
LECTURF-27-THEFUNDAMENTALLA.WS
OF RANDOM MATRIX THEORY

Last 2 classes :

① SemrS (Wigner 1959 ]

W : nxn symmetric , iid NG , 1) entries ( "-Wign
bulk ofeigsfriw) → -q

②Masg 11967 ]

In -_ tu ?ÉXi×T , Xi - NG , Id) (
"

Wf
")

-

a

bulk of eigs (En ) →•>

where r=%

i .

③ Cirdularlaw (Gini tore 1965)

M = nxn iid Nce ,D entries (No symmetry) ( "Ginnie
")

bulk of eigs ( fam) → Uuif (unit disc)

Riy : V-B.ci Borel :

an.gg#li:xiCnm1rn)-c-B3---A-regCB- .
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• These "bulk
" results do NOT

say anything about :

EXTREME EIGENVECTORS .

④ Bai - Yin law 11988 ] for Wigner matrix W :

←
i.e. with probability I

%w÷ → 2 almost surely
⇒ by symmetry , xncw)

a-
→ -2 almost surely

÷→

⑤ Bai-Yin-hnaiah 11988 ) for Wishart (sample car . ) En :

×
,
( En) → (titi almost surely IN

✗
a
(E) → (e-F)

2
almost surely a-÷ji^•⇒

• Fluctuations of 4
,
ad ? Distribution ?

⑥ tracyWideman [ 1994 ] ←
⇐ 1 ? ! Rigid

(a) for Wigner matrices
: a

,
(w) ≈ 25in ± 0 (n

-

%)
.

More precisely :

@* (w)
- 2rn)n% → TW, (Tracy- Widow distribution)

By symmetry , same
holds for →new) ¥w ,

⑧

mean ≈ -1*21

(b) for Wishart matrices [ Johnstone
2001

,
Feldheim-Salin 2009 ] :

x,( In)≈⇔Ñ±O(d-%)
,
ad (E) =@rÑ±o(d-%)

More precisely :

(En) - ke-⇒€ "¥¥¥aʳ → tw" %É→tw"
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• All of this was for "

pure noise
" models

.

What about structured data ?

⑦ Spikenard [ Baik - Ben Arons - Péché zoos]
see [ Bandeira- Singer - Strohmer]

(a) Wigner W
M :=¥-w-+ punt

where need is unit ←←
fixed

w w

p > 0 is signal-to-noise ratio CSNR)"

noise
"
"

signals InThen
,
as n- •

,
almost surely : • i. . _ . .

-

• a-

-2 2 72
if p≤i signal

"drowns " in the noise
• HIM ) → {

2

p+tp if p ≥1 signal is detectable

Fluctuations of ✗ncm) Tracey- Widomm
.

eigenvector
↓

• Calm), us
? ⇒ {

◦ if f≤ 1 no correlation

1-¥ ifpsi
.IE?a

In
(b) Wishart : assume E=*=XiÉ= I + punt. • •• • ,

C-FRY in
a. s. @ +Tr)2 if p≤Tr signal

"drowns " in the noise
""" →{ (p+DG+Ip) if p ≥rr signal is detectable

µ,(zn),uJE¥{
◦ if P≤F no correlation

a-rte •→%?
Ipz if Barr

⇒ pot works off p ≥rr=Fᵈn ⇔|n≥d?⃝|
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⑧ 70¥eigenvaluedistributiou
For Wigner Ñ=A-z# where A : dad with iid IN 10,1) entries

(
⇒ w has NCO

>
%) off -diagonal entries

and Nco, 1) on the diagonal )
joint density of a, lw) ≥ Idw) ≥ -- ≥ anew) :

plan , -→ rn) • exp f- ± "¥xi) M ki -xjl
- i<j_
as for independent Vanderwoude

NCO
,
t) ru 's determinant :

REPULSION

⑨ Universality-
All the results above Except ⑧) hold not only for, normal
but for more general distributions (mean 0 , var 1)

- No CKANGE

④ Connections

(a) Physics :

"

Wigner 's surmise ? I
distr - of energy levels of heavy

nuclei =

≈ distr . of eigenvalues of Wigner
random matrix

.

Repulsion !

(b) Nambery :

"

Montgomery 's Pair Correlation Conjecture
"

(Mpa)

for Riemann zeta function

367 := §
,

n
- s É M¥, @ fined on Recs) -1,

p : prime analytically continued to

Riemann hypothesis : zeros of 36) c- -22 U { s : Red)=Yz}

MPCC : distribution of spacings between the zeros

≈ distr. of spacings between eigs (Wigner random matrix ) .

⇒ Repulsion
- in


