
LECTURE 5

• For general distributions, Chebyshev's inequality :

• Pr-qCM-ualityJV-non-negatiuer.v.X-i.iqP{ ×≥t } ≤ E¥ At >◦
.

Body tf see R can be decomposed as

← aarti} :{ A:*
⇐ ← *{↳£ }

+ a. {• < + ,
(
"
A " the indicting

Apply this for ✗ and take expectations on both sides :

F-✗ = F- [✗ I{ *≥ti ] + E[✗ʰ↓<t}]-¥
≥ t EI{ ✗* , = t.PL/--t} .

Divide both sides By t ⇒ QED.

•

BING.IV-r.v.xwihmean.pe#.sinequMwiana:PL1X-m1≥t } ≤ ¥2

Proof P{ 1×71≥t } = ☒ { Giant≥t2 } ≤ E(¥ ( Markov for☒xx )
= 0%2

. QED
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• QUESTION-fftbssafaircoinnfiu.ggP{ at least { N heads } = ?

• Solution's , based on Chebyshev :

Sw = #heads ~ Binom (N, E)

E.Sn = Nz , Varon )=

Chebyshev ⇒

plsn ≥ IN } =P { Isn -El ≥ } ≤ (I¥j =eosifN=8◦
'

• Son2
based on CCT :

%ÉT → "
'
" " " "!⇒ psi sn ≥ 3-N } =P { ˢN%÷≥F¥ }

≈ { g ≥fÉ, }
where g- Need

[
¥

•

≤ e-
ᵗ% =é (Gaussian tail : tea 4pA)

≈ 0.000045 if N=8

MUCH BETTER !

• But Sol . 2 has ag⑨ : the error term in CLT .

what is it ?

) :
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•
QUANTITATIVE CLT :

1M¥ (Berry-E) let Xibeiidrv
's with mean 0

,
var. 1

,

⇒ ftp.fn-E.xi ≥t } - P{gat } /
≤!fwmgwa,,,aµp=⇐µ,

L

• THAT'S SAD
•

; : taking this error into
account

in Sol . 2 yields probability

+ e-
%

↑ BIG

Not better than Sal . 't based on Chebyshev .

improve ¥ in CLT ?
• Can we

-

⑧ : ☒ Exactly Nzheads }
=P / SEE }=Ñ(Ñz)=t①

while P{g=o}=⑥É
err.ir ¥ is unavoidable .

WHAT SHOULD WE Do ?
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Sidestep CLT
,
prove

a
direct bound

thy (koeHng'sifty) let ✗
± >⇒

✗n be independent

symm-Hflir.is ,
ie . P{ ✗ i =\ }

- Plxi = -1 } = % .thʰp{¥zxi≥t}≤exp(-É)tt=
↑

Gaussian tail !

• Apply HI far the coin flip problem ⇒

* { at least {N heads} ≤ e-
% (Ex) .

• Proof : next daises:
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