
LECTURE 32
-

•Last community detection in SBM Gcn
, Pir ) .Spestriy :

second top eigenvector VZCA) of the adjacency matrixA

coefficients of UCA) cluster, predict communities ,

we proved guarantees

If p=;g= , @ -85>Cai-b) lgn,

99% accuracy with 99% probability .

① Other approaches to community detection for
SBM :

Instead of the adjacency#ri A, one ten use :

(a) graphtaplacian 2=1- D-
"
2A D-"2 Katarina -V 2017 ]

(b) norrbacktaking matrix (Mossel- Neenan - Sly 2018, Massoud.ie ]
2015

(c) s¥it¥m
. [ Abbe-Bandeira - hall 2015, Guedon-V66]

Advantage : removes log factor . Guarantees :

• If (a-b)2<2(atb), no method works [MNS]

• If (a+bY > 2Ca+b)
,

>50% accuracy LMNS, M )

(better than a random guess )

• If (atb)
'

> Cla +b)
,

99% accuracy IMNS, LLYGV )

• If Ta-t >2¥ , 100% accuracy IABH]
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SKIP

② Methods based onsenridefuilerelaxal-I.ae
Want to maximize # (edges within communities) -#(edges across communities)

-

e ↑
• Let geol -11 }

"

encode community membership ⇒ here rises ⇒ aim;=l here ni= -Ri
⇒
zing = -1

communities have same size %

nr¥m
⇒ max{-É= ,

Aijniog : xi=±1
,
Zai _→ }

.

NP-hard .
1-21

Semidefinite= WE ¥0
relaxation ? ( A,xÑ) @at)ii=Ñ=l 411

,
sent)=É1 -

ring __(É=pÑ=0
Ij =\

matrix whose all entries -_ I

⇒ SDP :max{{Ai) : ✗ Koi Xii -_ titi ; (1-1,11)=0} Polynomial
time .

Theoreticalguaantee :
based on

• @-BY≥ ccatb) ⇒ 99% accuracy /Guédoa- v -2016] (Girothendieckineg)

• fÉn -Gi > 52 ⇒ 100% accuracy
[ Able - Bandeira - hall

'
2015]

Disadvantages : slow
.
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② B_eyond
• More than 2 communities ?

Include more eigenvectors ofA , c.g. k=-3 :
KKV3

⇒ represent the graph G
R2→

"

;→=-- as the set of points { see
,
- . .

,
an } CÑLK

.

•• Cluster using e.g. K
- means .

i.
=

ten • or just visualize the graph
spectral embedding k

⇒ Graph- tr
.

Abbe

③ Vicerers data in Rd→ Graph

• Data {me
,
-→an } C

Rᵈ → neighborhood graph :

- -

→ connect rips. if Ari -2511 ≤ E ( E. - graph)

→ or connect ni to
K nearest neighbors ( K -NN graph)

cares about

← local

Huett
,

captures
shapes

② &③ ⇒ Graph theory Euclidean geometry

Particularly ; an
,
. . .

,
une Rᵈ→ graph→↑

a
.

. . .

_ an C- Rk
↑

neighborhood spectral
embedding
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Examples / Kamensky - Kaiser
' 20097 :

data CKRZ

data → k-means data .CN?-sgHph%datacaE
↓
k -means

+ k-means
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⑨ An alternative to spectral embedding :

multidimensionality ( MDS)
Rh

Embeds A finite metric space (M ,d)→ Rt
✗ ←

metric

{ Rn
,
. . .,Kn} .

'

• i.Y:win £ ( dcni.mg ) - Nyi -Yi Ki
yi

Yi / "iyntph i,j=1

↑
• Pro : general . • Con : non-convex (⇒ no theory]

↓

In particular :

⑤

G-raphasametricspace.tk"

graph distance
" between vertices = length of the shortestpath .

Example :

µ
✓

dcu
, 4=2

U
• •

• ⇒ can use MDs to embed graphÉ*
RK

Putting all together gives

-5 -



⑥ SWAP

y
tcput : an

,
. . .,nn≤tRᵈ

• construct a neighborhood graph ( K-NN)
• compute the graph distance d(ring) Vij

• apply MDS
Output : ya , . . ;yn EAR

"
(e.g. k=2)

Example : lsomap unrolls a Swiss roll [Tenenbaum et al. 2000 ] =

data graph embedding

graph distance
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⑦ MDS + kernels =SII (stochastic neighbor embedding) :

Embed an
,
.
. . , an E R

"

→ yr, -

, yn
C- RK via

min É
, /expf "ⁿEI ) - expf "ñ%)] ? 1*3

Ya, gner
"

pFi
◦ Advantage : cares about leal geometry ,

in ?⃝
:&: →€7 on

.

Ri Yi

• Poobabilislcview : consider pij , qij as probabilities

(normalize them to have Epi; = 29g
.
= 1) .

• Instead of the objective function 1*3, minimize the

n

KL divergence KLCPIIQ) := I Pij log Pq÷,i,j=l
(a.k.a . relative entropy) ↑ ↑

,

data model

• Heuristically , KLCPIIQ) = amount of information
in data (P)

that is not explained by the model (a)

Rigorously, Shannon thin :

KLCPHQ) = E #bits to encode samples from P using code optimized for Q

- E #bits to encode samples from P using code optimized for P.

• KL objective function is more forgiving than sum -of- squares .
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⑧ t-SN
In the low - dimensional space

,
replace the Gaussian distribution

by Cauchy distribution (more forgiving) : I

9ij=
1-

Pig __ expf "÷¥ ) , 1+11

yi-y.tl?miwD(DllQ)⇒ t-SN Example :
Yi , - . . ,yn

Visualization by PCA :

MN 1ST

dataset :

[van der Maarten- Hilton 2008 ]
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Examples : COIL dataset = images of rotated objects :

• No theory so far .
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• D. ( PIIQ) is minimized by gradient descent .

⇒ = 4 É ( Pij - qi;) gig ( Yi - y;)
j=\

⇒ yi is attract or repelled by each other point y;

.

Springs ⇒ forces .

•

&#
y ,

• ⇒ can replace optimization by an explicit
attraction - repulsion rule

. I

⑨ UMAP_ ( McInnes et al . 2018 ]

MNIST data (umap- explorer) COIL data :

a-
i
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④ What do numbers look like ?

n#→biaÉprime factors)

2 5 7 11 13
, . -

-

n = 110 ↳ ( 1
,
1
,
0
,

1
,

O
,
O - - )

11

2.5.11

The first million integers visualized big UMAP (Williamson 2018J
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④ T-undamentalg.ws#ons:-
• Is this all for real (galaxies etc .) or Iad, a creation of

-

,

the method ?

I

• Theory ?

• What is a good visualization ? Is there
"

the best one
"

?

• What are clusters ? how many ?
( e.g. types of cancer)
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