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#Paradigm:High-dimensional data haslow-dimensional structure.

This allows us to visualize, think about datan, world;
lift the curse of high dimensionality.

EX. Human decisions are based on 5-10 values

·

Humanbefare
5-10 features de recognizee

High-dinspace R
:

↑
data & low-din manifoldM

How do we find, parametrize al?

How does our brain do it (in vision, thinking)?
How do we know itis true?From the eigenvalues of I=CovIx) =EXX:

· If data XEM+minar subspace ofdimension ran

then I has or nonzers eigenvalues:
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· If data X lies de to M, the cigs drop atir (butnot exactly to0

r ="effective rank"ofI

"effective dimension"of the data.
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⑳ Mathematically, how todefine the "effective rank" ofI,

- ·effective dimension" ofdata?-

⑪us Find thatsplits the area into two equal hatrel:

No Rigorously:

↳.Sameareen
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effectiveranamatix
is

1 ↳ d
eigs

-effective dimension of x ifI=cor(x).

Explains 50% of the variation of the data.

#

x(Erefaces) Data XrUnithimages ofhuman faces l

10,000 -d

En =EXixXie R

n =2000
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Eigenvectors of I = "eigenfaces"eigenvalues of In

same area

i
6 =effective dimension

6 facial features explain 50% of variability

·LD Paradigm -> in all ML results,

the dimension of the data can be replaced

by the effective dimension r (*d).

· Example: covariance estimation -> PCA.
-

we proved:a sample of size n =0(d) suffices. (L...)
We will prove;n=0 (r) suffices:"

-3-



remove badoutliers

e in IRPsuch that
-

mean zero ↑I letXbe a random vector

·

↓ . ·
&At10xbierge
in
L ↑

-

⑤

1- *EXx -

effective dim. IX,X
sample covariance; Xi=iid copies ofX

toward the proof:

Earl
I ~cyclic property of

trace

/ EXX =E tr(XX) =E tr(xxt) =trE(xx]
=tr(z)

P A

1x 1 matrix linearity
-is+22= 2rIEI.

is r N
--

- x
=1151)

def of r

To prove the, use insteininequality
(lastdasi):

Findependentmean zero
and symmetric random matrices Z:

thatsatisfy IzillI1 a.s., we have

Il E, Zill*cogd+Cklogd with proba0.99

where =IE, EZ?Il.
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poothi

11En-21=15(2) I
-

A ind mean O
random matrices

- use matrixBernstein inequality:

(gd + Klyd) if 11Xx-EII IK as,
where (A)

↑
hidesan absolute
constant factor

all equal

82 =12-z)2 =n1E(xxi -2)"

ok

ExxxexEI

- Y
I
IX? =10FIXI20rIE11

↑

assumption kemma

02nE(Xx-5)"<zorn 11211E Jo ABD
-> = 11... 11 120rnIE12 UW

K:1xx-2 l1 = M+11211 = 21r1121

sinequality 2=2001 III, as above

Substitute 2, K into(*) =

NE.-E* I(reland + r11EIlgd) -(i
MARKS 1. Logarithmic oversampling

is neededin general (HW)
2.No distribution assumptions on X!
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