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nationof Measure

·All concentration inequalities we studied so far

(Woeffding, Chernoff, Bernstein, matrix Bernstein)

are for bear functions of riv's (their sums).

Nonlinear; i.e. (f(x) - f(x)) =Llx-y12 Ex,ytIR&
I

Manconcentration) I
Let f: 1R+1 be an L-Lipschitz function, and XwN(0, Id). Then

#[If(x) - Ef(x) = + 3 = 2exp)-) FtF0

The proof is based on an isetcinequality:

"Among all subsets of IP

⑳
As

with given volume,
A

-

B

the Indidean balls have

minimal surface area"

More generally, consider the 2-neighborhood of
ACIRP:

Az: =4x09: Ey-Allx-y1,zz}

surface area (A) - lineVOCCA)

+etrcines: Faso. Among all subsets A<1d will givenN
volume, the Euclidean balls minimize the volume of A.
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ian isoperimetric ineg, vol1->Gauss measure

W(A) =NSX =A3 = con e
****

dm

No,Id

*aussitea
mineAsHd wirewasM

· Vence: UCA) = 5(H) implies (As)=5(Ha) A half-space H. (*)

Pcuss,concentration thin (P): WLOGL=1.

· Let M = medicam of f(x), i.e.

(f(x) =M3242,13f(x)2M3212
· Let A:= (x +R: f(x) =M3, n=(n.m=01.*
v(A) =t =v(u)) Gauss. tail

W(Nd) =V(V1) =(X, z t3 =1 -B(x,t))1 - exp)- tYz)
I

\x:x,zty No,1
·Claim: Ac(x: f(x) =M + + 3

t

Indeed, if ReAt, then EyxA: lx-yMet
tlp

L (f(x) - f(y))Et Exf(x) = f(y) +t =M+ t

-

C
·zI(f(x) =M ++3 =I(X+A+ 4 =U(A1) =1- exp)-+yz)

=>I(f(x) -Mc + 3 =exp)- tY)
Repeat for - f - IP((f(x) -u)=+)<exp(- tY)

· Replacing median by means *1Y. RED
-
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Application to random matrices:

Entrationof eigenvalues) Let A b a nxn symmetric

random matrix with id NCo,1 entries on above diagonal.

Then, it he..., n3;

IPG(xi(A) - EX=(A)) + 3 = 2exp)-E), two

roof
· Vectorize - identify A with the vector A-MrInt/2

that contains the entries of A on above diagonal. F***
· Apply Gauss. concentration for f:

(Rh(n+11- 12:

f (t) = xiCA)
·perator form
/

· If (A) - f(BL1= (xi (A) - xi(B)1 =DA-BI (Weye's inequality)
=> NA-BUF = EPA-BO Square E (US= sum of entriesC RUS- 2- seem ofentric on above(

=>fis r-Lipschitz. diagonal.

· Gauss. Concentration Tun - QED.

Q: EX,(A) = ? Use Wigner's semicircle law ((ec. 25, 0ct.31):

A.
area - F. Aleigenvalues (x)
Set area:1n, solve for x = EXTA)
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Further literature:

1. My Book (e.g. beyond Gauss. concentration)

2.Toe Tropp "Probability in high dimensions" v

3. Van Handel "Probability in high dimensions"-more advanced

4. Wainwright "high-dimensional statistics" v

IND edition


