
OneLaw

· Borel-Cantellit independentevents E, EC, ... satisfy
↑[En occur i.0. = 20,13.

· General framework:

LetX,X2, ... be independentrandom variables.

Recall (p.37-39):

(a) W(X,..., Xu) is generated by events 2XieBe, ..., Xn*B,] where B: =B(RR)I (6) 5(X,X2, ...) is generated byevents [XEB, XzEBc, ... Y where BitB(R)

and BiFIR for all butfinitely many i

(i.e. events x"(B) where B=cylinder setin RR*(

Def Thetailt-algebra is

-(x
...,
Xu) =

=w(Xn,Xuns...) (Walgebra indeed)

i.e. T=t(X,..., Xa) consists ofevents thatare meted by finitely many Xis

ExamplesoftatF-algebras.See
11

↳ *meBu C--cn,Xats-.)
(3) [limXn =c3 F ceRudIx] -

↳, sein" (Xn, Xat, Xatn -..) =(3)
() [Xnconvergest (d) SX is founded; (e) [Ex, convergess

A) [F** converges

:(SupXnE3 and KlimapXn=1) are NOT tail ralgebras.
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um(Imogene-onelaw)
let X1, X2, ... be independentrandom variables.

Thenevery eventE-t(x, x2,...) satisfies BCE) =40,13.

of. It suffices to show that#T F +ex(x, x2, ...)

(PSTrT) =PCT)-1P(t) => PST3 =90,17 as claimed.)

· X: are independentand T- & (Xnx, Xn+2, -r.) =>

T14X....,Xma:these two ralgebras are independent)
=>+1.,Xah

!!
Itis a i-system
=

1) E,F( =>E,et(X, . . ., Xn) for some n
=>EnF-8(Xn, ..., Xn) <A d

=>TH5(A) (stabilityof independence:the p. 36)
def II
↓

5/X,Xc,...). ButTe 8(x,X
,
...) ->THT. B.

C
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Example:(a) All examples on p. 73

(6) Bercolation on L2: I I

keep each edge with prop.p (remove will prob.1-p) .f
independently. +

· Ep
=hE an infinite connected component i

Est(Xise) where Xi = Gro is
an edge

↑

arranged in Forder.

Hence IP (E)- 40,13.

· ECEP) is monotone in p => Acritical PC:=inf4p: P(E)
=13

p>pc:E
& connected component as.

P<Pc: x connected component as.

I (Kesten' 1982): Pc =I And for P=Pc, Ais connected componentas.)
~>Ithink

Open for 3.

E 3(C) Simple random walk Sn=Xct...+ Xn will ind Rademacher Xi

is called "recurrent" if Sn=ki.o. UKEZ.
Oterwise called "Aut"

- -

0-1law => &&recurrent) =40,13.

Actually, this probability-I -

[Sn =0 i.0.} =1

=Ni=#Creturns too)
=AlsmepotinProof

I
->(N =2,055,=0 =E,() I =>P=lever returns

=1.

↑

1) integrated foil (UW1) ~
· I repeat

En =Ep" if P< 1 returns 1.0. = 1.

returns;...
returns -returne)=" D.

n times
a

slightlyinformal proof (usesconditioning).
More systematic general treatment

-> Markov chains.
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SUMS OFINDEPENDENT RANDOM VARIABLES
-

⑭ Let X, be indep. r.v's with densities fx, fy
ThenX+Y has densityfx+y

=fx *f-
↑

clution: (x*f-c)(2):=(fx(x)fy(z-x)dx =ffx(y)f-,/y)y
of The (p.42) -> (X,) are jointly also continuous, and joint denity is

fx,y(z,y)
=fx(x) -fy(y). (x)

CDF of X+Y:

Fx+y(a) =(X +y =a) =P((x,y)) =B3 where B= [(x,y)t*- a-k

-S)fx,y(x,y) drdy n)(fx()fly) dig de
Bax-----

change of war.Fell x ↳

· Ifx(x) f-,(z - x) dzda

=Iloveandmust
of the density ofxe I

a

a

ample (a) it fx
*

1

fx
-

fx+y
S

x- rnifco, -unt(0.1) zi

"It, =A
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