
LECTURE 9
-

SMVARIABLES "Species"-habitat"
· numbers - fields

(Galois)

⑪redspaces. transformations-groups

Def A norm on a
linear rector space - E polynomials -rings

-
-

is a function 11.11: M - R s.t. r.vs-function spaces

I 2. Ill 20 Ex=Y

2. Kell =0 implies x=0

3. Ixxll=11IIs1
Fat V, ERR

4. (x
+yl)

= (x) +by)
I Thepair (V, 11.11) is called a

normed space
-

#(a) TheEndidean norm on
NY:

Fate=(wi (RY, N2) is a normed sp.

(6) More generally, for pate,
1), the den on R2: 4 P=X

p=2

111Ip:=(,kil)", Ill=max (eil-
unit balls ofl

Not a norm FP<1.

(a) ForpeChe], theAnorm
of a random variable x

IX1==(EP)
Y

S

11x1)
=ess.sup

/X)

↳P:=hale r.vsX suchMathapementofisvectors;
*

on the same prob. space My1z0
e.g:

=3rv's with finiteexpectations *
L= brv's with quite expectation& variance 3 -
↳=(r. v's thatare bounded a.s.}

L

mark:
a link tothefindspace (
riv.- function on 1 (prob. space),
-

expectation -Lebesque integral EX=(X(w) dB(W)
-



An importantclass of normed spaces is:

② Hilbert spaces
-

Def A (real) imoduct on a rector space M

is a function (7:HPH-RR sit.

1. (X,x) 20 *x=H

-

I 2. (X,x) =0 implies xtH.

3.(x,y)
=(y,x) Xx,y = H

4.(ax +bz,y) =a(x,y) +f(z,y) Xx,y,zfu, fa,6-R.

Et
Hilbert space is a needspace if we set

1x1 ==x,x).

Ex (a) R" will the Eudidean inner product
-

(x,y):=E,xiyi =>(x) =IIX1z.

(8) with the inner product

(x,y)==E(x] =>

x,x=(*(x2)*1X

③ Egeometryof random variables:

Consider the linear subspace

E:=Erv's X with EX=03 <L2.C covariance

On this subspace (Xit)=E(x) =ct(x,-1)
- A -

I * NXY2 =E(x3 =var(X)
7
--·

11xn
=vix) =+(x)

X

&Standard der
uncorrelated positively negatively

correlated correlated 1. Xhas smaller variance
-X than Y
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INEQUALITIESIOCauchy-schwarz-r.lt Hilbert space H
,

11mg> I ≤ Ilxlltlyll

For ↳?
,
this reads :

/ EIXY] /≤ 11×1211411<2 -(ExÉ€Ñ (*)

apply for ✗ ↳ ✗- EX
,

Y - Y-EY

lcovcxick-fwcxJ.ru#J .

② Kidder : more general than G) :

/ ECXY] / ≤ 11×11,11×11,9ftp.q?oip--'-q--1.p--9--
2 ⇒ (*)

③ TenS

MIC>ens-Es.3.letxeear.ir#
and 9 : R- R be a Egon .

Then 4I p

,tñ≤⇐⇔☒;÷>

(Ex , + (1-+7×2) ≤ tax,>+ (1-1-5*2)
EI-tho-ralnedr.ir :

RNE •

&

p{✗=a } =p , P{X=b
} - 1-P •

folks
I.I :

y [ pata
- p> b) ≤ plfla) -16-MY (b)

txieii-Hxz@def.ofconvexity _
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increasein
al
is come
by C.for XP

ITp9, f(x) =x

x (E1XP) =EG (1x0)
Il

CEIXIPYY =EIXY takt IXI IXay
↳

· is IX=IX
=es. suplX

22

->(">>(*-... 27.5

↳

·

Estsonf/s
this chain tight, i.e.

=
-) is it true thata

r.v. X whose all

absolute moments are quite (EIXP<*(must necessarily
be founded a.S.?

⑩:X-NCo,) is a counterexample: EIXI=ITixe*a
-

Converges PII
· How can we access the "gap" between 1 and ?
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