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·Since IX =E(XP)" is a norm, maybe IX1= In (EeY) is a norm?

ND:homogeneityfails (Hw)
· A fix: Instead of defining a norm Hall, define the unitball B first;

-

·

.ses'
as (must be a snex, origin-symmetrics

-uw);

· B determines which rectors so have norm Helles

· Hen extend I'll toall vectors by homogeneity";
(A)

ButenanochrananewSMP
B=[xzV:1xU= 1] is aclosed ball.

- [?]

B =
=[rv's X:#e*=2] is convex, origin symmetric ->

1x11= inf4K: E =BY =inf4K:Eexp(/X/x)12] is a norm! O

More generally:

Ref Afunction 4: RT-> RT
is called an function if

A ↑ (x7
4is convex, increasing,

and

0 as X- 0 Xixf(x) ->( = a xx

↳yesentfunction the
askPravia X:

#4e
Thus

It If Y is an Police function, the "Dorm"

1X1y:=inf 4K0:E4(1x/x)
=13

defines a norm on the "race"

Ly==[rv's X:1Xy <03

· Ex:(a)4(x) =x =(P() f(x)=e-1 = >Ly> Xp21

- I - X-NCo,1) belongs to 44



·8. Whatis the biggest class of distributions ofX: thatobey n.1?
· For-,

t =2exp)- tyz)
(**)

's=>X:ntsatisfy that A
· We call such Xi an r.*'S

(PLAN)
↑

isnotthat holdssuchastheH
SUP

~In whatways? I

Space of(ub)gaussian
r.v's? (Habitatforgaussion better).

to

whatdo we know aboutgaussion?
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Let g-NCo,1). "Then:

② Is:PLIgKt3 2 zexp(-tY)
two.

② Mements:if p is even,
p/2

HW1 P S P

#g(p - 1)!!=1.3.5...(p
- 3)(p-1)=

P/z

land ofp=0, Eg=0).

=>IgM=(Elg()" - *p=1. [MUSTgrowtoo)

③ :
1e=eerYd= Es

(D1 -1)

0 Mofg":eck-teewam-2.4

↓
for Orlicz function

42(:
=e1, EM(Ig1/2) =1 => lgly,* 2.

() - (4) are equivalentfor
Idistribution!)
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mma (Susgandistributions)

Frandom variable X, thefollowing are equivalent:

P(1X12t) = 2exp(- t4k,) *t=0
(i) (tails):EK1:

(2) (moments):EK2:11X1p
= RzYP YpIl

(3) (T2):7Ks:kexp(xY/k3)-2

Moreover, if Ex=0 them (17-157 are equivalentto:

(4) (MGF): EK:
Eexp(xX) -explKx >ER.

Ar.v.that satisfies one (and Mus all of properties (1)-14)

is called subgensen.

Theproof of (1) =>(2) is based on

um (Integ,ArailFormula) Vnonnegative r.v. X,

Ex= p(x< t3dt.

x, x=yat= It

"Isee 3
letx=X, take expectation of

dt(Fubini)EX=x3 SIl

↑2- <X3.

-4-



oSulgaussian Lemma

(1) =>(2):WOGK.=
1

-

E/XP =[1x10> t3 dt [Integral Comma)I
Changevar "Sp dt=psds

=IP(1x<s}psds-
Yes by property (1).

=p(t-1)! (byparts -D1)

=p.pk-1 =p"
=>IXL = vP.

(3):whG Ke= 1

Eexp(XY100) =E( ] (plorseries)
↳

-E!
e)" (Stirling)

=E()
so

(3) =>(*) WLOG R=1.
Use eMx +eh FueR =

FebY =)+ex

·byassumption (*exxy-e

· If I = 2, Eesx=(ex (
S SDex12 = Nexl

truesince x=1

=>Ee=(Ex* exp(cenz).
&by proper"(3)

· If 10121 - DH. (or see the look).
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(4) =>(1) WLOG KG=1.

P(X =t3 =P4e= elt3 (multiply byx20 and
exponentiate)

EebteX (Markoub
e
Nex" (Property 4)

=exp(y*-st). Minimize in x =x
=+2 =>

zexp(-tY4). Repeat for -x => RED

QUANTITATIVE ASPECTS
-

·Subgaussian is a qualitative notion (yes/ro). But:

·Ka, K2, K, K in Susganssian Lemme

are all silent up toabsolute const. factors:

ki =Cijk, Fi,j =1,2,3,4 (CRECK!)

= they all capture the some quantity.
· We call this quantify the subgaworm

·Why rm?The smallest3 in property B equals

DXy2, the Orlicz norm for Pc(x)=e- 1

&)all oller Kis areequivalent ->

Silaestated:

(i) (tails):
P41X12t) = zexp(-IY) *t20

(2) (moments): 11X1 =CIP Op = l

I (3) (Yc): #exp(exYnx)- 2

Moreover, if Ex=0 then

(4) (MGF):
Exxp(xx) = exp/CIXxY * ERR.
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