HOMEWORK 1
PROBABILITY FOR DATA SCIENCE, FALL 2022

PROBLEM 1 (EXPECTATION AS THE OPTIMAL ESTIMATOR)

Let X be a random variable with finite expectation. Show that the function f(a) =
E(X — a)? is minimized at a = E X.

Hint: check the identity BE(X —a)? —E(X — p)? = (a — p)?* where uy =EX.

The rest of the problems are about random vectors, i.e. vectors X = (Xy,...,X,) in
R™ whose coordinates X; are random variables. The coordinates X; are not necessarily
independent. The expected value of a random vector is defined coordinate-wise, that
sEX=(EX,,...,EX,).

We will use the standard notation of linear algebra, where (x,y) = > | z;y; denotes

the inner product on R", and ||z||, = \/{z,z) = (X7, 2?)/? denotes the Euclidean
norm on R™.

Let us check that the standard properties of expectation of random variables, which
you studied in the introductory probability course, pass on to random vectors.

PROBLEM 2 (EXPECTATION OF RANDOM VECTORS)

Let X and Y be random vectors in R"™.
(a) (Linearity) Prove that for any constants a,b € R, we have
E(aX +0Y) =aE(X) +bE(Y).
(b) (Multiplicativity) Prove that if X and Y are independent, then
E(X,Y) = (EX,EY).
This generalizes the identity E(XY) = (EX)(EY) for independent random variables.

Now you can prove the following generalization of Problem 1 for random vectors.

PROBLEM 3 (EXPECTATION AS OPTIMAL ESTIMATOR: RANDOM VECTORS)
Let X be a random vector with finite expectation. Show that the function f(a) =
E||X — al|; is minimized at a = E X .

Hint: extend the identity mentioned in Problem 1 to random vectors.
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As you may recall, the variance of a random variable X is defined as
Var(X) =E(X —E X)2
By expanding the square and simplifying, we obrtain an equivalent definition:
Var(X) = E(X?) — (E X)*.

Let us extend the last identity for random vectors.

PROBLEM 4 (A VARIANCE-LIKE IDENTITY)

For a random vector in R", define

V(X)=E|X -EX||;. (1)
(a) Prove that
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V(X) = E[IX]5 —[[EX];.

(b) Prove that
1
V(X) = SEIX - X'I3,

where X’ is an independent copy of X. (The latter means that the random variables
X and X' are independent and identically distributed.)

Recall the additivity property of variance: if random variables X7, ..., X are indepen-
dent, then
Var(X; + -+ + X;) = Var(Xy) + - - - + Var(Xy).

Let us extend this property for random vectors. We will do it in two steps.

PROBLEM 5 (ADDITIVITY OF VARIANCE)

(a) Check that if X and Y are independent random vectors in R" with zero means,
then
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E[X +Yll; = E[X]; + E[Y],

(b) Prove that if random vectors Xj, ..., X} in R" are independent, then
V(X) 44 Xp) = V(X)) + -+ V(X),

where V() is defined in (1).
(Hint: if k = 2 and all X; have zero mean, part (b) reduces to part (a). To deduce part

(b) in full generality, you may use induction on k, and consider X! = X; — E X, that
have zero mean.)
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