
LECTURE 33
-

LDP-ara-digv.is : high - dimensional data has low-dimensional structure .

This allows us to visualize,
think about data

,
world
;

lift the curse of high dimensionality .

E¥ • Human decisions are based on v5-10 values .

• Human# have ~ 5-10 features we recognize .

high -din space And
LDP:_

,

-

→

data E- low - dim . manifold all

§do we find
, parametrize it ?

How does our brain do it ( in vision , thinking ) ?

how do we know it is true? From the eigenvalues of E-Gvlx)=EXÉ:

◦ If data ✗ EMr subspace of dimension ran

then I has ≤ r nonzero eigenvalues :

↓

.
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^

,

.

-

' 1×2--0
,
iii. iii is

1 2 r
12 F- rank(E) d

d

↑

• If data ✗ lies dog to M
,

the Cigs drop at r (but not exactly too)

r =
"

effective rank
" of E.

" effective dimension
" of the data .
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⑧ Mathematically , how to define the
"effective rank

"

ofE,

=
" effective dimension

" of data ?

④ Find r that splits the area into two equal halves ?

Rigorously :^

ear

D-e-ftheeffedirera.nkofaPSDmatr.IE#Hiii i > ≥Fi
a F d

eigs
= effective dimension of ✗ if E=Gv(×) .

Explains 50% of the variation of the data .

F⇒(Eigenfaces] Data ✗ ~ Unit { images of human faces }
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Eigenvectors of E g
"

eigenfaos
"

eigenvalues ofE

g.
same area

I
r↑≈6 = effective dimension

6 facial features explain 50% of variability

• LD Paradigm ⇒ in all ML results,

the dimension d of the data can be replaced

by the effective dimension r (⇐d)
.

• le : covariance estimation ⇒ PCA .

we proved : a sample of size n= Old) suffices . (Gc
. . . )

we will prove : A- 0G) suffices:
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remove badoutliers prior to applying
.

Tag let ✗ be a random redo/in Rᵈ sad that
.

÷.÷.11×11%-10 F- 11×1122%-5 .

If n ≥ C' rlogd then%→n≤ai]
11 - ×

effective dim . In ,£× ,
✗ it

☒✗☒

sample covariance ; ✗ i=iid copies of ✗

Toward the proof :

bm=EH✗≤ÑHE
11 cyclic property of

trace

[ EX'-✗ =Etr(XX) _ÉEtr(✗E) g- NEW]
- tree)

F
1*1 matrix linearity

= :{ ¥
"

"¥ˢ=§;xi +⇒ ✗ i ≤ 2ErY÷
≤ Zr " -41

.

=≥w- 15-11-11 ]
def of r
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Proofofthm Use Matrix Bernstein inequality (6C 30, November 11 ) :

En -I = 4- ÉTXi✗T-É)- .

Use Matrix Bernstein ing . (Kc 30, Nov. 11)⇒
iid mean 0
random matrices

≤ ÷ (Tiago + khgd) where 02--11 .EE#ixi--?IH , A)
↑

HXXT- Ell ≤ K)hides an absolute
constant factor all equal ⇒

= ntl

Ok E- (✗E) - ELXXT) -2 -EE¥¥
-122

I
= EXXTXXT -£ ≤ zor HEH .IE#---20r HEHE
I %

-2

11×1122 ≤ 1011=-11×11,2%20 rile"
↑

assumption 6hr
since

⇒ ≤ zorn 11211? ( ◦ ≤ A ≤ B ⇒ HAHABID
HW

K IIXXT-EH § +11-211 ≤ 2T RHEA

is inequality 11×1122<-20 r NEH
,
as above

substitute F
,
K into M .

B. 1. (* p - 4) ⇒

HE -2A ≤ * (trig + RHEA logd) =(F¥+%sᵈ_)1Kk
RE 1

. logarithmic oversampling Érhg
is needed in general (Uw)

2
.

No distribution assumptions on ✗ !
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