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one of the following equivalent properties hold :

(a) U is invertible and U
- '
= UT

(b) UTU = I::÷:÷:::÷::::::÷:(c) OUT=I

µ, µ a.www.guae.m.n.n.ae ⇔ , , , ,a§
MI (kÉ%¥w?

I
I

(a) all eigenvalues as > >z > . _ .
> an are real;

g, g, µ, gang, µ, , , a ,
a,, am

.n,magg⇒,n,g,?⃝
6€ (Spectraldecompin) tf symmetric nxn matrix A :

A = !É
,

Xi Ui wit where F- rank /A)

\

"ᵈ⇔"""ᵗʰʳᵈʰ&"ᵗ"ʳʳᵈ"ᵗᵗ"ᵗgTY x c- 112
"

: se = É
,

( ki
,
k> hi ( on - basis decomposition )

⇒ An -iÉ(vi. a)A¥ = @
✗ illicit) se

qui ¥
⇒ An = Bn the _A=B

.
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A = U . A . UT

REMARKS (a) Matrix form : 1
"

i °
. ui-

=
- Ui Yu

A- = UAUT I ° :
"

orthog . diagonal or hog .

t.EU.
Fu.

"" :

stretches directions Ui

Xi times

(c) Optimization form :

7th

Aila"u,u)=max SEAR
, f-argmax

t 1
u unit

Xz=(Augur)= Max ÑAn
,
E-argmax

KLM

unit

1- =/Auzihs> = Max
ÑAa
, Uz=argmax

21-41,47
• • a

• Unit

An=( Aun.nu> = min
ÑAa

, Un=agmiw
aunt
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SINGULARVALUEDECOMPOSTTIOII.tn
# (SVD) ltmxn matrix A can be expressed as

A- = É Tiki Vit (t)
i=l

where r =rank (A) and :

It
, ≥rz≥

. .io
" singular values

"
:

Un
,
. ,um€Ñʰ are orthonormal

" left_ singular vectors
",,µ,,m,mmmy,gmmyµ,÷

1-
( informal ) let's guess how to find Tini, vi.

• AAt=§TiuivÉ)({ Try# = -7.99 hiring.us?--iE0iuiui'-
Similarly , Lui ,y)={^ifiÑ

g-

ATA = EQ?Vivi
,

Thus :
i f(Moreformd,form=n=r)KIPIIY.ca?.??emeth%AA.'---u-nu#F- (A)=Ñ) = ÑÉAA

.

For simplicity
,
assume r=m=n

.
Set E :=Ñ2

,

it:=ÑUE
hi (A) = eigenvectors of A.AT

Vi (A) = eigenvectors of ATA
. ]

6m=A&◦(PsD)⇔q≥◦
SKIP

F⇒u,a≥◦,◦≤uia.µ=y,µ=%,µµg=,i" ⇐
"

: If all ✗ i20
,

ÑAx= §
,

>
i / Ui,Ñ ≥ 0

. ]
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A = mu
. 5- . ✓

T

REIKI (a) M⇔ form :
n n n

A- UEVT m m 4- m

"

-0in
. o-y.tn- - - -

- - - -

Orth
. diag .

Orth
.

(b) G¥ic form :

→→A
÷

'

rotate Kitui
& stretch Ui ✗ai times

(c) Optimizationform :

T,
= Max AAnne

,
V
, →may

sennit

022 Max l(Anllz
,

V2 = argcnax
-
.
.

set V2
unit

☐ 2
Max 11Anhz

,
v3 = aymax -

.
-

KL 14,43
-

_ ,

"MT r
-

^

on
= min MANUz Vu = axgmin
Runt

rxtREMFVALUESHAN.lk
In particular, a (A) = mayµ ,

RCA )= main
"↑%

• Maximal dish . of geometry ,

like in 3L lemma :

.

D. (A) 11kg4 ,
≤ RAK- Ayaz ≤ q(A) the -yllz Haig

"

11AM -g) U ,
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Pry For a symmetric nxn matrix A :÷É⇔
⇔. .

na(A)=maxNtAk,7nCA)=minxTArt÷11242--1 11kHz -_ I

-4 = org may
Un =

arguingattn = may
xtvnvtx = may @

NIA (Un)

= max Fly = max ExiyE
EyE= , i yÉ= : 2- i

y
unit 4Itdiaf ( 71, _ . . , Xu)= Max Eai Zi = max { u c- Cow ( ai ) } = miax ✗ i

EZi=1 = 72 (A)]
Zi 20

• Rennick : quadrate optimization problem
over sphere : tractable! Spectral
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o.V-mxnmate.in/A,applyBopfwATA-SK!Pa.kCAtA)--THAT
,

Ñ(ÑA)n=(An,Ar)= Nanni ⇒

" """ """ """
"⇔

" "" ⁿ"""""¥"¥]H×uz=l ✗
HXÑZ I knnii

• Maximal distortions of geometry ,
like in 3L Leanna :

RAR- AyNz= 11AM-53424-91 A) the
-ytlz

⇒
≥ RCA) 11k

-Me

prop-wehave-fmllu-ynza-HAn-Ayllf-MNa-yh.fm,where m=qlA) , M=oi (A) . These are best possible m
,µ .

•

lntermegdiatesayuearvaeues
:

on (A) = Max AAnne
,
4→mat . _ .

sennit

o.ca, _ maxima
,

v.⇒man . §set V2

☐ (A) 2 Max

rlly
,
v23

"Anh 2) V3 = aymax .

.
_

<
_

- ~

Tn (A) = min MANUz Vu = axgmin
Runt

?⃝
e.

www.ma.at#Mi--I-Ty!men.-cnxnA.v-k..-nnlA)--Max min ÑAa = min max xTAn

dimE=k KEE dnF=n-k+1 REF

unit unit

www.me.py.n.ae , , , game, gagman, *?⃝g§⇐=mmµ,,,⇔pan↳,,,µ,mm,,,µ,gm,µµ÷
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PrEp@eomehrcmeaniyofsiyularaes & vectors)

J,
= Max AAnne

, V1 →mathAnh
sennit a unit

↑
.
A-

Jz 2 Max l(Anllz
,

V2 = argcnax
-
.
.

set V2
unit

§ 2 Max

set 14,43
"Anh 2

,
V3 = aymax .

.
_

-
- .

unit|,,m,µ,µ÷agmÉ
N writ

In particular, a (A) = max "AnI÷ ,
TCA )= min

"↑%
a

R

• Maximal dish . of geometry ,

like in 3L lemma :

.

D. (A) 11kg4 ,
≤ RAK- Ayaz ≤ q(A) the -yllz Haig

"

11AM -g) U ,

REMAIN If A is symmetric , auction of prop for eigenvalues/vectors :

X
,
= Max NAK ,

U
,
= argmax - - .

a unit§ ✗zzmax xTAa
us = aymar - - .

set Un
unit
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A : mxn manyMATRIXNop.ms#De--fFrobI(a.k.a
.

Hilbert - Schmidt) noem :

kAHÑ=%Aij
= Euclidean norm on Rm" ⇐ Hilbert space ⇒ True norm

A)
( A , B) = ⇒ As Big = # (ATB) .

⇒ ( A,A) = 111-111=2 .

PI-pcorkogonalin-ar.net orthogonal U
,
-0 :

AUANE-HAVH.INT#tTUA1l,=--(UA,UA)-Ytr(AT,TY-A) = tr /ATA) = LA,A) = 11111¥
I

\

PI-PHAltr-2-ZT.CAT#↑
singular values

THAME 11 UTE VIII = HEHE = E
↑

diag Gi )
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D-e-tfthespedvalca.k.a.operatornorm.ggNAH = max NAnhz= max NANI
,
=

may "%÷
.kxhz=7 Mᵈᵈ2≤ \

TRUE NORM .

We showed ( pis) that q(A (*)

(a) Orthogonal invariance :
HUAHÉ 11A V11 -_ 11AM orthog U, U TDI-1

(
(a) HA"N=n TDIYJ

-""""=""E÷:÷±÷÷:÷:::÷:s
:I...
(c) 11A+BA ≤ 11AM + KBII (Ding .)

(d) HABILE MAN ☒B "
FAABang mail.tl Ball, ≤ 11AM

- NBA . "4)

(e) HAH ≤ NAME
≤ VE HAM (where Franken)

tats ÉTICAJ ≤ ra(Ai=l

(ft MAN = Max YEAR .

Ñzpz= max ytz , use for 2- = An]
my
unit

nynit

(g) A symmetric -7 MAN __ Max / atAal
ME '

T( DI -1))
i
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1¥Ñtm×nmatrixA-AÉtfHA -AH = %, ,
(A)

FAN = .IE, Tiki
✓it ⇒ A- An = §Éoi wire?

A-AaH = Max singular value (A-A* )
= Tux , ]

•Refik Moreover
,
Au is the best rank - k approximation

⇔

.÷÷
• tf B with rank (B) ≤ K ,

let P be the orthogonal

projection onto the image of B.. ⇒

NA- BA = A A- PBA ≥ Ha - P> (A- PB) A

= 11 ( I - P> AN

= HAT ( 1-D) 11 = max HAT G-D)sell
main I

YEF
Ayaz ≤ I⇒,,µ⇔n
= Turn (A) .

Reinach : Same for Frobenius norm .

- 8 -


