
N'sMETOD

·Recall "Stein's identity"(nW1]:

1f(z) =EEf(z) if ZwNCo,

· Stein's identitycharacterizes NC0,17 distribution.

Moreover, a stabilityresult
holds:

"If If '(W) = EWf(W) Ifounded, smooth function f: RR-R

then N= zwNCs,1) in distribution"
↑

measured in Wasserstein metric

Wi(W,z) =sup (Eh(w) - EA(z))
112'lly=1

Peyumma"let zwNCo,1) and letwide Fr.e
Wi(w,z) <scep (Ef (w)

- EWf(w) (
als.Constant

feE

where I=[fi+ R:11f1y=, If'll., If"llo *}

&

Prof Fix Th with 112'll=1.

Consider Stein's differential equation

f((w) - wf(n)
=h(w) - EG(z), w -R

-
If Isolution ItF (A)

I
then we can setwith and take expectation on both

sides. -

Ef'(w) - EWf(w) =Eh(w) - Eh(z)

Take 1.1 on both sides, we complete the proof, modelo (*). i
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Proof of (*):
⑪STEIN'SD.E by the method of integrators:

-wYz
=

· Stwilder en in our case
· Multiply both sides by e e

-wY(h(w) - Ea(z)(e-wYf(w)
=e

=>ewY2f(w) =ye-4Yz(h(x) -Eh(z)) dx +C
- i

->

f(w) =e
w"Ye*Yz(h(x) -Eh(z)) de (*) N(0,1)
-

·Note thatthe total integral (e-kz(h(n) -Eh(z)
=#h(X) -E(z)=0. thus,

f(x)= -ewzen(h(x) - Eh(z)) am =:Stein (h)(w) (**)

(1) is useful for was, (Ax)
is useful for was.

Unique up toce

RTIESOFTHESOLUTION: -> unique ifhe require f(w) =0 (e*Y)
asw+ ID

~ hides an absolute constant factor

② I Stein (a) lo Ie'llo

Flo h(0) =0, 1h'll =1
=>(h(x))[ (x), (EG(z)) IEIE)= 1

=>Awso:If(w)! **ta)de = 1.

↳waterreX-wY2
byGaussian tail bound

For who, proceed similarly butuse (*).

e

('Mills ratio"p. 28)I
③ IStein(e)'llo Ihlle genYartey two ()

wior I P-wY2 since (H) I1 Nw

- 1 =>(Eh(z) 1 =1
wi -

=>Awso:f(u)-were(e-((z)ante · e (th(z)
1.1 = 2

1.1 =2

=>If'(w)l = zweryPenYedn +2 =1 by Gamesian tail Gd (0).

I
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④ IStein (2)'lla Ilh'Ilo
I rea

Differentiate Stein'sDE (here f=solution (**)]:

f"(r) - f(w) - wf'(w)=h(w)
-

=>f"(w) -wf(w) =f(w) +h(w)
=iH(w)

Use again
the method of integrating factors. Multiplyby erY2=>

-wY2
H(w)(e-wYf'(w) =e

=>enflu)= -Pen(n)a +c
=>f(r) = -e)e

-Y-a(n)am +ceY-
-

(n(a)1 =(f(w) ) +12 (w)) -1 by assumption

=>If '()1=ejean +cer
ICF0, f(w) =

ceYaw-s-
- to

"ByMills ratio (p.2 S
=>f(w) is unbounded, contradictingof

⑤IStein(2)"Ily Illo

#sin,f"(w) -wf(r) =f(w) +h(w)
=iH(w). Sbstitute w=Z, take

=>E4(z) =(f"(z) - Ezf(z)
=0 by Stein's identityfor I'-

->f"(w) - wf(w) =H(w) - EH(z)

i.e. 1"=Stein (h) Stein(2)

=>If"ll=IlStein (n)'ll. Inle Ilo+12'll.Nelle

Stein's lemma is now completely proved.
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· As an application, let's strengthen quantitative CLT (lemp. 118for3times diffbleh):

Wasserstein CLT. LetXe...,Xn be independent mean zero
-
-

random variables with Elxil<0. ThenW=X,+...+Xn
satisfies

Wi(w,z) =CEIXil where zwN(0,var(w))
absolute const.

Roof WIOGVar(W) =1.

By Stain's Comman (p. 1), it is enough to prove that

/EWf(w) - Ef(w). 1 =c, EIxil wherever If 'lly*1

WA(w)=2X:f(w). <
we

Taylor approximation
around We:=jzXi=W-Xi: i

f(w) =f(wi) +(w-wi) f((wi) + (w-wi)where (A.If"ll**1

Multiply both sides by Xi, sim over i, takeE Xi ↑
AwA(w) =2f(wi)+2w:)f(w)+X.ww

independence E(X;) If'(wi)
o

17(wi) -f(w) 1 => Iwi-wI.I"llx = 1Xi) => Ef'(wi)=f(w)+ B: where ilE(Xil

=>EWf(w) = f(w)+ IXiY Bi+E IEX
*

(EWf(w)-If(w)) =2 E (x2) EIXil + I EXil 1 =EIXi
I -A

(EIXil)Ys (EIXilD"=E(Xil I

UseThm for Xi =I

&

If Ye, .... are riders with means, variance , and IM=:po, then

Sn=Yit...+Yu satisfies C Sn-un Fre.wewo
Berry-Esseen (T
oRemark Amodification of this augmentyields the same found in Kolmogorov
- --
-

metric d(W,z) =sup/P(W=x3-P9Z<n3) (use h==smoothing ofH(-0,23)
xERI [E. Bolthausen, An estimate of the remainder in a combinatorial CLT (1984)
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