
SINGALES,SUPERMARTINGALES

fif, instead of E(XntelIn)=Xn, we have

"?"-> submartingale
"*"-> supermartingale.

Emples:(a)
A

random walk;more generally partial sums Sn=Ye+...+Yu

ofindep. rv's with EY, is a submartingale

E(SnlY, .,yn) =Sn +E(Yn+) <SuS
Il

Sn+Yn+

(1) A convex function 4:RR-R,
if (Xn) is a martingale then (4(Xn)) is a submartingale

↑Conditional Jensen (p. 148) -> E(y(Xn+1) (5n] =y (E(Xn+(En)) =y(xn))

(2) In particular, if (Xn) is a martingale then

· (ul" is a martingale FP31; *=manne
·max(Xn, a) is a supermartingale a + R

(d) If (Xn) is a martingale and

(An) is a determistic sequence themYn=Xn+An is a submartingale

IEIYntlEn) - Yn=En +Ant-Ma-An=An-Ank0]
x+ +Amtl *n+Am *n

(e) (Br) needs not be deterministic. It can be random butdiable:

Def A sequence of rivs (An) is pertable
if

=>can predict

An is En--measurable n "I day ahead"

Example:Anyou bet attime n (just before with spin of the wheel)

is based on whathappened before (spins 1, ..., nt

· Example (d-e) is universal:
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I(Dadecompon)

· Astochastic process (Xn)adapted toa filtration (Fullcan be decomposed as:
n=0

drift
-

Xn=Mn + An

where (MA) is a martingale and (An) is predictable with An =0.

· This decomosition is unique (up to a.s.)

· If (Xn) is a submartingale, (An) is increasing ans.

Existence:guided by Example (d), define recursively

Ap"=0; Anti-An=E) re
n=0,1,2,... (*)

=m62
· By induction. Any is En-mbte =>predictable.

· Define Mn:=XrAn=> En-mble;

#(Mnx(En) =E(XnIEn) - (AntlEn)#Xn-An=Mn

->(M.n) is a martingale.
Embre

-

Ant

· Uniques:Idecomposition as in the statement, take conditional-

E(X.n+(En) =En) +EE-mateIlmartingale)
Mn=Xn-An

Rearrange the terms ->
Anti-An=E(Yn+lEn)=Y E same as" (*) => uniquely determined.

· If (Xn) is a submartingale * Anti-Ando n, i.e. increasing.I
· Example:If (In) is a martingale then (22) is a submartingale ->

Iincreasing predictable sequence An=:(In)
s.t Zn-LE)is a martingale.

indep, mean o

· PP (z) =Ezi)(Fin] Imparticular, ifZn=Er Men(zn)=E

↳ ElE?-2ZiZ:-+Zi (5i] =E(ZilFi)-2*Ei Zin +Z
=E(zE:-1)-Zi?,(z):-(Z):-. Sum upD. Eit

· En=peitable quaivariation"of (22). Wo EfilEins), just"quavariation
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⑰NGALETRANSFORM

Prop Let (Xn)be a martingale, (Mn)? be a predictable sequence. Then
--

-

(HoX)n =
=E,Hi(),

is a martingale. martingate differences

Rob E((noxn/En] =(nox)n+ E(a(Xn+-Xn) (EnS
r
In-meas

=(nox)nt(F)
-5)) =0.
!

example:a gambling strategy
Xn=net amountof money

we win at time if we bet $1 each time

Mn=Getting strategy (bet in at time n, e.g. 1)
=>(H.X)n =our winnings attime n

Prop In a zero-netgame (Xn)

no matter how good a bettingstrategy (Un),
the expected winnings are 0.

~ You can'tbeatthe system"

!Remark Martingale transform is atthe heartof the construction

of Its integral

Zedt = Zt__, (t-t,_)
I

-

I I n

-Vadapted Bowman
ate, ..., tu3c1,i
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#

ING TIMES

N

Def Arvariable T is a stopping time w.r. toa filtration (Fn) if

STIn3eEn YneN

Ex N

ST== Er F neN T=n3 =TSTE
EX #
(T>n3 =Fu FneN

Examples:(a) constant, e.g. T=10.

(6) (Xn)=symmetric rwalk
with a wall in

Tmin(n:Xn=N3

ET =0 (even ifN=1, see Ex. p. 150)

(C) (X) =symmetric r. walk with 2 walls, starting
at hi

T:=min[n:X 40,33.
ETx a.s. (Why? ...exN

Let's compute itby conditioningon
1st step:

=R).e xetr++1

-> E ti=Ette
+ 1 ,k=1,..., N-1 3 ->tr =k(N-k)

=ET

to =tr =0

martingale,given setCIR

(d) More generally flitting time:T=min(n:
Xn=B3

(e) Play until either won $100 or
have played 10 games:

T=T1100 where T=min(n:Xn=1003

1) Playing until reach absolute mayis NOTastopping time.
-
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#SeedMartingale) If (X) is a martingale and Tis a stopping time

then (Xtan) is a martingale.

X. =E(X:-x:-) =(X:-Xi)
↑

E. -mble, since (T1:3 =[T> i- 13* Ei-1
=>predictable.

Prop. 169 =>(Xinn-xi) is a martingale.
Since (X) istrivially a martingaley (Xinal is a martingale. (

Remark Prop ->EXTin= EXo UneIN
-

=>NO WINNINGSTOPPING STRATEGY

IN PRESENCE OFAFIXED DEADLINE n

Example;stop when reached $100:
-

Tmin (n:Xn= 1003

EXin =X, =0 HOW?!

· If Tn, goal is reached bydeadlines:**> Xinn =100I · Butit is, goal is not reached bymachine-xeXinn can be very negative (debt)

These two interweigh each other.

E(oswitching):HW (270B 2019 p. 93)
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