
· Recall thatfor a varianteMatt Var(x) =E(X-u)?=EX2-M2.
·Generalize thenotion of variance fora randomer X= (X,, ..., Xn). Squaring?

·Two ways tomultiply vectors in As":
①Inner product:city =(x,y) =Exit IR

② Outer product:byt= (niyi)i= =xxy:R.

① Var(x) =
=E(X-u)"(X-) =EIX-ll2 =2var(X).

More informative is

⑳of thecovariance matrixofa rector X= (X., ..., Xn) with M
=EX is

-r(x):
=E(X-n)(X -u)

+

=Exx
+

-unt
·Entries:

CovIX)i = E(X-my,(X
-n)j =(Xi -RXi)(yj -EXj) =Cv(Xi, Xi)

Diagonal entries:

Cow(x) ii =Gv (x:, xi)
=Var(X:)

· ForXIR? Cor(x) = [Var(X,3 Corx,xn)-

Gr1x,x.) var(x2)].
EX:Flip a cin 30 times. X=#heads in thefirst20 flips, X=(X,,x2)

XI X2=#heads in the last 20 flips.

i I Xe,X2wBinom (20,).

x2
Vor(x)=Var(x2) =20.t(1-) =5.

Cor(X,, x2) =Cov(U+V,V+w)

=G)
+

V)
+6w)+e

↳ V-Binom4o,z) =>Cor(x) =(25-5].=10.t(1-1) =2.5

· Corly) is a did symmetric PSD matrix.
-
e

Is proof

TXveRd: vTzv =EX-)(x-) =x) =E(X-m,v32(x)
x-n
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envalues& Eigenectors of GovIX)

·Eigenvalues of a symmetricPSD matrix 2=Cov(x) are real, nonnegative

x,(z) =xz(z) <.. . 2xd(z)

P x,(z) =maVar((X,v), n(z) =argmax Var((X,v)
IVI =1

Proof follows fromthevariational characterization:
-

x,(z) =ma, 4(2) =argmanz
Iv) =1

1) (x) p.57 B

E(X-M,v=Var(x,v>) Var(x)=ElIX-ul?=Evar(X,vill
↑note

Interpretation:The direction v =v, (2) explaine the mostvariation of X.
- - dI equivalently, "the linear

combination (X,v) =E,Xivi
V2

> Vi

Remark:V2(2) explains themostof remaining variance
&

·e i-
/

(among directions 14(2) - ~
↑

& &

:

Ex(p,52):x,(z) =7.54,() =(i) => X, +X2 explains most(gives mostoverlap)

x2(2) =2.5 v2(2)=(11) -> X, - x2 explains least (gives leastoverlap)

PricomponentAnalysis (PCA):X- () projection RP-R"

PCA In order to reduce dimension of Xfrom a tok,
-

project. X onto the subspace spanned by the top
-

↳ eigenvectors of CovX). "Principal components"of X.

This subspace explains thevariability of Xthe best I
among

all l-dimensional subspaces.

Advantages & disadvantages
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CultivariateNormal DistributionN(y,2)

· Recall Stannormal z-NCo, In): paf fq(z) =me*, z+"(*)
Het (Gormal)
X=(X, ..., Xn)

GI is a normal rivectorif X is an affine

transformation of a standard normal rivector ZUNCO, In), i.e.

X=Aztm for some invertible AGR**,MARY

· EX =M,

·CovIX)=E(AZ) (AZ)=E(AZZAT) =A.E.Att
· det? Assume

u=0 for simplicity
Change of war:
x=AzAB - B(RY:P3xR3

=P(ze(3)3z( fz(z)dr I datawere IA"(B)

=Alde
->fx(x)=fz(Ax) /AA)*(- lam/z)

· let's express this in terms of 2=AAT

IAI NAT =E.

det (A) =det(A) det(B)

1) A"sell=(Ax)"(Ax) = sT(A)Ax =eT(AA)x =x[*x

=>

fx(x) =a15,4p)- xtzat).
· General case, for MF0: apply

the staft ->

I
fx(x) =rexp(- t( -rz"(x-n)),x ="(**)

· Compare to palf of X-N(m,c) in ID:

fx(x) =exp) - (x -n)Y202).
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