
Rarks on Camp.110:
-

· It is anasymphyc version of CLT.

· If 'lly can be replaced by 11f'lly (later-Stein's method)
·third moment can be replaced by (2+E-moment.
Butthe bound gets weaker (Khoshnevisan, probability. Problem 7.44)

Remarks on the replacement method:
-
-

·It work in wider generalitythan sums of rv's

e.g. in RMT, see e.g. (Chatterjee], Ivan-Va 4"momentthan)

eation for mean estimation:M IM. Var()=
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-RANALYTIC PROOF OFCLT
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Xn=X = EeitXn-Ee FteR (will prove.)

· CITfor mean 0, vay 1:
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· Taylor:Exit1titse+ (). Substitutea=x, takeE =

EeitX= 1 - E
2

itz
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+Y
=Ee where ZWNC0,17 B.

· Eeitx=jeitf(u)de=Feetransform of 8.
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Femally:

-

er AnalysisBackground:

Def Formally, for f: R-R

F(t) ==Se-izntf(x)dr, --IR.

Facts ⑪ feS = IeS where
-
-

S= Schwartz space=[f: IR:IfIp,q=0,1,2, ...}

② IES is uniquely determined by FES:cecuis f(x) =Jeitr(t)dt, xER "Eriversionfromla

· In probabilistic terms:

Let thechristic frion of a riv. X is

ky(t) =p(t) =beit, t= RR

·beteFourier transform:-
i[itx

ofXhas densityf(x), plant)=(ef(x)dx =F(t)

Generally, 4(2nt) =eitid2,(n) defines Finformof a measure.

Eat If X, Y are independent, 4x=*x*- Teitxt- eit*eite
takeE.

Examples (a) X-Rademader -> b(t)=ee* cst XM
(8) XvUmiff,) => p(t) =1,eit.dr,-since

change war
I y=itx

-tY2() X -N(0,1) -b(t) =I eitherda=e (chack!)
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·Characteristic function bydetermines thedistribution of X uniquely.
Moreover, stabilityholds:

#(vyonnuityborem In particular, uniqueness:
->

Xn*X(Pyn - by pointwise. xy=by everywhere.

Proof
-

-

-

(=>) fixedt, xielth is God, continuous.

=>by Portmanteau lemma, EeitXr_ eit* I

(*) By P.L., itis enough to show thatSchwartz space
X

Eh(Xn) ->EhIX) thES.

DeiX-att (Fowier inversion formulap. 123)

=IEfeicatxn) [Itdt(Fubini-Tonelli:ReSby
Fact 1 p. 123, le"-1)

->absolutely integrable

=34x,(2at) (t) at

34x12th(t)dt(by ansumption; (px()) = 1 ->
dominated by hts)

B

- Eh(X).

pplicationof uniqueness:
25,
>

①Sch-normal:if
X:wNCo, are indep then XirN0,2)

Txt) =ery =bzx,t) =14ilt) =netr_e-
toy-
bat) frzurit

①ouchyis Cauchy IfX:wCauchy are indep then 12X:-Cauchy

Fox,(t) =et (check!) I repeatthe argumentin 0. -
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*M (Iayleexpandonthe ch. function)

letXbe a row, with means,
variance 8? Then

bt) =1 +itn -- +o(t2) a + -0.

#.Taylor expansion:
eix=1+ix-t..

More precisely:

/ein- 1-ix+) = 4 min (kx, x2) Fee iR
↑

Taylor with lagrange remainder:since all derivatives of ei are 1.1=1

=>(ei*1-ix+=H3
If (1=1, RUS 1 min (1x1, x2)

·If pelz, LUSI(e) + 1 + lint =2+x+.142
I

· Substitute x=tX, take E =>
Jensen

14) - 1- itu+EEleitx--itx+t1= 4 Emin(X, tXR)
=4t?E,x

I
this r.V. is x2 and to everywhere as t- 0

DCT - Emin(.) to as to. I.

-t542
Examples:(a) XwN(0,22 =>4x(t) =e =1-2

(6) X-Cauchy byH):e-11. The cusp
at0 reflects ofmean.
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Let's reprove

#) letX,, x2, ... be id.r.v's with means and variance or

Then SnX,+...+Xn satisfies

, z -N()

Roof WIPh M=0,5= 1 => bythm p. 125,

4x,(t) =1 -2 +E(t)=
-

Fix X t = RR. ↓as t->0

Psa(t) =Ps,(t(r) =2,4x:(tr) =(4x,(t(r)

=(1 - 5 +()"as nex

=(1 -)-ettee(e
I

=bz(t) where ZwN(0,1)

Levy continuitythe -,Z. B.
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