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ATION 1:NORMAL NUMBERS

Ref Anumber RER is called meal if, in its binary expansion,

I

in the first
a digits 3

-I as no o

· May be generalized tobase 10 (traction of Xdigit + Y0)

In 1909) Almostall numbers are normal -
i.e. the non-normal

It's form a set of

Lebesque meas=D

Prof WLOGfor 10, 13.
-

LetX-Unit (0,1]. Binary expansion:

X=0. X, XzXs ...

Then Xi are ind Ber(Y) rv's (UW]

SLLN => Xi -Ias
en

#51's inthe firsta digits B

QUESTIONS:Is it normal?
Is a normal?

Is a normal?

Noteven known if all digitsoccur i.0, inthose numbers.

CONTECTURE: I irrational algric number isnormal-

rootof a nonzer polynomial.
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ATION2:SHANNON'S SOURCECODING The

· Imagine a source ("channel") that produces a stream of

random and symbols from come alphabet S=4ABP,E,,z}

symbol Awith prob. P(A), symbol B with prob plish, etc.

Gress the source?

· WIOG SCIR, letXbe a discrete r.v. with prof

p(x) = =P(X=x3

· Let X,Xa, ... be ind copies ofX (source)

·The likelihood of given word 2,x, ... an (e.g. "LIAM") is

pla,..., xn:=P((Xe, ..., Xn) =(xy. ..,xn)7 =p(xi) ... p(xn)

Take logs, divide by n =>

- -logp (X, ..., Xn) =E,-bgp(X) *E(-lgp(X)) (SKCN)

= - zp(x)lgp(x) ==n(x) =Pef Entropy of X
=>
#bitsneeded to encodex

(next page)

·tp(X., ...,Xn) = 2
MIX)

"Asymptotic Equipartition Property"
=likelihood of output

ExXrBer(p) =>

->.H(x) = - plogp - (1-p) log(1 -p)
Yz 1

Zeroifp=o or p=1 (deterministic source)

Maximally) if P=Y2 (mostrandom source] => P(Xy, ...,x) = 2
"

② X-Unif[1, ..,N] => H(X) =log aleg bitsneeded tospecify
a# in 41, . . ., N3

③ X =random letter from English alphabet => U =3.6
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.Ssthm: "source can be compressed with rate =H(X) bits/symbol
such that almostno info is lost (i.e. the original

symbols can be recovered with probec)

Moreover, the rate U(X) is optimal":

Ex:U=2.6 bits per English letter (as opposed tolog2 26= 4.7 if all letters
were equally likely)

Alssource coding this
LetX be a riv, that takes values in a countable setSCIR

letX,X2, ... be lid copies of X.
encoder decoder

Asso Enos Fuxno: I ↓
n(H(x)+2)

1. I pair of maps S"Exo, 13 -,S" such that

*GD(E(X,, ...,Xu)) =(X ..,
Xa)3> 1-2.

2 E pair ofmaps S"E,40,1y"(4(x) - 2) D
I

->S"

P [D(E(X,.., Xu)) =(X , ..., Xub] <E.

* A (AsyAquipartitionProperty):byWLLN (p.97):

- logp (X, ..., Xu)
1

=H(X)

=>>0En Xn> no:

41- logp(Xe, .,xn) - H(x) =2331- 2
=>the "good"subset AS" defined as

-n(h(x)+2) n(n(x)+1) (*)
A=[(x,...,xu):2 <p(X,, ., Xn)=2 3

satisfies [(X, ..., Xn) = An]< 1-9.
(xx)
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②(Emerof encoding -decoding) We have

2 =P4(Xn ...,x) =A3 =p(x,.,x) =(A).2
-h(u(x) +a)

(x1,.., kn)A 4
Rowerbed in (* p.98]

n(n(x)+2)
2) 1A1= 2

=>Einjective map E: A,-40,134(4(x)
+1)

LetD be the inverse of I on itsimage.

Extend E and D arbitrarily->

D(Elan,...,un)) =Gen, ..., kn) whenever (an ...,su)An

By (** p. 98),
D(FIX,...,X-)) =(X., ..., Xu) with prob >1-2.8

③ (Aiality) WLOG will prove the second partof the

for 22 instead of E.

Consider I pairof maps
"E-40,1)"(4(x) =B, S"

and define the subset

B:=[(x, ..,x):D.(E(x,...,kn)) =(x,..,xu)].

By the factorization, (B) 2"(U(X)-22) (A)

Intersecting with the equipartition setA from (*p.90) ->

[(X, ...,xn) =B] =P((x, ..,x) =An] +P((X,...,Xu) =A3
-
I (*p.98) (A)-xxp.98)

n(4(x)+2) 6 -us

2p(a, ...,n) E/B1.2 =2

Len, ...,n) =A.

-2-+2 =22 for sufficiently large n. I
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