
Lecturers

last class
,
we noted that g~NG.is satisfies :

°

_

G) Plight } ≤ 2exp(-t%)
ft-20

(2) llgnzp -€-181B"P≤ if Yp≥ I

(3) E- eˢ%≤ 2

(4) Eek ≤ e'
% fat R

• today ,

we show that V-Ñn ,

G) - (4) are Equivalent :

" the following are equivalent
"

¥Étv-rv.✗,tEA:#

(2) (moments) : 7- Kz : 11×11 ≤ Rzip Hp ≥ I:::::::::::::::::::i| (µ, , ⇒ µ , ⇐exp(×%⇒≤ z

Moreover
,
if F-✗⇒ then (D- CD are equivalent to :

(4) (Maf) : 7- Ks : Eexp /xx) ≤ exp/ KIK)

V-xc-R.fis.calleds-l.SI#
?⃝ EX-0 13 needed in (4)

Varlx) ≤ HX- Exlly
,

- I - Poise Lyz



The proof of (1) ⇒ (2) is based on

6-c.CM#-iTDV- nonnegative r.ir . ×
,fE✗=[P{\>t}dt

T-vxe.IR
,

✗= [dt = § I {toe} ᵈt
◦

Tgif €2k }
let e- ✗

,
the expectation ⇒

◦ is *≥x

dt ( Fubini )✗= !TEᵗtᵗ,
IP {€ < ✗ 3 .
]

Proofofsulganssianlemma

p⇒§%aÉa
, :p at__pÉ'ᵈˢ

F- HIP = f R [ HIP > t } Dt ( Integral lemma)

= § P ( 1×1 > s } ps
'- '

ds

◦ ¥é2 by property (1) .

=p (E. -1) ! ( by parts
.
-DIY

≤ p . p%-
1-

=p
"2

⇒ llxnus ≤ Tp .
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GHI : whoa KEI

E-exp(x%o◦ ) = E / É⇔p?-] (Taylor series )
↳

= §g ;?⃝≤
ftp..jp

≤ É&¥÷④
4

@69 (Stirling)

⇐ É⇐÷J≤ £
1/10

(3) ⇒ (%-) VLOG K
>
=\

.

Use ≤ ✗ +
freer ⇒

F-e'
✗
≤ F- lax] + E✗2

TOby assumption
- If 1×1<-1

,
Ee

>2×2
≤ ⇐ex

-ji (
⇔(Eeñ× ≤ Eek
⇔ Hei?Hµz≤He✗2)
true since 72<-1

⇒ E- e'
✗
≤ (Ee✗)¥≤exp(* enz)
a-
2 by property" (3)

• If 1×1>1 - DIY .

(or see the look ] .

(4) ⇒ (1) WOG 124--1 .

p { ✗ ≥t } =p { e
"

≥ e
't } (multiply by a≥o and

exponential)

≤ e-
* EdX (Markov)
TNF ( property 4)

=exp(F-at) .

Minimize in ✗ ⇒ 1=42 ⇒

- exp C- -514) . Repeat for -✗ ⇒ QED
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QUANTIJATWEASPECTS.co
Scebgaussian is a qualitative notion (yes/no]

.

But :

• Ki
,
R2

,
Ks
, Kc, in Srelgcenssian lemma

are allct up to absolute const
. factors :

Ri ≤ Cijkj Hi ,j= 1,2 ,-3,4 (cheese ! )

⇒ they all capture the ≈ same quantity .
• We call this quantity the Logaeessiannorm

• Why herm ? Property (3) :
"

⇒ K
} Eexp(×YK%≤ 2

"

⇔ 7- *
,

: F- yzlxlk> ≤ 1

where 4z(x)=eEs is an Orlica function¥,

Hence the smallest Kz equals 4✗← subganssian norm
.

& all other Ki 's are equivalent ⇒

Subg .

lemma restated :

-

C) (tails) :
IP { 1×121-1 ≤ 2exp(_et%✗☒ At≥o

(2) (moments) :
11×11 ' ≤CHEF Hp ≥i

?⃝ (xD : ⇐ exptiinxu#≤ 2

Moreover
,
if F-X=o then

(4) (Maf) :
Eexp /xx) ≤ exp(CH✗1¥) V- ✗ c-R .
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