and thus correctly determine

the community membership.
QED

-
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