
Recale:GENCEINPROBABICI See
the

Xn*X if P(Xn +X 3 =1

↳merfa.s. convergence)
Xn*x> *2> PY/X-XK = 10.3 =0

Tpx*+x3 =0
↑

(WLOG sek = cable union)
N

&5 *as 0: (Xn-x1> 2 1.0.3 =0

#M (Gnvergenib,vs a.s.)

(i) Xnx =>X, * X

(ii) theconverse is not always true

(iii) Xnx => I subsequence Xon **X

(iv) Xn-X and (n) is monotone as. -> XnX

--

1) Fix 220, let En=4IX-XK
23.

limsup (En) ****P (hmsup En) E D

I(ii) Let Xn-Ber(/n) be independent. Then Xn'>-0 P(IXnk 23 =i -0)
butXn0 C"[Xn =1 i.0.3 = 1 by Bord-Cantelli #, since 24

=0)
r-inish by hem, above.

(ii) Assume Xntso, let2x0. Choose a subsequence sit

[IX -x1> a3<
&

Thus, by Borel-Cantelli I,
/Xn-X) >2 i.0.3 =0. ..........eFinish by law, above.

(iv) By (iii) E subsequence Xon*X. Monotonicity (interpolate) ->I
XnX.
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Er (Guergenusa.s.)

Xn x> Esubsequence (Xna) Ifurther subsequence (Xnne)
S.t. Xun*X.

EE) follows from the p. 89 (iii) for (Xnn).

(E) Fix 230, En=(/Xn-x1>3, Pr==D(En)
-O?

X(na) -ke):XunX -> XnneX =m0
↓

=>Pn-to, due to:

malenceCriteriotAsequenceinapological ene

TEaryby contradiction:ifentire thenEY, E(nn):runy
=>Unnets (nucl

Remarks (a) A.S. convergence does NOTcome from any topology

(otherwise for. I lam, above would yield
that Xn*xX.X)

(1) Convergence of probability
is metrizable

HW e.g. by MyFam metricI
d,(x,y)=inf(2r0:p(1x-ykz3x3 ord(x,y) =E(!)

Exercise(mmeMapping theorem)
-

-

If Xnfexand f:R-R is continuousthen f(Xn)-> f(x)

For above:V(nn) E (rue):Xnne **X -> f(xnne)*f(x)
lusual continuity in RR) =>. f(Xnue)-A(X). Finish by Carabove.I
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STRONG LAW OF LARGENUMBERS

-
A.S. convergence

·First, under the4th momentcondition:#X*D

Recall that moment implies 2"moment (11X1,2 = 1X114) - finite variance.

In(Sr4moment) letX, X2, ... be id rv'swith EX,=M, EX?"-iK<0.

Then Sn=X,t...+Xn satisfies

In are

↑of W.L.O.G.M =0 (otherwise replace X: **X: -M).

EIS") =E((x, + -.. +xn)(x, + -.. +xn)(x, + -..
+xn)(x, + -.. +x))

=E(5x
+21x, +2xx, +2xx +2xxxe)

↑ ↑
Expectationof all Rose terms equals zero

choose a pair (iii),
n terms (2) (2) terms ( choose 2 factors itcomes from)
=nix")+anaxA

k

-nk +3n(n-1)k =3kn2

E E(()") =I
En
L

11

· Markov =>Esso:P4) =p((()"") -)"1
· ZP(En)<- => by Borel-Cantelli, P2En occurs in0.) =0 -
· Lem(criterion p. 89) -> Sn/n*0 B.

" Flip a coin continually -with probit, thetraction of heads-2

↑Xi=3? 184p =

3.)
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