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① Consideramy n-point set XCIR?
- ↑ J & -

&

How
many

websets of X are cut by circles?

...
·

S
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& ↑

↑ 1

&
#
op At most E (h). - I for large n

&
These three subsets
are cut by circles

#
of: Consider the class of functions this subset is not

-F=41c: c is a circle in RF}
vc(F) =3.

Restrict the domain of each function f-FNx*
uc(F(x) vc(F) =3. Samar-Shelal lemme - I

(E(x) =z(k), SACx: Cisaard
indicators of the

Remark Prop is optimal for most sets X subsets of X cut by
-

- circles

(whenever no 4pts lie on the same circle 3

as
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&Consideron lines in 1 -

-

How many regions
do they partition IR" into t

#
op At most 2.(r) =1+ n+ 1). *

I &

These four lines break Re
F

EX: n= 4 lines - 1+15=11 regions into 11 regions
-

I
1

Proof ·Choose the orientation of each line -> O 2, O

01
-

00
- e.g.forn=3
I regions are encoded as binary strings of langln-> O I1 101

· Identify a binary string with a Boolean function on 91,...,n 3
L

1)

O

e.g.010) + f(x) =yf(z) =1,f(x) =0,7(b) =1 010 110 0o

Call the class of these functions (5).

· Then I regions) = (51E(n) where deve (5)

Saver-Shelah

atvc(5)12. Assume the contrary: vc(t)13
- Ea b-element subset of he, ..., as shattered by F

#) 3 lines that realize all 8 binary strings of length 8

3

- these 3 lines break it into at least 8 regions.

But this is impossible: maxFregion = E: QED

⑧Ea simple inductive proof of Prop.

Rarks& More generally Anzd Cyperplanes partition
MP into

at most (h) regions (Buck 1943). The proof is similar.
② The bound is optimal, attained a hyperplanes

in general position.

③ If not in general position, see

enumerative combinatorics/hyperplane arrangements (Mobics function
-2- zastausky formula.



ALPROCESSES

·let X be a r.r. taking values in E set x,

x1, ..., Xn be independent copies of X.

·Law of large numbers -> A Boolean function fix-$0.13:

*Ef(x) Ef(x) as nex

L =22
· Deviation:

#(tzf(x) - f(x))E(+ 1... 14)= Va(hEf(xi)
= (Er()"= ( "Weak LLN")

*If Boolean)
·Is this true uniformly over all Boolean functions of?

Esup 2f(x)
- Ef(x)) - 0 asnc

⑱For -= A(xy -X23) Ef(x) =1 but Ef(x) =0

We
...

·But it is true uniformly over for more(0:
-

..

#torsovanawenbeasvaNarserincreasein
#

arks 1 Same rate O (Yr) as in WCLN!

&(t f(x) -Ef(x)IF is called an empirical process.

The proof uses a new tool;
- 3-


