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• Work with matrices as with numbers?

random matrices ~ random variables ?•
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FUNCTIONAL CALCULUS (5. 4)
=

Symmetric dxd matrices .

• Adding , subtracting , multiplying , dividing (AIB -_ AB
" )

• 0 ; I
- I

• fat → HAH (operator norm) .

• Funf¥ces : if A=ÉgXiwÑ (spectral decomposition )

then AI.%aEu.int , A-
'

=

.IE?.'Jikiui-,I-AtA2--i&G+ai-xi)uiuE-
similarly it polynomial : p(A) - §,

pcxi ) aint ⇒

• D-e-flffiR-RandA-i-%2aiwwi-S.CA#EfAi)uiIf-i
F¥ eA=I + Atta.

-Ñ -134A} -1 -
- -

t "

E. éiuiuit =ftp.uiuit?Ixiuiui-'zT.i&xiuiui--..i--lN1-Xi-tz
:X ,

?+
. _

- I 1- A + { A2 + - - -]
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LÉWNERORDER
On the set of dxd symmetric matrices .

Recall : A is PSD utter ≥o Huard ⇔ 7i(A) zo Hi
.

i. e.

D(6WesaythatAEoifAisPT÷✓uTAu ≥ UTBU

We say A ≥ B and B ≤ A if A-Byo
*" ᵗRᵈ

.

• & is a petal order, but not
a total order : 169 ) is neither to nor ≤ ◦ .

FReflexin.ly : ✗ ≤ ✗ is obvious (02-0)

• Antisymmetry :
?⇒×=Y

utxu = UTYU us Rd operator norm

↓÷÷÷:÷÷÷÷;=÷⇔⇔U unit[ ⇒ ✗=Y
.

✓

• Transitivity : ✗ ≤ Y and Y ≤ 2-
?⇒ ✗ ⇐ z

• Matrix multiplication is notch (XY -1-4×7 .

⇒ some basic facts don't transfer from scalars to matrices
.

• For example , the implication
"

✗ 80, Y 80
⇒ XY ≥o

"

holds for commuting × , Y Check ! KY are diagonal2-able by the same orthogonalmatrix

but in general ☒Y needs not even be £ymmet !

• A way
around : multiply on both sides :

P¥1fX≥YanndAisanydxd⇒A✗A#A
f-

whoa -1--0

UTATXAU = (AuJ ✗ (Au) ≥o tug
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Eigemalues&↳
• Recall Courant - Fisher min - max theorem ÷

X ; (X) = max
ruin utxu

dim #F-= : ut N

tf utYu if ✗ ≤ Y

• Prep=-még⇒xiCx≤xiCy)v-

µ Rem The converse holds for commuting matrices but It in general .
(KW)

✓⇔¥ÉÉʰaanmveanyÑ[ ✗ ≤ y ⇒ trflx ≤ trfc*)

" "
a

✓£ flailxD ≤ F⇔f(a:(xD by Prop. & increasingi=\

⑧ : Does the stronger result hold :

"

✗ ≤Y ⇒ f-(x) ≤ft)
" ?

④ : It does for Sze f (
"
matrix monotone

") but not all f (Kw)
↑

e.g. 22

→-



¥:i:÷÷÷÷:÷÷÷÷
then Y is invertible and ☒ EY - ' go
-

is invertible ⇒ Xi (x) >Oki Aik) >o ki ⇒ Y invertible .

2. In the special case where F- I : ◦ ≤ B. ≤ I ?⇒ B-
'

II

IF I I
since B

,
I commute

,
0≤ xicB)≤ 1 Hi ⇒ airs, ≥ 1 .

3. In the general case : assume 0k✗ ≤Y . Multiply on both sides by -1% ( Propp.2)⇒

02-4-42 ✗ 4-
"2 2- I. Use part 2 ⇒

i. (4-42×4-42)
"

= Y'12×-442 ≥ I
. Multiply on both sides by T

"

again ⇒

✗
"

EY
"

.
]

Pr→_2(legniEue)
1 If ✗ is invertible and ◦ ≤✗≤Y,thenlg✗≤log#
-

Pr is based on scalar equation

by a = 17¥ - at the> 0 Check !)

• Its matrix form is : log ✗ = § [( 1++5
'
I - 1×+1-1=5

' ) dt (*)

Floy # = 6%+4 - ¥+7M ⇒

⇒ log ✗ = ÷zegHi)uiui=§É, (¥
-¥+7 uiuidt

=P# Ezaki - É÷+uiui)ᵈt .
I

F-=(✗ +tI5'

• : ✗ KY ⇒ ✗+ tIkY+t±-⇒ - (✗++ IT
'
≤④+TIJ

'

leg✗ ≤ hey

Rem# General theory of matrix monotone functions :(Kliwner ' 1936 ]
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