
RE35

SMART of math framework ofM21d)
↓sets
XY

·P: an unknown distribution on NxY;
o label

· We see training data: (Xn,), ..., (XncYn) wP iid
Goal: oracle x- y
=

·Choose a hypothesis class 2 (function (-5)

· thell, Risk, aka, "test error":

xloss function, e.g.
E(h(x)-"(quadratic loss

R(h): =El(h(x),Y) ht= argin
R(c). &of computable

· Empirical risk a.k.a. training error

· Rn(h):= Ee(h(x)),).h:= arganR(h) ·
Computable

· EMalgorithm:
-

To training:forinputdaa (xit...,sxru);Ompute
one

·

aanralOeWiseecuelRiSac-RCai
⑦ 2apIe-EC(h(x,yi) 1 = 2supezi,

#(h) iid mean O rx's y
= stochastic process, called "empirical process"
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· For Gary classification, elo,.+90,24 E 1zi(h))=1

· BCItEZi()1>t3 = P(ItEth)(x trn) -> 2exp) -()()
*

f iid mean O, Odd by 1 I
multiplyboth sides by in
toscale like in CLT Moeffding's inequality ((ec.7, Sep. 16)

· Union bound:

Psup It EziR)kt3 >ZA[ItEE:(e)k+3
+H

htt -
assume his finite

~

↑Eh+l* = union *Ite1. 2exp(th(2) =2exp(log((1 - tin()

=>o.01 if t =cell.
=>We proved;

*

FalanEaRoURBOaundEthelAyroUSdeatthinI

-.

the ERM algorithm generalizes well from

cancel n vlog If)

train ing data points.

· Good: logarithmic in It
· Bad: most hypothesis classes are infinite.
Can logisel be replaced by some "complexity" of an infinite I?

Yes: VC dimension
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MENSION (Banunk-Yepsonenkuc

· Heuristically: v(x) =largest #(data I overfits)

↑i.e. functions hix-holi

Chef Let it be
any collection of Boolean functions on a set X.

We
say that it overfits, or "shatters" a subset son....203<X

ifE labels Yy.,Jd(30.13 hote such that

h(xi) =yi Fi =1, ...,d

The vc dimension of it, denoted vs (K), is the maximal sized

of a subset it shutters.

=xamples,h(x) = 1 Un...

2. T = 413 hanas0: it can't shatter even one point on
since h(x)= 1.

a

2. Half-line x =21(-0,a): atR3 I H(0,a]
->

A= 1 Proof:
O

nw(H(0.a);H(6,
+0)3

I can shatter some point set 4x3, but can't shatter any 2-point set size,and

z -
O I -this label assignment
-

& is impossible to realizex x, x, xe

N

3. Intervals:R =<1(a,0): a163 ra

I
=2 Proof: a ⑥

x

I can shatter some 2-pt set him, 22), but can't shatter any 3-point set hiape,is↓ ↓

trrM ↑ c impossible
...the I w 8.x88ha 1.8lit to realize

x3
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4. Half-planes in IF: a

I

x =21(a,x(1 +a2x(z)+620): a.,a),6-1} O

3

*= 3 Proof:

I can shatter some 3-pt set 4x0,22,234, but can't shatter any 4-point
set

I i [xr,xz,25,243.

↓4-point set is
* * *

lI ⑧ O I I

like this, or
like this

* * *
O I ↓-8 -O...

o 00 - I I O
A

I

O

O O I I ·
I

* * * * a. 0
0.

⑤

* * *
10 -l 1.0... 7 "Convex position"

In either case, I label assignment
that is impossible to realize

4.Circles in IRF:

x =((((() - a,)z+ (x(x) -a)-zrF): a1,92,rtI 3 ↑.0
=3 nw? -3

5. Axis-aligned rectangles in 1
-

x =1(a,b)x(c,d):acb,ccd} ·*4 a b

Generalizing Example 4:

6. Half-spaces in RS:
x = 414(w,x) +b203:wERd,6-1R} 1

*
"linear classifier" (sun) O R

x(x) =d+ p

--



More generally,

7. Polynomial surfaces in M. x=41<p(x)20):deg(p) <r3
v(x) =(d+) [Anthony 1995) 1 Ad

"Polynomial classifier" O

-mark. In all examples above, vc(x)= #parameters that

describe a function in R.

· This is not true in general. For *angles in F

not necessarily axis - aligned as in Ex.5,

vc(f) = 7 d - rotate
f

while the #parameters is5:"
d I

& degrees

a, b, c, d, 0. G

· But heuristically, and "approximately", this is often true:

8.1 = 5 functions a given neural network can computely

If activation function

·E network computes a composition of linear classifiest

Here vc(x) =CNlogh
(Cover 59; Baum-Mausstar

#connections (weights,parameters
· Enetworks for which this bound is tight (Maas 94]

· If activation function is Riecewise linear (e.g. ReLU) E

uc(() =CWLlogw (Bartlett-Harvey-Liaw-Mehratian 2017)
aT
#layers

and examples showing tightness.
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