
-
NTARY PROPERTIES OFPROB. MEASURES

Prop.1 (Motonicity) EcF => P(E) IP(E)
-

Proof
FIE

~ 1:Sets
-

·

F =Er(F)E)*(F) =P(E)test
(E) are E

F

↑

disjointunion

argument.Etegne(striesa
snag

afreebree
defof Lebesque integral)-> I1 (f) RED measures.

IP (E)

[Setlimits)

Let Events EiYEifEnCErs...
and I, Ei=E

EidE if E, >Ez)
... and Ei=E

#(City) E: 4E=P(Ei) *P(E)

↳see.F"EEase" iIl

this is
a circular

argument!MCT
mayhave been proven

usingcontinuityof measures

Pe(mund) (, Ei) =Eil

(integrals): Ei= V,E==HE(w) = HE,a (check!)

Monotone Cour. Thm -> SAE,dDE RED

(E) (i)

⑱2(sets) HW (express as a disintunion ofF
=E, E=EzIE, I

=Esls:)
-
-



#

ample (Probabilistic Method)

Markon dotson a soccer ball.

letBletstickerwhose are a is it of the ball's surface area.

them B can be placed on the ball so itdoes
notcover

any
dot."-

-

Prof let thedots be ,.. ., Sd-1
Scre

Choose UESO(n) atrandom, according toHear
measure

· Xi:P(x,U(B)3 =P()-B) =i
-

"Ei Unit (5%) (uniqueness of rotationinvariantprob. measure)

· Union found:

= iede, ...,n:xit(B)5
=P(, Ei) = 2, PCE!) <n =i

=>P4i= 1,. . ., n3:x (B) 3
=>I such E. I I

Es Ez

m (InmxclusionPrinciple)

· P(EvEz) =P(E)+P(E)
-P(E,nE)

I

· P(E,VEVEs) =P(E) +P(E)+P(E)
- P(E,vE) -P(E,nE) -P(EvE,3 +P(EnEvEs)

· P(,E:) =PCEi) - ,P(EinE,) +Z PCEinE;nEn)-...+()(Ein ... En).
i <jck

' ↑ ↑ ↑
n terms (2) terms (5) terms (2) =1 term

⑱o

for n =2:Ei=E,VEz = (D= -HE) (Ar - 1Ez) (r) =0 Awar

-> CHEnE-HE, rEHEnEz HE, nE2 ((w) =0

-> (AE - HE, - HEz +HE,nE((w) =0

Rearrange terms 1F(u) =LE, +H=z
- HEnE)(n) wer

Integrate -> SHEdP=J1E,dP+SA- HErE,
d

11

P(E) "(E.) p(Ez) DE,nEz]
Hw:prove for Fu
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~. (drangements) n exams are returned to students
atrandom.

-

What is theprobabilitythat no studentreceives
theirown exam?

It p (a random permutation atShedpoint) =?
"derangement"

So:Complement:E:="atleast one studentgets own exam
"

E-Ei, whereE," student; gets own exam

Use IEP:
lafter student i get their own)

(2) P(Ei) =Ii-dways
be return n-bee

U

(2) P(EinEs) =P(both students isget their own exams

Iwasto return n-2 exams

.
lafter studs inget their own)

2 - 0 IEP -

P(z) =no- (2)E+)-... +()"()E
-

"I
A-: 3)(n-3)!

=

1+st -...
+(-*!

=>P(EY =1-PE) =1 -51+..+- 20.3.

(rcall er=E e"=(
-Il-



aprobabilitymeasure willa
distribution function

Recall the def ofelesqueismeasure:

# mondecreasing, right-continuous function
:R-M

-asca,sE! Botel measure m on 1 s.t.

u((a,b)) =F(8) - F(a) F ac6
a s

EF(x) =a=lebesque measure.

Note:IfmyF(x)
=

0, mf(x)=1 then he
is a politymeasure

T-n,n34R => by continuity, u((-n,n3)4u(1) ( =M() =yIl

F(n) -F(-n) ->1
- 0 =1,

This justifies:

If A distribution function is a function F: 1 - 10,1) such that:
-

(i) F is nondecreasing;
(ii) F is right-continuous; ,
(iii) lim F(x) =0, lim F(x) =1.

x+- N
x+ HN

We proved:

The Xdistribution function F E!Borel probabilitymeasureme on R
such that

u((a,6)) =F(1) - F(a) a=6.

Exical ifIthen a(s) =a(133) =I.
23

1) if- thener=Lebesque on (0,1].
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Converschi:

# Borel probabilitymeasure in EI distribution function I such that

u((a,6)) =F(1) - F(a) a=6.

Roof Define F(x):=u((-x,x]),a +R

Then:(i) F is nondecreasing (monotonicityof measures)

(ii) Fis right-continuous
Iyntx,( - x,yn)(-x,x)

=>M(- x,y,)) bm((-x,x)) (continuityofmeasures)
=>F(yn) F(x). I

(iii)(im, F(x)=0, F(x)
=1

That's prove this I

If xn- + x, (-3,xn]

=>p((-x,a))
4M() =1 (continuityof measures

=>F(xn) 1. QED
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