
Withoutfixed deadline?

ALSTOPPING

· Let(Xn) be a martingale and I be a stopping time.
Q:is EX+>EXo possible?(stopping strategy for making money)

Ans:sometimes. Examples:

(a)Symmrromwall will stickyatN,
i.e. T min(n:Xn=NY.

Xi =N, Xo=0 deterministically
EX, EXe

However, ET
=Y in his case.

Can one
have ETO? Yes:

(6) Skeetersburg Martingale XoIt, XalXa=42**
PrsYn
Roof 1/2

Wait until broke:T:min
(n:Xn=0}

=>X
==0, Xo=1 deterministically

TrGeom(Y) -> ETe2.

However, thisgame
is too volatile:increasing

bets.
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thePotionalstopping thm)
Let(Xn) be a martingale and I be a stopping time.

Assume EC30 s.t. at least one of the following conditions
hold:

(i) IXtunY< c a.s. Un -deadline

(ii) T< C a.s. =finite lifetime

(iii) ETCX and ECIXn+-XnIlFu) <Ca.s. n -limtonbets

Then EX+ =EXo.

of(i) XT=X+Fn2T -> Xin+X+ a.s (n-x)

D.C.T E EXTenTEX

stopped mtgale()(P. II) 3E EX+=EXo. B.

#Xo

(ii) X+
m
=x, +EX: -xi-1)

=>(X+n)=(Xol+, (Xi-Xinl ==M

· Since TCC as, this
sum has atmosta terms, all integrable

=>EMCD.

. Thus (Xia) is dominated by an integrall r.v. M.
Finish as in (i).

(ii) M =(Xol + i2T3 /Xi-Xiel.

-. EM
=eIXol+ (*(* (X:rxal15: -))

=19T i-13 is Fit-mbl

= EIXel+ , (1STi? (IXi-X:-l(Ei-))
-

a
[E(X+2PST3
-
"IT* (integrated tail formula)

<A

Finish as before.
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#CATIONS startatK

-
-⑪(r'sRein:(reachbefore o)=? " I *

Sym, random walk with 2 walls. O.S.T. (i) applies - for T=min 22:X,= 40,N}

#X
+
=EX=k ]p(X=N)=

Xt 0,N} Il

N. SX=N3

We recovered the result of Gambler's
Ruin problem (p. 146)

⑬ Expected hitting time of 40,03=?

Comedraticmartingale (X-n),
apply 0.5,T. (i) (IX+n/N (n)
=((X -T) =(X?-0) =k2

=E(+) =the
win-n)

We recovered the resulton p. 170.

B De0 equation -

letZ,Zz,... be iid rv's
will finite mean,Ibe a stopping time. Then

↑

#(E,zi] =ECT]. E(z.)
with ETD.

↑f S.:=0, Sn==Z,t..+Zn =>Xn"Sn-umis a martingale

Then OST (iii) applies

(E(Xn+-Xn)(En) =#(En+ -x) - E(z,1 +() ==<0)
-

Ent-m is En-mibte

=>EX+=EX, =0
-

"1-Tu => ESt=ElTM. I-

HW:Show by example thatindependence assumption can'tbe removed:I En= z-Rademacher;T=}?E1
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③Symr walk. T:

timeSetforthe
i.e. SrZ indep. Rademacher

ET=D
-

-IIf ET0 them, by Wald's equation,
iid Rademacher

#(2,i)=El)
=0. ButE,z:=1 deterministically.I

↑ We recovered the result on p. 151.

⑪ Pributiononare- ,
n - y

Roof martingale:fix X OE I;
--

Xo= =1, Xi=(OS) =I:
- ⑦

whereM(0) = Eexp(02) =e.
2

"MGF"

The stopped martingale XT is founded:

0:Xin=e.
· 0.S.T. (i) applies and yields

EX
+
=X

=1

11

=(t) 3 =>E(c)) =e-* (x)

·eatingfunction Elst] =?Esso.

Change var's to5 =M(0) =Ete* varies in (1,0)

->S varies in [0,17.
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Solving -> e*= #2

(a) =E(s) =s,sel0,13
Considering so we see thatthe

"-" sign is valid =>

E(ST) =Is, sale,
Il /Taylor series (st0)

2,s4(T=43 -(2) 22San-1

Matching the coefficients >
B.

· Combinatorial proof?

· Martingales in continuous time.
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