
ENRE6

Previousclass.Hoeffding's inequality:
If X., ..., Xw are independent rv's such that Xie (a,bi) ti,

thenSw=,X;satisfies

EISw-EswI=t) =2ep(-a) Itso
· Example:XirBer(p) = a=0, b=1; ESw=N, t:=

N

Hence SinBinom (N, p) satisfies

14/Sw-pN)-(n =2exp(-20)
a exponentially small inN.

Today:an application for i REPANCY
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·Throw random points into the square (0,172
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·V subset I < 10,13", expected fraction of pt in I = area (1).
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.Why?NI:=#ptsin IT -
Binom IN, PI

P=Pha
random uniformpt-I}= area (I)

I

=>EN1 =P=N
=E(*) =P= =aea(t)

· cation: a probabilistic computation of it:

***(**) =area (I) =Ip

~Binom
(m, PI)

·

Mar.
-) =v) =(N)=

=>stider= You. Chelysher ->
area (1)

·(Y - P=) =0(Y)) 0.99 Ic10,2 (*)

--



· Q: does (*) hold for all Isimultaneously, i.e. is ittrue that

3PGXIcla:I-Area (1) =0(Y) <0.99? (**)

is there a "universal sample"?)
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· No:
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· Q:Does this hold for simple shapes, such as
I rectangles? YES

#rancy) Asetof independentrandom points, uniformly drawn

from the square 10,172, satisfies thefollowing with probability =0.99.

For any
axis-abinged rectangle Ic10,2)",

the fraction of the point

in Isatisfies

I-area (I)) ->C

· Reance for statistic:representative sampling:
Rage

S e.g. We want
a sample in which
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all age brackets and income bracket

- & ~

>income
are fairly represented
-
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PROOF "An epsilon-net method,"based on a mound
-
-

P(E, Ei) = E,P(Ei) F events Ei Es

El Ez

Want toslow: PLErectangleIker3-0.0
=P( rectang=) =I P(EI)

Ie rectangles
↑

infinite sum " E

① Discretize:

...setaesitwirestoane
P() - - P=1 =5) =P(IN1 -RN1 =ON]

Hoeffdingp.2
=2xp(-20) &10

-Fr" ifwe choose o=
a large absolute constant

③ inbound: union od

↑
V

4 Iegrid rectangles:( -P1) = 0) =2 P(1*-P=)2 d}
Ie gridres

IN"r =0.01.

We proved: PSY grid rec I: 1*-P==C}20.99.
O

Assume this event occurs
*
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④eximation"rectangle -a grid rectangle":

· Frectangle I lies in a grid rectangle I
will

4
area P

== Pj +.

# +c

-

(by Step 3)

=> P +I +a =P+c
↑

smaller larger
· Similarly, * =B -c(Di)

Thus: ·-Pl=C rectangle I. RED.

MARKS Q los N can be removed.

-

② Uniform distr. On 10,13can be replacedwith distr. on
AR

③ Rectangles can be replaced byothersimple shapes
such as

triangles, circles, ellipses...!a Theresultcan be extended toIRP:

↳-PIECE boxI

All these will follow from general UC theory (covered later).
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