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#(Ai'sInequality) LetX., ...You
be idmcBernoulliru's

i.e. P(X:=13 =P(X= =
- 13 = 42. Then

12x,ztexp(- Ftz0.

↑

"TheMGF method" (momentgenerating function).Pof i-↑-

·Let x50 be aparameter TBDlater (to
be determined").

· Multiply both sides of
the inequality by Jr and exponentiate:

↑(t,xizt)-exp(x,xi)exp(t)3
Marnosine. (s) =ettet

i=1

5-7

N xXi
<independence

=etxe
*all terms asthe same (identical distr.)

=etber(exx) ②? Where X-symernoulli
·
Since Xtakesvalues 1 and -1 with probabilities Leach,

Eexx =e+e *↑ DIY x42
"Momentgeneratiy=cosh(X) - C
function"(MGF) Taylor >X

① e
+xi

(es) =exp(-tx +r) =exp(tm+).
·Minimize in a for t=M:

"
⑦ety &ED1-



Example. In N flips of a fair coin, plat leastIN heads -expty)

itflip-head] -Ber(Y23
Proof: #heads =2, Zi where Z: =48 istail

Create symmetric r.vs:X:2Z:-1=httea-symer

↑[,=3 =(,(22:-1)2 exp(-() - exp)-).

nomorethe
-fet. symBernoullis
↳

HoeffdingA

Dark& Same mat method ->
2
- tY2

MWL

Kofding)
LetXe,..,Xu be independent

X,=(a,bi) vi. Then S
=EXi

satisfies
PSSw-ESpIt) = exp(=-a)

· This contains Roeffding we proved earlier (check!)

· And it works for a based can, i.e. for Xi-Ber(p) => Sw=Binom (N,p)

Ex. (a) PCt-biased coin comes up heads) =expl-I)
18) More generally, SiBinom (N,p) satisfies P31S-PNIONS =2exp(-20r) (uw)

XO?0
-2-



&

ATION:MEAN ESTIMATION

·

retentwecastor
in

Feein
· E=n, i.e. ed. Megared

error:

#(-n)=Var() =wrEvar(xi)=
=> the error is to on average

·Confidence interval? Chelysher'sinequality:

P(( =n) =3 =2 =E. Mch.
(tr/v)

· For Gaussiandistribution, we can get a
much higherconfidence:

if Xivw(r, =>awN(,).
Gaussian tail ->p[(n-u1 =3 =2)7 0

↑
Gaussian tail (Lec. 4)

· Can we get a similarconfidence

for general distr.?

SURPRISINGLY, YES:
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the Fort, I estimator i
=mx , .. , Xr) that satisfies

!(n -x) =5) =2xp(- ct)
if Xi's are drawn from a distribution

with

"meanM
and variance o

Here so is an absolute constant.

· With onlyfinite
varianceassumption, Gaussian power is surprising!

Roof = "Median-of-Means" (MoM):
-
-

· Partition the sample into blocks of equal size M NIMK

(Forsimplicity, assume Nis divisible by M. General case - nw)D

A.Xen:-
B1 Be Br

·Takethe mecen of each block; then take the median
of those means:

-

-
N

(*) Mj:=E,X :=Med( , ..., MA)i

(i.e. at least I of isare is
and at leastIwrestl

-

·Accuracy of each etj?
Mean M,

variance a=>

↳M
=
=En =4 =I&[Mi <M +E),start

chebyshev if we set k==t%4;note thatK-N by assumption

S for simplicity,assume t/4 is an integer)
·Therefore def of median General case -> UW

PE2M+} p(atleast of i's
axe =n+

-platleast a half of I-based
coins come up heads

=exp(- k/8) =exp(t/32)
3Cext on the bottom of p.2) O.E.D.

TheRemarks:arestriction t
i is necessary.
↳nw

② Can one constructthe same estimation in for all to simultaneously?

Notalways, see [GaborLugosi:Median- ofmeans tournaments).
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