
TOWARD RANDOM VARIABLES

-

ifanother wall.
Icontours & then I mustRECALL MEASURETHEOR-: contain v(k)

-
I

It let i be Xset, and RCR. Thesmallestalgebra thatcontains R is
-

called the Falgebra geneby, as is denoted

w(R) =12.
2:ER

↑
all Walgebras Ithatcontain R

① r =41,2,3,43 R=[41,23,133,1473 =f(R)=[1,2), 133,343,13,43,51,2,31,41,2,43,9,27

Examples.2 Bealgetre:r=IR",R=lopen sets
-

↳ B =

=alopen sets )) =r)S intervals (-0,x3 Fx-R3).

③ Peralgel:if (2,E) and (S,I) are measurable spaces,
↳
Fxz =

=0(FxG:FEE,Gez) is a falgebra a RxS.

I

i.e. (2xS, FxZ) is a measurable space.

⑭Theproduct:If (21,51), tet
are measurable spaces,

↳Eti=r(cylinders) isalgorlet,
where a glanderM Fe were Fit It

toT
and FF = for all

*cylinder 8algebra butfinitely many tet
Ref let(,5) and (S,2) be measurable spaces.

Amap fir-S is called amadefunction if

f(B) = F F Be z (*) ·
f-(B)

· Key example:(S,2) = (1R, B)
↑
Borch

· Instead of checkingthat

f(B) =5 * B =B, (A)

itis enough tocheck that

f-((-x,x)) = F Xxe R(xx)

Assume (X) holds. Consider

2:=(B =B:f(B) =E) I SKIPThenI is a walgebra (check!),
and I contains all intervale (-x,2) (by (a))

=by minimality, Icontains all
Bord sets. (a) holds
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Rp(Gition) - BRIEFLY:

Assume:g, ...,gn:
(r,5) - (S,5) and 7: (S", 2")

are measurable. Then:
p

productspace
corer page?

1. F(w):=f(g,(w), . . ., qu(c)) is measurable

(5) 9

we(s,2)
=(Ri

2. infgn, supgn, limingge, linsupgn are all measurable.

3. Theset war: lingu (w) exists]
is measurable

-

↳*supgel-lininggn(v) =0
RANDOM VARIABLES

Bet Any
measwabemix:(m,5) + (RR,BBs called a randomvariable.

frandom vector" ifX:(r,5)-(RR", B).

#(a) flip a coinstimes; X*#Reads

⑪) Elp a sin ant fist to
X=Hi swatting theYan

(2) lifetime of a new phone

(d)Random permutations:
return N exams to N students,

X =I students
who receive their own exam

(e) Break a stick ata random pt;

X=lanstn (longer piece)-length (shorter piece)*
(f) Pick 2 pts on a unitcircle;8= angle

(e) An imperfect) measurementof ocean's temperature.

Nation:(we:X(w) =B3
=x(B) =4X =B3

*
will downplay,
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Let X =Y ifP(0:X (w)=x(w)3[P(X
=Y3) =1

Left
siributoratRAon

RAe

Thedistribution, or thefew of X, is the probabilitymeasure 2x
-

on CAR,B) defined by

2x(B) ==P(X =B3, BeB

(it's a probability measure indeed - check!)

· Lxencodes whatvalues X takesand their probabilities.

Ex (a) Flip a coin twice, X= #h's

M(901) = > M(13) = > m(123)=
(8) Break a stick ata random pt,

1t ↓(B)=meas (Br 10.13) =>

e I e-Unif To.1 see before
X

Ref Theditionfunction of
X ("CDF)is the distribution

function of 2x>F(a).2x()-0,2) =p(X =x3

RP. IXis a vuFreeutinuous, F() = 0, lint()

2. 18 satisfies thisthee =r.v. Xwhose CDFisI

His is from before

(2) from before, Iprob meas IP on [IR, B) s.t.

P((-x,x3) =F(x) Xx.
Define X on (RR, B, P) by X(w): =w,WeR.

2) F(x) =D((-x,x)) =P([w-:wxx3) =P(X1x3.)
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=(a) flip a coin twice, X=
In's *

-o
*be)

I
-e

-Sa
(8) Break a stick ata randompt

A ↑ (X ExB =x
e 7
X

I Fr)

distribution on (0.1)

-x x -Umf (0,1).

-

Exratea riv. X with *given distribution (given (x F(x)

from in Unif (0,1) E

· Assume F is one-to-one for simplicity.

X: =F(E).

=>R4X =x3 =P(k"(u) =x3 =P(u = f(x)
=F(x). I.

Bet (Identical distr.):
XY if 2x =2y x 14 x + 33 =p(x xB3

-Borel B

I
Fx =E, pointwise

Note:if X** Then X*- but not vice versa.

Example:fhp coin 10 times. X=I heads, #tails

C xty by symmetry butX*Y S
- /
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