HOMEWORK 5
HDP KNU+ FaLL 2022

Hints are in the back of this homework set.

As in the previous homework sets, C, C1, Cs, ... and ¢, ¢1, ¢o, . . . denote positive absolute
constants of your choice.

The subgaussian norm of a random variable X, introduced in Lecture 13, is like stan-
dard deviation on steroids. The standard deviation o(X) = y/Var(X) captures only
the average spread of the distribution, but the subgaussian norm [|.X||,, controls all
moments, all tails, MGF, etc. (see Section 2.5.2 of the book). In the ideal world, the
magnitude of the subgaussian norm would be comparable to the standard deviation.
You will now check that (a) the subgaussian norm always dominates the standard
deviation, (b) the converse holds in some natural cases, but (¢) not always.

PROBLEM 1 (SUBGAUSSIAN NORM AS A VARIANCE PROXY)

(a) Prove that the inequality
o(X) <G| X —E Xy,
holds for any subgaussian random variable X.
(b) Prove that the reverse inequality
X = E Xy, < Cr0(X), (1)

holds for any normally distributed random variable X ~ N(u, c?), and for the random
variable X uniformly distributed on an interval [a, b].

(c) Check that the random variable X that has Poisson distribution (with any param-
eter A > 0) is not subgaussian. (Hence the bound (1) fails in this case, since the left
hand side is infinite but the right hand side is finite.)

In Lecture 13 we proved the integral identity, which expresses the expectation of a
nonnegative random variable X via the tails of X (see Lemma 1.2.1 in the book).
You will now extend the integral identity to all random variables X, not necessarily
nonnegative.

PROBLEM 2 (GENERAL INTEGRAL IDENTITY)

Prove that any random variable X satisfies
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In the Subgaussian Lemma we proved in Lecture 13, one of its equivalent parts requires
a mysterious extra condition that the mean of X be zero. More precisely, this part
says that if X is a subgaussian random variable and E X = 0, then there exists K > 0
such that the MGF (moment generating function) of X is bounded as follows:

Eexp(AX) < exp(K?)\?) forall A € R. (2)

(See Lecture 13 or Proposition 2.5.2 of the book.) You will now check that the mean
zero assumption is essential, and in fact it can never be removed from this property.

PROBLEM 3 (SUBGAUSSIAN MGF BOUND IMPLIES MEAN ZERO)

Let X be a random variable that satisfies property (2). Prove that E X = 0.

In data science, we often need to handle large number of random variables at the
same time. Suppose we have N random points sampled from the standard normal
distribution. Then, on average, the entire sample will lie within O(y/logn) from the
origin. This is quite a good bound, since the logarithm grows slowly! You will now
prove this bound in a general framework, for all subgaussian distributions:

PROBLEM 4 (MAXIMUM OF SUBGAUSSIANS)

Let X3,..., X, be sub-gaussian random variables (not necessarily independent), and
assume that || X;[|y, < K for all i. Show that

E llrllax | Xi|| < CK\y/logn.

TURN OVER FOR HINTS



HINTS

HINT FOR PROBLEM 1. Part (a) should follow straight from one of the equivalent
properties of a subgaussian distribution (see Lecture 13 or Section 2.5.2 of the book).
Part (b) is also simple; just use one of the equivalent subgaussian properties (whichever
is more convenient). For part (c), either use known expression for MGF of Poisson,
or show that the tails are too heavy by first noting that P{X > k} > P{X =k} and
then using Strirling’s approximation.

HINT FOR PROBLEM 3. Bound exp(AE X) by Eexp(AX) (how?), then use the as-
sumption for A — 0" and for A — 0~.
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HINT FOR PROBLEM 4. Bound Emax;|X;| by ]E( ?:1\Xi]”) /p; move the expected
value inside the sum (how?); use the subgaussian bound on the moments (Lecture 13
or Section 2.5.2); and finally optimize in p (or just guess what value of p would be
good).
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