
Next, remove the 4thmoment assumption:

#(of Lage Numbers) (Kolmogorov 1930)
~ Heus,we asser

e

-
Let X, Xc, ... be id riv's with finite mean EX:=r.

Then Sn:=X,+...+ Xn satisfies

is

Rob Q imation)

WLOG, Xn20 OK (if not, Xr=X-Xi and handle Xu, Xiseparately)

in = =Xx1(Xnk 3, Tri=Yet... +Yn.

② (Subsequence) we will first prove convergence for algeometric subsequence
Fix & < 1, letM,:=(647, k = 1,3...

In preparation for Borel. Cantelli, let'sbound

/InTank - a] =Etra/un (Chebysher)
M

0
Fubini-Tonelli

f
= (Ym)=eVar(-m) I ie gen1: UrIm

->m) (geometric series

③ (Vance) va(Ym) =Etm =PPSYmy3 dy (integrated tail)

=2xP4Ym3x} dx (change of var y =x2 (

=2 x(Xm>s}cx (def of truncation).

=2"x[X,x]as (identical distribution)
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->am) -Iam 4X,e
=

2) aP/*, dx (Fubini-Toneli
17

I z =I =mz

= TP(X,x]dx =EX, <x (integrated tail)

④ We have shown that

,P9/Tal >2] ↓(>0

Borel-Cantelli

/Tanks 1.0.) =0 Fzzo.

Criterion of a.s. Convergence (hemp. 89) ->

The -as (x)

⑤(eplacingInwith
EY =

E) EX,as
be

Hu

=>I =EY has nexx -> Ect(convergence of
sequences in 17

If ants them
=>Itur-n as he

Elite x
Combining will (*) =>

- a.s-



① (lation) FreN EK:Unenan

-> The InThin (monotone by def.)
=>- Iti

11

⑭ ⑰
⑤as. (def.) Sa I(def)

-> will probability 1,

el -lifthmatha
I

This holds 131 => with prob. 1, I am.
i.e.

I see

⑦(placingmySn):

EA[IXnK k3 = EPSIX,Km3 (identicaldistr.)

=E(hdt=PISIX,k+3d=E/X
P1x > t3 at (or justapplyintegral test)

BCI

=>P2XnF Yn i.0.3 = 0

2) with prob. 1, Iby *k ko:Xe= Yu
-

I 1Sn -Tu) =Ma)=: R Fu

=>( -Els -e as n- x

=>

sym D
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#(SomeanMorov1933)

LetX,,X2, ... be id r.V, Snixit...+Xu

If ElXil-- thenis unfounded (and thus diverges) a.s.

PA 1Xn)=1Sn-Smil = (Sn1+/Snil

->limsup -2 limup

Hence, itis enough to show that

limup =
0 as

② E,P41Xl > ny = P4IX,K n3 (identical distribution)

-IPSIX.Kt3 dt (integral test)

=EIX,1 =0. (integrated tail)

③ Let M30, apply & for Xu/M (which have a mean, too) ->

-P(IXnkMn3 =0

Borel-Cantelli I -> P((*) >Mi.0.3 = 1.

->P(linsip(*) >M3 =1

Take intersection over M
=1,2,3, ... -> P

P(linsup =03 =1. D.

EX If X-Cauchy iid ->-Cauchy.
LIN fails. Does notcontradictthan:a sequence of Cauchy r.vs

maybe
unbounded.
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