
-ENTRALLIMITMEOREM

We will prove,

) letX,, X2, ... be id.r.v's with means and variance or

Then SnX,+...+Xn satisfies

Sn-nu

5.
Tr
z-N(0,1)

·By Portmantean Lemma (p. 113), itis enough toshow that

Eh(5n) -> Eh(z)

* "testfunction"h:R-RR s.t. 112(ily<1 Yk=0,1,2, ...
Toward thatgoal:

⑭let X, X2, ... be independentmean zero rv's will EIX.

Then Sn:=Xit...+ Xu satisfies

(h(s) - #h(z))=C12"ll IXa 3times diffbleh,

where z-N(0, Var(sn)) and C is an absolute constant.

&of (Lyapunov - Lindebergreplacement method)
⑧ Sn =Sm+Xn. WIOG Ih"lly= 1. Taylor's approximation ->

(h(Sn) - h(sn-1) - Xnh'(Sni) - "(sa)=↑Y
A ↑

independent independent
=>mean= o

Take E on both sides, use IE ... 11 E10 (eusen) ->

1 Eh(s) - Eh(Sne) - Eh"(Sn-1))= u where IEX. (*)

· Let Zn be a r.v. willmean O, EZ, independentofXI, ...,Xu

Arguing like in (x) butreplacing Xn byIn, we get

(h(Sn- +zn) - Eh(Sn-1) - 2"(Sn)) = Etu (xx)
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Subtract(x)-(**)

(h(Sn) - Eh(Sn+ Zn)) =(EIXn" +EIEnl)=C.ElXn.
--

-

(n/m -N10,1) => Ilzu/fall =2 (check!) Elzulli n =1Xnll1XIIs)
·Continue the replacementprocess. X.*Ent ->

( h(5n) - h(Sn-z +Zn- +zn) 12 ElXnl+CEIXn-il
.. . In times)... ->

(Ea(Sn) - E( , zn) 1 =C2, #IXal
· In is normal, meant, variance = E=Var(Sn). I

PCLTassumingm<x:

W10G M
=

0, 5
=1, IIhlly= 1.

Apply Comman for - it -meano, variance 1 ->

~
No,1)

/* 2(2) - *h(z) ) =c,# IX -0 as mos

Portmantean (emma(p. 113) -> B.
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-

of CLTin full generality (Truncation):

· WLOGM =0, r=1 Ihlly= 1, Ih"lly= 1. Fix FE>0.
·

Yn:=Xn[IXala; ==Y,+... +Yn i M :=EYk ; :=Vor(Yr)n

DCT =Mn
-

M
=0,+2=1 as n +X

n Yp-im 2
· Apply Lem. p. 118 for Tn-nin - -Meano, Variance In E- =

W i=1

y(0,0)
IEh() - *h(z)) =cEln=

-, CDY-EYI NYT =II, as
- 8CE. [ElY = lellyEY =sin. EX =EiC

· Let'sgettetruncation. OEh(n) I h(E) ⑫ #h(z) = (h(z)

Ih() - Eh(E)1 =E(h() -h(m))

-Element (by assumption, 112'lly=1)

sendmeans the
=Nkan) (tydef)

14IX,Key -30 as not by Dat
⑦

② zzz
=>En =>z =Eh(zn) -Eh(z) ①

, 1)
No,5)

· (*) ** ** * linp(Eh() - Eh(z)) ==arbitrary ->B.
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Rarks on Camp.110:
-

· It is anasymphyc version of CLT.

· If 'lly can be replaced by 11f'lly (later-Stein's method)
·third moment can be replaced by (2+E-moment.
Butthe bound gets weaker (Khoshnevisan, probability. Problem 7.44)

Remarks on the replacement method:
-
-

·It work in wider generalitythan sums of rv's

e.g. in RMT, see e.g. (Chatterjee], Ivan-Va 4"momentthan)
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