
I(Esmaximal inequality)
Let Xe,..., Xn be independent rv's, SXet...+ Xu

ThenFt>0:

I(nk 3-3 max21Sul211k4

3r Y

Trivial if X:20;nontrivial otherwise.

Proof Break down the event in LAS according↳->

when ISul?35 for the first time

maxEnzken/SnK3r=(max ISnK3r ANDISmKbr]
m=

Also, consider whether Er:=[(Sn)? ubholds:
Em (disjointevents)

=Eru,(mFr)
=>P4 (Sn)=3r3=1P(Fr) +P(EE)

↓
this eventimplice (Sm-Sulz (Sm)-1Sn)23r-r >2r

=P(F) +ECY=e)
·(xmEr, ..., Xm)

↑independent

=P(F) +,P(Em). EISm-Snl= 2r3-
-

-P(E) +maxP42r}
W 1ImIn ↓

Eanzs His eventimplies (Sm)u oR (Sn1Ir

= 3max P[ISel> v3.
B

12kn

Remark Integrated tail formula ->Emax (Sul = 9 max EISul
1kn 12kn

-
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· If EX, =0 and Var(Xi) <x,

RUS(Etemadi) = 3 main was (Chebycher)

=27Var(Sn) (Since Var(sm) =E,Var(xi) increases ink)

->

#(Holmogemmximalinequality]
Let X., ..., Xn be independentr.v's with EX,=0, Var(Xi) <x F:

letS:X,+... +Xn. ThenItz0:

↑ [En(Salz t= var(s)

ConstantITcanbe improved to 1 (which is obviously sharp)Remark

(Kolmogorov]
=

Example: randomwalk (9Xi=11)=Z (Rademacher r.vis)

Var(sn) =E(a(Xi)=n
KMI=> D4 mas/Sul-t3 =E 10.01

->max Isel in whi!1kn
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GENCEOFRANDOM SERIES:

Imogenseries thm)
Let XxX2, ...be independent mean zero r.v's.

If E,Var(X) <x them , Xu converges as

Roof Sn==X,+...+ Xn. Enough toshow that, with probability 1,

Sn is Cauchy. (E) W:=sup ISm-S,1 -0 as pax
P m,n>

Fix p, N and applyKolmogorov'smaximal inequality
for xp+1"X ->

N

=>p5p++...
+Xn! 2} var(Xa)

k=p+1
n

↑

increasing events
in N

Converges as N+0 -> taking limit,

/Sn-Sp1223 = e p+Var(Xn) FrEIN.
-

↓
0 as n+xy

· By A inequality, Wp<sup/Sm-Spl+sup (Sn-Spl
m>p

nP

->ifup>22 then ap/sn-Spl ->

P(Wp2 223 = [/Sn-p/> 23
-0 as pry

i.e. Wp -> 0 in probability,

· Since up is monotonically decreasing in P,
C.S. (thm (iv) p. 89) D

Wp ->D

marks.Theconverse is a true (nw)
· Kolmogorov's three series them given necessaryaut

conditions foras convergence of series
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xamples (Reignseries) LetXi=I1 with probe (Rademada)
ric

(a) E converges as. Limit(Unif(-] (kw)

(6) Random harmonic series:S=E converges a.s.
Since

#2

Evar() =E= -
=>ES=0, Var(S)=I

A
pdf f

X has density; Sis
f(0)=P,7,(z)ar
kan be shown usingcharacteristic functions)

"infinite cosine productintegral"

f(0) =0.12499999999.....9764 FI! (aftersfrom Yul
-

~40 digits=9 <1042)
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