
GLIVENRO-CANTELLI THEOREM

· Basic problem in statistics:whatcan we learn aboutthe unknown

distribution from a random sample?

Mean:Let X, X, X2, ... be id rv's
with finite meanM.

a.S.
SLLN? ↳Ex,-M. e

&&& a odega

· Eedistribution?i.e. is

F(x) =P(X=x3 (cdf)

IFu(z) = #9iz...,n: XiEx} Cempirical cdf)?
Xxe:Fn(z)=Eu (x2x4 =f(x)

rid,"mean=[X=x3

·Improvementfrom patise to uniform convergence:

thlCantelli1933) LetxyX2, ... be idruls. Then

IE-Fll0= a(Fr(x) -F(x)=0

· GCT allows the statistician tointractwith data:

estimate (a: X= 63 where a, b depend on data.

--
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↳ inuousF:

I
Five me I choose 25x1Ru/159:F(x) =I j=0, . . ., m.
so can be-0, um can be to

F(-x)=0,F(+x) =1I Iwell defined since Iis continuous and

F(x)- 0 as x -x,
F(x)- > asxe x

Then
F(x) - F(x;-) =i,i =1, ..,m. (*)

· SLIN - j, (F(g) -F(x,)/=0 (see p. 100 ->

En:= mar(Fu(zi) -f(x) (xx)

· fx-R Ej:45- x1K; ->

Fu(x) - F(x) fE(x)) -F(xj-1) (monotonicity)

=Fr(x,) - f(x) + in (bx)

Enti (xx)
Similarly,
Fr() - F(x) =Fn(x,1) - F(z) (monotonicity)

=En(x5-1) - F(xg) +in (by x)
-Entin (by **).

->
/Fu(x) - F(u)) - EntiFrEIR =>

HFn-Fly = Enti UneN
(**)
2)withprob. 1, lisp 1Fr-Fllx

=
inYmeNN

with prob. 1, IEn-Flly - 0. B.
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② Frbitrary, Use rightcontinuity:
F(xt):=im F(y) =F() Also,

F(x) ==lim F(x) =h4X =y3 =P4X(x} (bycontinuityof
yx probabilite)

Fix meNN, define

x,:
=inf(x:F(x) =3,i =0,...,m

(as before, to can be -y, um can
be +x)

·Claim: F(xi) - F(xj -) =m,j=1,...,m. (A)

i/m 3
Moreover, by rightcontinuity,If(nj)=ain

Elecetaem *(zi) -F(as) ---e#(x;
-
1) =bi F(x)
xxie

in
· SLN =

En:=mar(Fu(xi) -F(xi)). (as before) (Ax)
On:=max() - F(x5)/0 W

lin4x= 23 =(X,38(X2x3 =F(x,)C yTx

Il

C-

-

· FeeR Ej:x;-x[u; =>

Fn(x) - F(x) =Fn(xi) - F(x;-) (monotonicity]

=Fr(xj) -F(xi) +in((y)
-int(by **).

Similarly,
Full - F(x) =Fu(a;-)-F(x,) (monotonicity)

=Fr(s;-)- F(x-1) -I (lyx)
--En-Ym (by *x7

·->(Fn(x) - F(x)) =max(an, 5n) + Ym. Finish the proof as in D
is
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Remarks:

Fulx) =I #Sien:XixxY is the calf of the prob. measure

un:=E,x:
This random meas. In

is called the empre
distribution.

2. GCTcan be stated as follows:

/# in:Xi =3 - P(xB4/20
where the sip is over all intervals B= (-x,x].

=>same is true for intervals B
=(a,b) or (a,b) (why?)

estion:is this truefor all Bowel sets B?

No:B=(X
, ..., Xn3 11 - 0) +> 0

What families of sets B is this true for?

.
fanswithfinite antension

(see e.gmgse

retzkyAeWolfowiczinequality 11956:

-nE
↳[11En-Fly) = ze

↑

(Massart 1990)
4. =>mogonowtest for whether 2 samples

come from the same distribution (e.g. if a drug has any effect):
-

(in Miscase, IIF-Gallo IIFn-Flo+Gll+la-allb
=0(Y)
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