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Lastdass An experiment : the spectrum of "wie
"
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Sample cov. matrix : In :=hÉ⇒Xk✗Ñ symmetric dxd random matrix .

Eigenvalues :

KEL-E-TTT-D.cl
= 3000

,
n= 19000

≈ density ?

general

④ what do eigenvalues of a random matrix look like ?
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RAND0MMATR1✗THEoRY_

Simpler model : nxn symmetric random matrixExperiments
win

. independent entries ,
e-5. ± ' :

↑
On and above diagonal

w -_ f- I eigenvectors of to :

E- I

n= 2500

- 25in 2K

↓

• not normal ! Compact support . Seemicicte :

ThM__ (semicirdelaw.E.wig-ner958-informd.ly :

let W be an nxn symmetric random matrix

whose entries on ¢ above diagonal are iid . mean quart.?⃝n,asn→•, the histogram of the eigenvalues of v÷w

converges to the
"semicircle density

"

Psalm) = ⇒TE on 1-2,2]
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For the proof -

BACKROUNDINCINEARALGEBRA-r.IO
Matñxinvrsin :

G) 2×2 : Mel :L. ] ñ=a¥t% ? ] ⇒ iii.==¥Td .

a)M=,=j ( check !
"

Schur complement

② Randomguad-t.fm : if g-
NG

,
In ) then

F- §My9= F- =,

Mijgigi = %ÉMijEg?⃝=ÉMii=tr④ .

" { 1 of i=j↳ 0 if itj

⑤ tr(m)=ÉMii=É
,
helm )

in

④ Cyclic property : tr CAB)=tr(BA)

⑤ 1i(M -D= ,i,# ; Xi ( M - 2-I)=Xi(M )
- 2- .
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TOWARDTHEPROOFOFSEMICIRCLE.LA# :

• Will observe eigenvalues Xi of a matrix A- indirectly ,
with a function (" observable

" )
.

• F⇒ (a) 5- (Z) = det ( A-zI) characteristic polynomial
(E) = roots of flz) .

More convenient is
-

w

C) flz ) =trrA-ez.tw#..--Eeigs(A--zIJ'-.7=xi----z-.(xi)--pol-esof 1-12-7
.

• Normalize : h-tr(a⇒Ij
'

_t÷""
"" "

D The Slieltjestransform of the distribution of arm. ✗ is

SCZ) := F- [¥z ] ,
ZEE

.

Ex (a) ✗ ~ Unit { an .. .in } ⇒ scz)=±É,¥z .

⑨ ✗ continuous
, pdfp ⇒ s(z)=%%?-zdn fu Residue

u

(c) p=psc lkimicirdo, p . 2) ⇒ scz>= 2¥ § TEE
-

-z
Iz

die = Did

FA-C-TSH-eltjestransfrmdeterminasttfsibuf-umquy.TK
particular

,
if ✗ - Uuif { oh, - > an } , (ni) = Roz of SCZ)

If ✗ has pdf p ⇒ pfr )- him (DN)
E- 2i*-

"

Stieltjes inversion
"
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PROOFOFSF.MIL/RCLELA# ( informal) according to T.tw, V. Vu ,
Random matrices : universality

• let ✗ 1
,
. .

; an be the eigenvalues of ⇐ W
!of local eigenvalue statistics zog]

p.SU

Stieltjes transform of Unif {ai , . . . ,Xn } is

Snlz) = # ÉÉ×⇒ = 1- TÉ
,
eigi (⇐w-zj-1-ntrr-w-IJT.in

(*) a-
m

= '-nÉ⇒Ñ=
?

I
• w=[j! ⇒ M=¥w→I= fringy ñ In -1

Matrix inversion ( p . 3) ⇒

MY =?⃝z÷£Ñ←
g. is independent of

Ñ !

trash
→ ✗ ✗concentration

F-±gTÑ£=±tr(Ñ
_ ') ( random quadratic form p. 3)

≈ -1N try
- ') ( charge from

n-1 → n is small))

= San (E) .

⇒ Mi
'

≈ →¥z . Similarly for Mii .

ftp.t) solve

• =) snlz) = →¥⇒ .
⇒ scz) ≈ -2-+722--4 .

⇒ Same as Stieltjes transform of psc ((c) p . 3)

Uniqueness ⇒ QED
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