
LECTURE19
-

·Lastdas:How to visualize a high-dim, distribution? (eg. human genome)

Xe r.vector, EX=0,Cov(x) =EXX=:E.

e.g. X:genome of a random person in the world

Eigenrectors vi ofI ="principal components"ofX

· PCA:reduce dimension RFR2 by projecting X
Ve

X
- .

onto span (v, V23 -
Vi

·PCAassumes thatwe can compute thepation cov. Matrix

I=Cov(X) =EXXT

average over population
But we don'thave data of all population. We have:

· Finite sample X,., XntR" ind copies of X. We approximate [by
-

IntXixi. "Sample covariance matrix
"

and hope thatPCAIsample) = PCA(population), i.e.

Xi (In) = xi (E) and vi (En)= vi (E). (A)

·geis u? n
=0(eyd)?n=o(d)?

COVARIANCEESTIMATION PROBLEM Curse of .D?

·OAL sufficesy;I smaller for -bwrank.
·PLAN 1.Approximate InE in operator norm
-

2. Use perturbation theorytoconclude (*)

-In



· By HW (operator norm for symmetric matrices),
·gar

HEn-E1= max I v+ (En-E) v I where SI unitsphere in Ro
VEsd-le

vie"u-vZu

· vEv =vEXX =#vXX =E(X,v)-
--

<Y,x,v)
· vnY =(Xi, 4)2

- 15.-I11=max1-E(x,
v= Sdrl

!
Elub random variable.

· Eluvegan process indexed by vesa-,

· Compare tothe Brownian motion (a.k.a. Wiener process

(B(t))t=10,0)
inbytime.

Imax (E(v) II?
· EB

=F.
V=Sd
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·Difficulty:a continuum of points in Sat. -> Discretize:
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THEE-NET METHOD
-

↳gardensathas an

are
an ...it↑

=> i.e. YpteSat is within dist. 9 from some di:

*be Sat zi:Me-zilla-S

centered atsi cover
Sa

↳)E-balls

ithm " · Choose Fr

· Chooseful, atdist from s
S E

·Choose Fez atdist from 4, x22. ↑I · Choose Ys, atdist
from Exe, dn,MaI ↑ -

~

-

8&

Siop wherever impossible cover

·

Harthe(e-ballCenteredatbea
dietthe

E 112;-y 12 =2/2 si y
-) Ili-x,1z+2 =5.

But all be are aseparated by construction of
· All these balls lie in the (142)-ball · I
centered at 0 -> &

Vol(B(1+9/2)) 2 N. Vol(B(1/2))

=>n= ?-?=(***I
RemarkCovering - packing.
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opwanoxnaan ane

By def ofoperator norm, Eu-SA:

UAuA=lIAU. (x)
2

By def ofE-net, E REN:

Il x-ulz = E.

=>NAx-Aulz =1A(x-u) ly
=lAll- Ilk-alle (def of operator norm)

=HAII. E. (xx]

=>lAxellz =lAn-(Ax-Au) lz I lAulz-lAx-AuDe (Dineq.)

I IIAll-NAI. E (by (x) and (rx)

=4- a) IAll. -
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