
E(Premanymeasures)
Aprobability measures M, M2, ... on (IR, B(IR))

A unique prob. measurevon (IR*, B(RRY) such that

~ (B,x, X . . . xB, xRx1Rx ...) =M(B1) ... M(Bn) * Bi +B(RR) (x)

This v is called the product of his, denoted

Vi=M, xMax--.

&of Un==M,x... XMn are consistent

K.E.T. E E extension for which (US (x) =Un(B, x ... x Bn) =RUSCA) B

f (ndep.r.v's) R.Vs xe, X2, ... are Independentif

I finite subsetof them is independent.

In(Ence) prob. measures M,M2, ... on (IR, B(1RL)
Eindependent rv's X, X2, ... with marginal distributions Me,M2, ...

* Define X(w)=w on (IR, B(RY), m, xM2x...)
SX,EB, .., XnEB =w.e, ...,wren

=M(B,) --Mn(n) = 4x,eas...,Xuf.
B

e,x... *Mn

Ex (a) An explicitconstruction of independent random variables on (10,1), B1,), labesque)

Reacherfunctions: I
M r2

-
-3

->I
%z I

~ I

they active independentan
ariableasis" races

will probYeach

(6) Digitsof arandom X-Unifle,1) 0. 1011011101...

--Ha
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Remark (UmmableK.E.T.):NT, an arbitrary set.-

·R consists of w=(W+)+ex;equivalently, functions
w: T-R.

· Cylinder r-algebra (IT) =w/cylinders), where a cylinder
is a setof the form

A =MI, and each Itis either an internal atsits or R
+-T

where all It: PRfor all buta finite number of the factors.

· For each neA and t ..., tntt, consider a measure Ut,...,tu on (IR", B(RY).

·These measures are sistentif

(a) Vt,.,tn (I,X...
*In) =Vt .., tn, tax (I,

X... In (R)

F ne NN and Xintervals Ii this extra assumption is needed

because I may
not be totally ordered

() trs ..., ring (Erc--. Ircul 3 I qunlike N)
If itis, insist on text...An

Fre IN, i- S(n), intervall Ii and drop it.

Im(ou'sExtensionTheform)
Xconsistentsequence of probability measures
can be uniquely extended to a probability measure von (IRT, B(RT).

->I uncountably many independent r.v's, e.g.

(Ette where all Z: are ind NCo,1)

"White noise"

However, alt-algebra is coarse (access to quite # of zis]
countable

· -> stochastic processes.
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3CANTELLILEMMA

· ConsiderF events E, Ez,...

*
En occur - often

linsup 1En=1 En occur infinitely often
1 I - -

#d( - + +(++++(x++1)

=>>YmeN Enm:En occurs
12

Em En occurs.
. F.

En occur eventually
I ....., o--

#d( + + +1 11 1 1 1 1 1 1 1 3

liminf 1En=1 ) En occur eventually 12

Enum:Eeee
R

#et. limsupEn:= EmEn:="En occurinfinitely often "
· hminf En :=EmEr:="En occur eventually

"

Heinsuper-limsup HEn; HeiningE =liming AEn.

EX:Fatu lemma:HlimsupEn limp EHEn
P(limmpEn) I limap (En

Let's upgrade RUS to1 if En are independent:

Betelli lemma letE.Es, ... be events.

①HEP(En) <0 then41En occur x often? = 0

② If E,P(En) =x and En are independent

then DIEn occur t often 3= 1.
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*

of By def, meN: union bound

P(linzup*n) =P(.EmEn) * EmP(En) -O as m-D.

-> =0.
de Morgan

② (himsupEn)EmanAm (e)

YM =m:(nEn)n)
independence Y - P(En) -e-

(En)
(1 -x = e4)

<exp(- mP(En)) -> 0 as M- x

-
↓
* as M +x

=>(*) follows by continuityof probability D.

Remarks (a) BC 2 may fail for dependentevents, e.g. for
En=E.

-

(8) For independentevents, BC implies that

↑ [En occur - often? =40,14 "zero-one law"

More oflaws later.

E (Immonkeytheorem)
Amonkey thatis hitting keys atrandom

will eventually type type the complete works of W. Shakespeare with probit
land will retype ita many times

of E= (first N letters -works ofWS}

Ez(next N
letters -works of WSS 3 independent

P(En) =p>0 Fn = ZP(En)=D PCEn occur offen)= 1. B
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