
MARTINGALES

Let(2,2,1) be a prob. space.

Det letE,CE..... I be a sequence oft-algebras (a "filtration")
Asequence of integrable

rv's (X,, x2, ...) is called a matingale if new:

(i) Xn is In-measurable ("(Xn) is adapted to(En)"(

(ii) E(Xn+lEn) =Xn a.s.

· Interpretation:n=time =(Xn) is a stochastic process.

En=information available attime n

#AMPLES:

(a)Simplewalk:Sn=Yet...+Y, Yi-Rademacher
ind

is a martingale w.r.toFn=w(%, ..,Yu)

TE(Sntlt, ...,4) =E(Salte, ..., Yu] +E(fn+/Ye, ..., Yu)q

Si"+Yu+ Umble*
*

independent
=

Sn +E(+n+] =Sn.

(6) More generally, partialmeanzero rov's

() Rwalkwill a stickywall:
iid Rademachers

Xan=;Y*
if XN

↑ !...X. ==0; if Xn=N

(i) In is wit ...., Yn)-mble (xn isdetermined eyn Ya, ..., Yuh

(ii) E(Xnt,lYs ..., Yn] =Xm in either case.

·Convenientto express as Xn=Snat

where Sn= Yet...+Y is a simple random walk,

T=mink: Sx=N) is astopping me
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(d)More generally, aswerandom walk: /
Xn+:=Xn+Yn+f(Xn) FfiRRe, e.g. 11111111111.>

(e)Qicmartingale:
11 Sn=Y,t...+Yn where Ys are ind mean o variance 1

them S- is a martingale.

TE/SnE-(n+e)/t,
...,
Yn) =E(SY+ 2SnYt+Y- li...,a)-- -

↑ ↑
(S+Yn+) ~Imble mble

indep

=5 +2SnE,..,y) +2)
- -

=S)
↓ (indep

(1)Domartingal
If YesY2, ... To be indep. r.v's with mean 1,

themXn=Y..Yn is a martingale.

TlXntlt,..,Yn] =Xa E(Yntt,.,) =xnx) =xIl ↑indep

Yn+
(9) in particular, setersburgwartingale:

Xo:=1, XntilX=22x3 (dbustacesett

->Yu=Y... Yu where Yn=2} iid. EMa] =1.
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(2)de'smartingale

If Si:=Y,t...+ Y isa monsymmetric r.walk:Yn=}_g-1p
themXni=(b) is a martingale

Xn=(t)"...(t)", (y)" =(t)-p +(t)9 =9 +p =)
=>product martingale.

(i)bedratio testsee (Walsh]

Assume a riv. X has density of or g.
Decide which one, based on an id sample X., ...,XnX.

station: compute the ledratio antities
· If Xhas density g, then(An)

is a martingall

T=Y..Yu where yi=ft are indust
will EY=syda=1 =>productmartingale.)

for limitHu
· Hence, under the g-hypothesis, (Mn) does not"driff" retracein

-

·
·EX-

(i) branchingpresses Zo=1-X

Galton-Watson process:model of the size of population
-

Assume each member of withgeneration gives birth independently
to a random # of children, M on average.

En:=# individuals in withgeneration.

Zo = 1; (Zntln) =rEn

=>I is a martingale (divide byon tocheck)
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(n) Polyasrn
An uninitially contains white and M black balls.

One ball is randomly drawn from an urn;its color
is observed;

itis returned to the urn, and an
additional ball

of thesame color is added tothe urn. Repeat.

Xn: fraction of whiteballs after with step

is a martingale
If after with step the un contains w white and b black balls,

X-wist paste
-white ball drawn

E
W+8

-black ball drawn

E(XmIw,6!=ss==6 =

xy

(e) Demartingale
LetXbe a rv, with EIX120 and (En) be a filtration. Then

Xn==E(X/En)

is a martingale.

I(XmIEn] =E(E(XIEn)(En) =E(XEn) =xn)
*
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↳

PROPERTIES

⑭
p. 1. E(XnlEm) =Xnam On,meN

win

From themIn is EnCJm-mbe => E(XnlEm) =Xn
If nsm then E(XnlEm)=E(IME-/Em)=eE(XmIEm) =xn
↳Matingalefrences:
Di =X, Dri=Xn-Xn- for n=2,3, . . . Xn=Dit -. + Du

· EDi =0 (CTE)
· Di, Djare unted. More generally:

-2. k11mIn:E(Xe-Xa)(Xn-Xm) =0 Isit-

-&
#(((X-Xa)(X-Xm3/En1) =

E((Xe-xuSentieEm-mbt

Il Prop. 1)
Xm

· Thus, a martingale
=sum of uncorrelated mean o r.v's

*

except for De


