
LECTURF-24-tastclass-a.covariance estimation problem for ✗ c- Rᵈ
,
F-✗ = 0

.

• (Population ) covariance matrix : E-EXXT

• Sample covariance matrix : In-_±_É✗i✗iT , where ✗ i
are iid copiesof✗

In ?≈ I in the operator norm

• HE - EM = max / VT 2-E) v1 (Kw)
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• 7- e-net Nasa '

, INIÉCE + 1) =9ᵈ if we chooseK
• HE- EH ≤ 1- max I (In -E)v1
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•
For each v

,
SA) = sum of indep.r.ro 's . Use :

i.e. P{ Hit≥t}≤2expf±) ft
TKI-CBernsfeiris.in#aloty:lec.140ct.3)-/smaeeestM-- 11×1+1
If ✗i are independent subexam

•FEE. - Exist}≤z¥?mÉ,±⇒uhereoI.IE/lXi1Iy,,K--mqxllxilly&
Simplify :

If all ✗ i are independently distributed ⇒ 02--124
t=8n

P{ t.tn?Exi-n---xHo?gE2exp1-c.min(%af-i))=2expl-e.min( n]
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ALL TOOLS ARE READY TO PROVE :

Mm= (CovEEWtir) If ✗ in Nco,E) and n ≥ Cid

11 En -211 ≤ 0.111211fwihprobabilityatleasl-1-2e.cn#Pnoof--W.L.0.G
.

11211=1
.

① Fix any
re Sd

-

a.
←
"wit sphere of Ad .

✗ = mean 0 normal r. vector ⇒ # V> ~ mean 0 normal r. vector

⇒ * v7 - NG, 07 .

↑? Let's compute it .

F- EH,v5=vT(E✗✗T)v=vtZv ≤ 11211=1 .

⇒ p.IM/iH ≥ t } ≤ Exp C-¥, ) ≤ 2expft2)
↑

gaussian tail

⇒ P { IX.v5≥ s } = PKX.HR } ≤ 2exp( - s)

⇒ ( ×
,
v5 is subexponential, IKX

,
✓5114

,

⇐ C.

↑

• Apply Bernstein (** pit) for Xi = (✗ i.v5 , K=c , 8=0.01 ⇒

PHE.EE?j-EE4s-a.oB--2expC-cin)
② ☒ { max ISHI zool } ≤ INI . Zexpfén) ≤ 2expf %-)

VEN

9ᵈ ( ra) ifd<

③ The complement holds w/prob
.
≥ 1- 2exp( - a'%≥ when it holds

,

c-*'¥'s

11%- EH ≤ 2. Max / say ≤ 2.001
≤ e. 1-

.

VEN
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QED
.
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PERTURBATIONTREORYT-romE.EEto 7- (En ) ≈ ✗ c- (E)
,

4- (E) ≈ vice ) :
↓

THI C-weytisinegual-ityv-d.at symmetric matrices A, B :

maxl1(A)-xilB)I≤HA-BÉ÷
Eigenvectors : {%jsp%d%É"→p needed : if *• CA)≈xn← , CAS , perturbation

can swap the order of eigenvectors .

this

(Dais-k9aliBJµ
let AIB be dxd symmetric matrices , 1≤k≤

d
,

Pa := orthogonal projection onto span {VIA) , _ . ./ Ye CA) } and

PB := orthogonal projection onto span { vetB) , _ . ./ YetB) } . Then

11Pa- PBA ≤É- .

|✗k(A)-Xk(Ag
( see eg .

our BM papers

• Combine Cor
. Est . Thin (P' 2) with Weyl & Davis - Kahan

↓

SUMMARY PCA ( sample) ≈ PCAC population) as long as :

k k⇒ (a) sample size n is linear in dim d ( or larger)
HW (B) there is an eigengap : the top he eigenvalues ofE

-state? are separated from the rest of the spectrum .
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Exampled ; single-cell data from ( Aparicio et al . 2020]

↑
→

clusters
clusters

d
↓↓↓

- in

noise "

signal
"

Arik outliers
.

✗ ~N(0 , In)
.

- i. . .

'

.↑

E- In .

_

' '

,

'
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RF-MA-RK.si ① linger sample size n=o(d)
is optimal (MW )

② Normal distribution ✗ - Nco, E) can be generalized

to H subgaussian (simple - see book )
-

-

③S¥E ⇒ smaller sample size n ?

¥ : (a) trivially
,
if ✗= (Xi

,
Xi
,
. . _

, XD Then represent

✗ c- Rt ⇒ n=OCD.

(b) more generally, if data
is approximately

K-dimensional
,

k= OCD is enough .

[ Koltchinskii- lounici 2017] = Them
. 9.2.4 in the book

we will prove later@ version)
.
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• histogram eigs (En) seems → density as d. n - o,ᵈ
↓ compactly supported ! No outliers (good for PCA)

0

↓fH)=t×nÑ⇔=
where 7=1--6+-5×5
and ✗ =%

"

Marchenko - Dastur Lax # [1967]

k,7+→1ifx=ᵈ-→#
⇒ smaller noise

P* _

2--0.35 ¥+≈ 1.9




